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Why, why yes, and why not?
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Why?
But why does this work? And can we always do it?
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Why yes? Tunnelling happens in real time

Metastable state in QM with a wave function 1) localized in F can decay F — R into the escape region.
Survival and escape probabilities
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Why yes? Tunnelling happens in real time

Metastable state in QM with a wave function 1) localized in F can decay F — R into the escape region.
Survival and escape probabilities

F R
Pr(t) = [astoto 0, Peo) = [ dsluaol
— F R
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Andreassen et al. [1602.01102]

How do we actually evaluate the oscillatory Minkowski path integral semiclassically?



Why not?

We would like to evaluate the real-time path integral semiclassically:
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Why not?

We would like to evaluate the real-time path integral semiclassically:
z(t)=zp )
Dr(zy,t;2:,0) = / Dy M/

z(0)=z;
© Highly oscillatory integral: no straightforward real saddle-point description of tunnelling.

© No real classical tunnelling trajectory: inside the forbidden region,

%5@2:E—V(x)<0.

© Complex saddles: we must allow z(t) € C. How many saddles? Which solutions actually contribute to the

original path integral? — Picard—Lefschetz thimbles?? % Hic svnt dracones! g}



Why not?

We would like to evaluate the real-time path integral semiclassically:
z(t)=xy

Dp(a:f,t;:ci,O):/ Dy e SMll/n,
z(0)=z;

© Highly oscillatory integral: no straightforward real saddle-point description of tunnelling.

© No real classical tunnelling trajectory: inside the forbidden region,

%'Q:E—V(x)<0.

© Complex saddles: we must allow z(t) € C. How many saddles? Which solutions actually contribute to the

original path integral? — Picard—Lefschetz thimbles?? % Hic svnt dracones! g

How can we identify the relevant complex saddle directly in real time?

—  Andreassen et al. [1602.01102]; Steingasser & Kaiser [2402.00099]



Why not? Hic sunt dracones!

A way forward: Steadyons

Steingasser, Kdnig & Kaiser [2310.19865] ~ Steingasser & Kaiser [2402.00099] Lin, Scheihing-Hitschfeld & Stei [2511.08669, 2511.08670]




A way forward: the steadyon picture in QM
Semiclassically — compute the real-time propagator around a classical saddle
Dp(zs, At | ) = / Dy eiSmlal,

No real classical trajectory crosses the barrier = slightly regularised evolution

—i(1—ie)Ht
b)

0<ex 1.

’ it .




A way forward: the steadyon picture in QM
Semiclassically — compute the real-time propagator around a classical saddle
Ts )
Dp(zs, At | ) = / Dy eSmlel,
X x

No real classical trajectory crosses the barrier —> slightly regularised evolution

ety mi(lmie)Ht O0<ex 1.

. Yt Atper
0 At

For time-independent H, this is equivalent to a
tilted contour in complex time, z = (1 — ie)t.

2(0) =2y,  B(Atper) x5,  T(Atper) = 0.

ATper
AT

€ — 0" and Atper — 00, while €Atper ~ ATy stays finite. I

Steingasser & Kaiser [2402.00099]




Steadyons tunnelhng at f'Xed E Steingasser & Kaiser [2402.00099]

Start with a state displaced from the origin = state with initial energy wrt the false vacuum (e.g. excited state)
At fixed energy E = V (z;) = V(zs), we solve the complexified Newton equation:

B = (- 20V (@), V@)= 1617 50 =w, 70)=0.
x=-0.5,e=0.05 1=-0.5,e=0.01 £=-0.5, €=0.005

0.0 T (1) J U [l 01T ()
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(€ I
Xi - B R Xi i T ——————— T B = = =l= = = = = = = o
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5l )?Re‘(f) ) ) ) 5| ) ) ) XRe ‘(f) ) )
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The Euclidean instanton emerges from the complex steadyon in the limit ¢ — 0.



Steadyons: tunnelling at fixed £ and J GB & Steingasser [2604.08660]

Point particle in 2D with some angular momentum J and some energy E:

L= %(";2 +1r26%) = V(r),  Uplre) =’ Pp(r).

The angular variable is cyclic, so the radial barrier depends on J:

J2

2 .
J =mr g = COﬂS‘t.7 ‘/eff(r) = V('r) —+ W’




From the propagator to the tunnelling flux

The initial state evolves through the usual propagator:
\I/E,J(Xf,t):/]:d23:iDF(Xf,t|xi,0)\IJE7J(Xi,0).

Verr(r)

i

Initial evolution Last X, first ¥ After escape r
Dp Dy Dy .
Dp (first X)
<
Dp (last )

Use D for the last crossing of r,, and QF when the first crossing of r is also imposed.
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How does the initial state select the steadyon?

The probability flux involves ﬁg7JfE7J. At LO, both are governed by the same single-traversal
saddle. For an initial state with definite £ and J,

\I/E“](X*,t _ At) x eiJgo*e—i(l—ie)E(t—At)'

The semiclassical evaluation of Fg ; gives, up to overall factors,

Fe,g~ /dAt dyp,. exp {i(Sfl + Jo. + (1 —ie) EAt)

Stationarity in the crossing angle and time fixes the angular momentum and energy of the steadyon:
Dp. o (1 +ieymi?p = J,

05! B

OAt

The cyclic angle can be eliminated using the fixed-J Routhian:

Oat - —(1—ie)E = 7(0)=0 [Veg(rs)=E].

At .
SR,€=SE—J/ dt ¢.
0



The Steadyon solution
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The Steadyon solution

Steadyon trajectory and Euclidean projection

Angular evolution along the steadyon
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The Steadyon solution
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From Steadyons to Euclidean tunnelling

The steadyon reduces to a Euclidean instanton, but fixed .J requires a complex angular trajectory

J

mr2’
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mry = Vig(rr), J=mrip =5 o= —i
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From Steadyons to Euclidean tunnelling

The steadyon reduces to a Euclidean instanton, but fixed .J requires a complex angular trajectory

J

mr

" / 2. t=—iT / .
mry =Veg(rr),  J=mr'¢ —— ¢;=—i

5
The relevant Euclidean action is the fixed-J Routhian

AT
) per m
SRyE:SE-i-ZJAgO]:/ dr {E(T/I)2+%ff(rl)} .
0

The real-time calculation reproduces the WKB exponent

e—0

logT' >~ —2Im S e + 2EeAtpey —— —2(Srg — EATper)

—_9 /u dr \/2m [Veg(r) — E].

*

The standard Coleman bounce applies only to the metastable ground state (E = 0). At finite
excitation energy, the tunnelling saddle must be modified accordingly!



From QM to QFT

The steadyon construction can be generalized to QFT, but not today!



From QM to QFT

The steadyon construction can be generalized to QFT, but not today!

Take home message: steadyons show that tunnelling from the metastable ground state, with no
initial energy, recovers the Coleman bounce

E=0 = A7rpe —+00 = Coleman-type bounce.

We can therefore work directly in Euclidean time, without constructing steadyons in field theory.



From QM to QFT

The steadyon construction can be generalized to QFT, but not today!

Take home message: steadyons show that tunnelling from the metastable ground state, with no
initial energy, recovers the Coleman bounce

E=0 = A7rpe —+00 = Coleman-type bounce.

We can therefore work directly in Euclidean time, without constructing steadyons in field theory.

Even then, vacuum decay at fixed charge is already a non-trivial problem!

See Part Il !



PART Il: Imaginary-time Tunnelling

Tunnelling at fixed U(1) charge Q in QFT?



Globally charged vacuum decay:
motivations & literature



Globally charged vacuum decay: motivations & literature

@ There was a gap in the tunnelling literature: what happens when the tunnelling field itself
carries a chemical potential? The fixed-() problem is the natural building block.

o Literature: Fixed-charge tunnelling was already introduced by Lee 1994, but without a full
numerical bounce solution. Other key aspects were already present in the wormhole literature
of the 1980s. The work of Levkov, Nugaev, and Popescu 2017 on @-ball tunnelling provides the
main basis for the numerical algorithm.



What is a charged state?
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What is a charged state?

The simplest example is to consider a complex scalar field charged under a global U(1)

L =109|* - V(0*®) where in polar coordinates o= %ew

There is a conserved Noether charge

Q= /d%jo = /d% P20 Gt =i(PHD* — h.c.)



What is a charged state?
The simplest example is to consider a complex scalar field charged under a global U(1)

L =109|* - V(0*®) where in polar coordinates =L ¢

V2
There is a conserved Noether charge
Q= /d%jo = /d% P20 Gt =i(PHD* — h.c.)
Then, an initial homogeneous charged state is a stationary configuration as
E V(V() 122) VV()+1Q
i . i = Vs Pi SWip; | = V3V ipi SWi
o, = \l;ie“"lt with  Q = Vaw;p? — ’ 2 ’ 2

S; = B (B —wiQ)



What is a charged state?
The simplest example is to consider a complex scalar field charged under a global U(1)

L =109|* - V(0*®) where in polar coordinates =L ¢

V2
There is a conserved Noether charge
Q= /d%jo = /d% P20 Gt =i(PHD* — h.c.)
Then, an initial homogeneous charged state is a stationary configuration as
E V(V() 1“) VV()+1Q
i g . i = Ve Pi SWiPi | = V3V pi Wi
P, = \l;ie“""t with @ = ngipf — ’ 2 ’ 2

S; = B (B —wiQ)

So it is spinning in field space with angular velocity w;
and displaced from the origin of the potentiall



Tunnelling decay at () # 0



Tunnelling decay at Q =0

Take a complex scalar field ®. Start from the canonical partition function

Z )= =3 (nlem )

neH
In the path integral formulation this gives
Z (p) = / DO DE* ¢~ 5598"] L o~ 55l4.2]]
with periodic Euclidean boundary conditions

o(8/2,x) = @(=p/2,x),  PN(B/2,x)=  O(-F/2,%).

The decay rate exponent is

__ gbounce i
S p=5p —Sg

We can (and we will) study the tunnelling both at finite 7' (fixed 8) or T =0 (5 — 00)!



Tunnelling decay at Q) # 0
Take a complex scalar field ®. Start from the canonical partition function

Zo(B) = TY[pQ e_ﬂﬁ} = > (nle=n)

neHqg

A A "dO o0
Project onto a fixed charge sector Prp=46Q—-Q)= / (2— Q=@
J 27
In the path integral formulation this gives

o . .
Zo(P) = / Q—We*W DO DP* ¢~ 02T o o= IElP0 B0,

twisted

with twisted quasi-periodic Euclidean boundary conditions with complex saddle point ¢ = —in

®(8/2,x) = "®(—5/2,x), *(8/2,x) = e "®*(—5/2,%).

The decay rate exponent is

Sa.8 = Sp™ = Sp+no@Q N0 = My — M

We can (and we will) study the tunnelling both at finite 7' (fixed 8) or T =0 (5 — 00)!



Fixed-() decay exponent

Initial configuration — D, = pi/\/iei“”'t with Q = w;p? Vs



Fixed-() decay exponent

Initial configuration — ;= p; /v 2™t with Q = w; p?Vs
p P

The only way to have, at the same time, a real ) and twisted BC is to look for a complex saddle
point that is complexify the space of field configurations, i.e. consider in Euclidean time (see Barni
and Steingasser 2026)

d): ieav é: L6_a7

V2 V2

treating ¢ and ¢ as independent real Euclidean fields.




Fixed-() decay exponent
Initial configuration — P, = pi/\/iew”t with Q = wiprg

The only way to have, at the same time, a real ) and twisted BC is to look for a complex saddle
point that is complexify the space of field configurations, i.e. consider in Euclidean time (see Barni
and Steingasser 2026)

6=T5e"  b=me
treating ¢ and ¢ as independent real Euclidean fields. |
B/2
The action of the theory is defined as Splo, b = / dr / d*z (0,000 + V¢ Vo + V(p)].

—B/2



Fixed-() decay exponent

Initial configuration — P, = pi/\/iei””t with Q = wiprg

The only way to have, at the same time, a real ) and twisted BC is to look for a complex saddle
point that is complexify the space of field configurations, i.e. consider in Euclidean time (see Barni
and Steingasser 2026)

d): ieav é:ie_a7

V2 V2
treating ¢ and ¢ as independent real Euclidean fields. |
B/2
The action of the theory is defined as Splo, b = / dr / d*z (0,000 + V¢ Vo + V(p)].
—-B/2

Extremizing it, we get the EOMs
02+ Vg = V'(¢p)p =0, (924 V)~ V'(96)$ =0

that is a 2d BVP in (r,7) with p — p; and o — w;T.



Example at ) # 0

U(1) Complex scalar field: £ = 8,39, — V(" ®) where in polar coordinates & = (p//2) exp it}

charged configuration
with QQ = wipf‘/g

)

initial state
displaced from the origin



Example at ) # 0

U(1) Complex scalar field: £ = 8,39, — V(" ®) where in polar coordinates & = (p//2) exp it}

10
— Qret/Qumax = 0.507 at wyer = 0.950m
0.8
charged configuration
with Q = wip; Vs
06,
S
0.'—1Q> 1}
o initial state
' displaced from the origin
0.0
1 2 2, (p—2)*(po — 1)
Vip)=—=+(p—1)2|2p -5+ (2-p)*lo , >1,
(p) 5 Hp=1) [p (2—p) &)= 1)2(po — )2 p

2 J—
The d = 4 bounce action is known, Sio) = —% {po — 1+ Lis (po ;)} .
po —



Example at ) # 0

U(1) Complex scalar field: £ = 8,39, — V(" ®) where in polar coordinates & = (p//2) exp it}

1.0
— Qret/Qumax = 0.507 at wyes = 0.950m
0.8
Reduced potential:
0.6 o 1
E o= V(o) = 30" (Bue)’]
RS
0.4 ~
when a = wtT + &
. 1
02 Qp; Q) = V(p) — 5w’p°
0.0

V(p) = _% +(p—1)° [2”_ e pflog%

], p=1,

2
The d = 4 bounce action is known, Sio) = —% {po — 14 Liz (po_;)] .
po —



Solutions of EOMs

Increasing temperature

at @ # 0: from O(4) to “calorons” to O(3)

O(4)-like p O(3)
O(4)-like caloron 0(3)
mB = 6.0 mpB =4.5 mf = 3.0

mr mr mr

2.0

1.8

1.6

14

1.2

p/m



Solutions of EOMs at ) # 0

Two branches: O(4)—like tunnelling at T =0 (8 — oo) and O(3) tunnelling (finite /3)

-3

200

Slice at mr =0

Slice at mT =0

2001 —— 2D solution 2.00 — 2D solution
1.8 y
1.75 1D O 175 1D 0(4)
L6 g / g
T1.50 2150
1.2 1.25 1.25
1.00F—————————— 1.00
—4 -3 -2 -1 2 3
mr mr
B Slice at mr =0 Slice at mT =0
1.8 2.00 2.00 — 2D solution
1.75
1
0 g — 2D solution
14 KLB09 e 1D 0(3)
1o 125
100 e
—4 -3 -2 -1
mr mr

7)o is tuned to match the charge ) of the initial configuration!




Decay rate exponent: Sg g = Sgounce = SZ;E +no@

Decay rate exponent

1001

801

60 1

40 1

201

—— SgA (O(4) branch)

=== 5, analytical
— [BS3 at mfB =10.0

0.2

0.4 0.6 0.8
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Thin-wall estimates



Thin-wall estimates at fixed ()

At small charge, the modulus retains its neutral thin-wall profile, while the phase solves a 4D dielectric problem:

{Pf, re < R,
po =

1
du(pod 1) =0, — Vian =0 in each region, with g = =Cuiaiqg” > 0.
pi, TE >R, 2



Thin-wall estimates at fixed ()

At small charge, the modulus retains its neutral thin-wall profile, while the phase solves a 4D dielectric problem:

{Pf, re < R,
po =

1
du(pod 1) =0, — Vian =0 in each region, with g = =Cuiaiqg” > 0.
pi, TE >R, 2

The naive Euclidean action receives a positive correction:

] 2 4
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Thin-wall estimates at fixed ()

At small charge, the modulus retains its neutral thin-wall profile, while the phase solves a 4D dielectric problem:

) <R, . . . 1
po = pf TE Du(psda1) =0, — Vian =0 in each region, with g = =Claieiqg” > 0.
pi, TE> R, 2

The naive Euclidean action receives a positive correction:

2 pd
> i 2 TR
S};’“”C‘“ — Sp~2r 00R3 —

(AV - 5g).

But the fixed-Q) projection contributes
nQ ~ —m°R*g < 0,



Thin-wall estimates at fixed ()

At small charge, the modulus retains its neutral thin-wall profile, while the phase solves a 4D dielectric problem:

) <R, . . . 1
po = pf TE Du(psda1) =0, — Vian =0 in each region, with g = =Claieiqg” > 0.
pi, TE> R, 2

The naive Euclidean action receives a positive correction:

2 R*

Sgounce _ SlE ~ 27T2O'0R3 _ (AV _ 6Q)
But the fixed-Q) projection contributes

n0Q ~ —1>R*q < 0,
giving the physical tunnelling exponent:

2 pd
5g.tw(R) ~ 2100 R® — Ut

Extremizing:

30’0 Sio)

flo=xvis, <M Sawlle) =105 Xy

Finite charge enhances nucleation and reduces the bubble size!



Charge flux lines
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Decay rate exponent in the TW limit

Sgounce

Exponent rate

_S’

S(o) 1 + 7Bgia1x”

(1 + Bdlelx2)4

770Q ~ —65&0)

Thin wall: py =2 — 107

1000
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Charged wall late-time dynamics



Lorentzian dynamics

of the charg

ed bubble

—
@ Before nucleation §  ~ . & @) () a5 S
outer phase S ) O =) O <O J @
L homogeneous rotation D ) & '® O Sl R
e = - -
@ Bubble nucleates SRS 5 © o wall & = & @
—~ . @) N = = = -,
e = @R @ inner phase & < ) ® ) '
TERE @ &) O & &) & O &)
. 3 p CJ
(7 Z N =
@{ Expansion in a charged mediu@ \/ /(/, 7 \\\/' ealinhtnae
iy, ;;._\’/ Ru(t) = vt
9, iy )]
outer phase e/ S f '\ V\—> (wa
P & = :\ <’ ()__,'_—— phase shell /
J &) \ 0‘\‘ ooy radial gradient
&\ ) e S| 7Y phase interpolates between w_ and w, s
@{ Late-time self-similar regime} A \\\\?\\ E=r/t h
! 1 \
1 v B N
Eslnell g Evac i //f \ ) \ ! } } e
V=V <%l | o \J:I 0 =v &=1 3
- - VRS ff S (wall) (causal front)
terminal velocity | o 0/ I =Nk




Late-time dynamics: Lorentzian TW estimate

After nucleation, charge conservation induces phase gradients around the expanding bubble.

Assume a self-similar thin-wall solution:

R (t) = ot, = % a(t,r) = wt f(£), p= {Z: 2 i Z’

Solving the Lorentzian phase equation gives a shell energy:
du(p*0*a) =0, EM = 4nt® £, (v).

Balancing it against the released vacuum energy,

AT 4 -
Eyae = —0*13AV,
3
determines the terminal velocity:
AV
Ealvy) = 71}3

Charge conservation can produce subluminal terminal wall velocities, even in vacuum!



Subluminal velocity

M P
0.91
— 08 1
&
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error fit band
06 j jp— numerical evolution N
ric N
=== TW self-similar Lorentzian \\
= = TW Lee elliptic a/b \
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Generalisation at finite 1" and p



Generalisation at finite 7" and finite p

1
© Finite temperature: Euclidean time is compact, 8 = T and the bounce is computed with the

thermal effective potential
Vi(p) = Ver(p; T).



Generalisation at finite 7" and finite p

1
© Finite temperature: Euclidean time is compact, 8 = T and the bounce is computed with the

thermal effective potential
Vi(p) = Ver(p; T).

@ Spectator chemical potential: if ;1 belongs to other fields,

Vet (03 T, 1)
simply reshapes the tunnelling potential (at LO).



Generalisation at finite 7" and finite p

© Finite temperature: Euclidean time is compact, 8 = %, and the bounce is computed with the
thermal effective potential
V(p) = Verr(p; T).
@ Spectator chemical potential: if ;1 belongs to other fields,

Vet (05 T, )

simply reshapes the tunnelling potential (at LO).
© Chemical potential of the tunnelling field: the chemical potential select the homogeneous state
rotation and charge,
Pi
(I)z(t) = \/%eZMtv

Qi(p) = Vs ppi (1)



Generalisation at finite 7" and finite p

© Finite temperature: Euclidean time is compact, 8 = %, and the bounce is computed with the
thermal effective potential
V(p) = Verr(p; T).
@ Spectator chemical potential: if ;1 belongs to other fields,

Vet (05 T, )

simply reshapes the tunnelling potential (at LO).
© Chemical potential of the tunnelling field: the chemical potential select the homogeneous state
rotation and charge,
Pi
D, (t) = \/%ewt7
o If charge exchange is slow during tunnelling, so the charge is exactly conserved and p
prepares the initial state

Qi(p) = Vs ppi (1)

B(k) = Sq.w.6-
o If the system stays coupled to a reservoir, one needs a genuinely fixed-y bounce

Bus = S%‘jﬁnce — S where now @ is an output.



Conclusions and outlook



Conclusions I: Real-time tunnelling

@ The real-time path integral can be evaluated semiclassically using complex saddle points: the
steadyons.
H— (1-ie)H = z(t)eC.

@ The initial quantum state selects the saddle:

oar — E, O0p, — J.

@ The Euclidean instanton emerges directly from the steadyon construction:

eAtper = ATper, [ ~ e BES),

e For the metastable ground state, we recover the familiar Coleman prescription:

E=0 = ATpe — 00.

This can be generalized to QFT, allowing us to work directly in Euclidean time.



Conclusions II: Globally charged vacuum decay

o Fixed—(@ changes the tunnelling problem at a structural level:

charge projection — twisted Euclidean boundary conditions.

@ The dominant saddle is a complex saddle point of the PI.

@ The decay exponent is

Sg.p = Sprnee — St 4 noQ, with 7oQ < 0

with 9@ essential for the fixed-Q projection.

o Finite charge lowers the barrier, reduces the critical radius, enhances nucleation and generate
subluminal terminal wall velocities even in vacuum.




Outlook

o Gauged tunnelling: extend both the real-time steadyon framework and the Euclidean
field-theory treatment to gauged U(1) theories, consistently including Gauss's law.

@ Beyond fixed Q: fixed-u bounces, finite-temperature effects and realistic equations of state for
dense matter.

o Beyond the leading exponent: fluctuation determinants, prefactors and stability of charged
configurations.

o Cosmological and astrophysical applications: phase transitions in dense matter, bubble
dynamics and charge transport.

e Gravitational waves from charged bubble collisions: how do charge conservation and modified
wall dynamics affect the resulting GW spectrum?
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Backups



Steadyons for fixed £ and J



1. Physical setup: a metastable state at fixed E, J

A particle in a rotationally invariant potential, with a metastable annular region F and escape region R:

L= % (P2 +7%%) = V(r), U s(re) =e g (r).

Narrow resonance (the decay is much slower than local motion):

E=E- % < E, Pr(t)~Pr0)e

At fixed J, the radial turning points satisfy

J2
Verr(r) =V (r) + Pyt Vet (1) = Ver(rs) = E.
Y.« 7 =14 (entrance) Yo r=rs (exit).

GB & Steingasser [2604.08660], Sec. I



2. The decay rate is a probability flux

Define the survival and escape probabilities:

P;(t):/d2x|\ll(x,t)|2, PR(t):/ d’z | (x,t)]°.
F R

Assuming negligible back-tunnelling, conservation of probability gives

The initial wave function is evolved by the ordinary propagator

U(xy,t) = /d%i Dr(xy,t]xi,0)¥r,7(xi),

DF(Xfyt|Xi,O):/ Dx etSM Xl

X3

Hence Pr contains one Dr and one D7.

Eqgs. (2)—(6)



3. Why three restricted propagators?

For a path x(¢) define the crossing-time functionals
F, [x] = first crossing time of 3, Gs, [x] = last crossing time of X,.

The crossing conditions restrict the path integral:
Dp(xs,ts | xi,0) = /DxeisM 0(Fs, —ts),
Dplxpotr | %o t) = /DxeiSM 5(G. —1.).

Dy (xs,ts | Xu,ti) = /DxeisM 8(Gs, —t.)6(Fs, —ts).
First crossing identifies the escape event; last crossing isolates the final barrier traversal.

Egs. (7)—(9); endpoint conditions are implicit



4. Decomposing the original propagator

Every path reaching R must first cross X, then cross ¥;. Classify the paths by their first exit time ¢,:

t 27
Dp(xy,t ] x4,0) = / dts/ dps Dp (x5, | xs,ts)ﬁp(xs,ts | xi,0).
0 0

Or classify them by their last entrance time t.:
t
Dr(xs,t | x%:,0) = / dt« /dgo*QF(xs,t | Xs, ts) DE(Xs, ts | X3,0),
0

t
ﬁF(XS7t|Xia0):/dt*/d@*DF(XSvt|X*7t*)DF(X*7t* |X’570)'
0

These are path decompositions, not saddle-point approximations.

Egs. (10)—(12); crossing measures absorbed into D



5. From first crossings to the outgoing flux

Start from the propagation kernel in Pr:
pr(X1,X2;t) = / d’z; Dp(xy,t | x1,0)Di (x5, t | x2,0).
R
No back-tunnelling: after crossing ¥, propagation stays predominantly in R. Consequently
/ d*zy Dp(Xg,t | Xs,ts)Di (x5, t | X5, )
R

EDF(X;J/S |X37ts) (t; >ts),

using completeness of the final states in the escape region. After separating time orderings and differentiating:

27
pR:/ dos Dr(xs,t | x1,0)Di(Xs,t | x2,0) + c.c.
0

Egs. (13)—(19); the approximation is the no-return assumption



6. Insert the |E, J) initial state

Convolve the unrestricted early evolution with the wave function:

/d2CL‘Z’ DF(X*,t* | Xi,O)‘IIE,J(Xi) = ‘IIE’J(X»”t*).

Define the two angular-integrated contributions (At = ¢ — t.):

FE,J
Fr.J

The probability flux now takes the compact form

27
Pr(t) ~ 2Re/ dps F, 1 FE,-
0

. . VIR —iEt, . .
The stationary resonance state contains ¢’ 72 and e "™ which will select the saddle.

t 27 D
/dAt/ do. [ZF) (x5, At | %) Ug s (Xe,t — AL).
0 0 QF

Eqgs. (18)—(24)



7. The real-time path integral needs a regulator

The relevant complex saddles are selected through slightly nonunitary evolution:

’H—>H€:(1—ie)H, 0<e<<1.‘

For H = p2/(2m) +pi/(2mr2) + V(r), its Legendre transform gives the regulated action:

At
S. = /0 dt [2(1”11'6)(7;2 +r%%) - (1- iE)V(T)] ~

This also corresponds to complex time,
z = (1 —ie)t.
iS¢ (%]

The approximation is semiclassical: restricted path integrals ~ e on the relevant complex saddle z.

Eqgs. (25)—(26), (50); Hamiltonian-consistent regulator form



8. Where the E- and J-dependent phases enter

Inside the metastable region, neglecting the small physical width in the initial state label,

Ui,y (re,puit — At) 2 hp s (1.5 0) /07 e TIOBEZAD,

—i(1—ie) Bt

For either restricted path integral, suppressing its crossing conditions and the overall e , we obtain

t 27T
/ dAt/ d. / Dx exp{i [Se[x] + Jo« + (1 — ie) EAL]}.
0 0 cross

Three independent saddle conditions:

] 0xSe =0, 9o (Se+Jp) =0,  9ae(Se + (1 —ie)EAL) = 0. \

Egs. (27)—(32); fixed endpoints and crossing conditions implicit



9. Stationarity of ¢, fixes J

The cyclic equation of motion implies

d ((mrig mi2Q
( 90) =0 = p,= £ — constant.
i€

dt \ 1 —ie 1—

An initial-angle variation changes the on-shell action by an endpoint term:

05| pon = [p;&,o] oAt = Pl 0px,

where @, is fixed. Stationarity of the total exponent then gives

98,

0=
34,0*

+J=—p,+J,

=J = ¢=(1-ie

mr2’

Egs. (30)—(38); the charge of the saddle is fixed by the state



10. Stationarity of At fixes the energy

The propagation time is integrated over, not chosen by hand:

0S.

0= aa1

+ (1 —ide)E.

On shell, a variation of the initial traversal time yields dx;S. = —HS', so that the unregulated classical energy
is E.

. 2
m T _ J?
2 <l—ie> VO g =

At the entrance turning point, Veg(r.) = E, giving

[7(0)=r., #(0)=0.

The final crossing is at 75, and the regulated solution only satisfies the exit condition approximately at finite e:

7(Atper) ~ Ts, 7(Atper) 2 0.

Egs. (32), (40)—(41); O(e) endpoint mismatch



11. Integrating out the angle: the fixed-J Routhian

Do not merely substitute ¢ into L. At fixed momentum, first make the partial Legendre transform:

Re(r,#3J) = Le — Jg, a@f; —J
Using ¢ = (1 — i€)J/(mr”) gives
mi? (1 — ie)J? J?
e — 5 —(1—1 — (1 —i¢)—
R 30— i0) + 2 ( ie)V(r)—( i€) o
N P Y
T 201 —de) A
Thus
At
SR,e = / dt Re, mf = —(1 — 16)2‘/9/[{(7:) .
0

Eqgs. (44)—(46), written directly from H.



12. The rate: why the normalization matters

At the semiclassical saddle, the initial-angle and final-angle phases cancel between the two factors of Pr. To
leading exponential accuracy,

Pr(t) ~ e >F exp[—21m Sk [F; J] + 26 EAtper] [0, (745 0) 2.

The same regulated evolution gives

P]:(t) = / d2$ |\I/E’J(X, t)|2 ~ 6726EtP]:(0),
F

The unphysical damping cancels in [ = PR/P;:

V5, (re; 0)]? '

I ~ exp[—2Im Sg.[F; J] + 2e EAtper] Pr(0)
_F

Overall Jacobians and fluctuation determinants are omitted.

Eqgs. (47)—(49)



13. The steadyon becomes an Euclidean instanton

For a time-independent Hamiltonian, the regulator amounts to the complex-time contour z = (1 — de)t.

’ e— 0T, Atper — 00, €Alper ™~ ATper.

Deform the tilted contour into a real segment ~; and a vertical Euclidean segment ~;:

Yro: 2z = Atper — 1T, 0 <7< ATper-

The real-time segment contributes a real action; on v, we obtain

ATper
wrf (1) = Vi), Swelrrsd) = [ ar [0 + V)]
0

ATper is one single under-barrier traversal; the full bounce traverses the barrier twice.

Egs. (50)—(59), Fig. 2



Thin Wall estimates:
more in details



Thin-wall solution at small charge
We expand around the neutral thin-wall bounce

pzpo—i—erz—i—(’)(e‘L)7 a = eaq +O(63).
At leading order, the modulus is the neutral step-wall profile
) < R7
po(re) = prs TE r% :r2+72, T =7rgcosv.
pi, TE > R7
The phase is not a step function. It solves the a dielectric problem in 4D
Oy [p%(?“al] =0, a1 — wpT = (w; +no/B)T far away — Viai =0
The far-field condition selects only the dipole harmonic
R4
ain = AwypT, Qout = Wh {1 + 34] T
"B

Matching the phase and the normal charge flux at 7z = R we find A and B. Therefore

4p7
i
Qin = Wb~—5— 5

< _ R*
5T Qout = W |:1 + > p p :l
p; +3p7

f+3p7, TE

in each region.



Thin-wall solution vs numerical bounce

spherical thin-wall p

2 3 0 1 2
mr mr

full numerical ;o spherical thin-wall oy

Full numerical solution

pP=Y\ 2¢q§7 Qrot = O — W5 T,

o=

2

1

Thin-wall solution

Pfs
Pis

re < R,
TE>R,

logz.

¢
TE<R,

2 p4

R
Pr 7, rg>R



Fixed-charge shift ¢

The fixed-@Q Lee solution gives an effective bulk shift in the thin-wall action:
Stw(R) = STy + Va(R) 6

Where
_ 1
58 = [[ate |50 + Viw)] +0(e)

1
STW ~ /dT/dgl‘ §pg(8ua18“oq)2 + O(e*) ~ V4(R) dg

The shift is the dielectric energy gain of the phase profile,

1
0o = 50d1e1q2 >0, q=wip; , Caiel =




Thin-wall estimate: projected exponent

Evaluating the naive Euclidean action on the thin-wall solution gives

m2R*

Gheunee _ gt~ 2r260 R + [-AV +4q], (> Sq=0?)

But this is not the fixed-Q tunnelling exponent. The fixed-charge projection gives
S = SE — Sk +mQ.
The residual twist is fixed by the saddle condition (in the limit 8 — o)
95q _
87]0
Therefore the physical projected exponent is

0 — Qbounce(n()) = Qtargct — 'r]OQ o 77T2R45Q < 0.

2 p4
Sguw(R) ~ 2n0oR* — & 2R [AV + 60
Extremizing with respect to the radius,
05, tw 309 Ro 2e)
—— =0 Rg = = = —=.
9R T T AV e, 142 9T AV

The charge lowers the decay rate exponent and the bubble shrinks!



& Warning: energy conservation &

The spherical TW configuration will be sufficient for the action at order €!
The reason is variational: the neutral sphere already extremizes the action, so an order-¢> shape deformation
changes S only at higher order.



& Warning: energy conservation &

The spherical TW configuration will be sufficient for the action at order €!
The reason is variational: the neutral sphere already extremizes the action, so an order-¢> shape deformation
changes S only at higher order.

However, checking energy conservation slice by slice is more restrictive. The explicit Lee phase contribution
has a non-trivial 7-dependence

EP (2) o« (1 —22)3/? (Co + 0222) , z=T1/R,

This, with po, alone do not conserve energy!




& Warning: energy conservation &

The spherical TW configuration will be sufficient for the action at order €!
The reason is variational: the neutral sphere already extremizes the action, so an order-¢> shape deformation
changes S only at higher order.

However, checking energy conservation slice by slice is more restrictive. The explicit Lee phase contribution
has a non-trivial 7-dependence

EP (2) o« (1 —22)3/? (Co + 0222) , z=T1/R,

This, with po, alone do not conserve energy!

The missing piece is the modulus response. In TW language it can be represented by an order-¢* ellipsoidal
deformation,

a=Rg(1+*4), b=Ro(1+£°B),
which contributes

E((JQe)ll(Z) x (1 - 2% [A + (A - B)zz] .

Choosing A and B cancels the two Lee coefficients. Thus the energy is conserved at order €2, while the phase
solution itself can still be taken spherical: the non-sphericity affects E, only at order ¢”.



Decay rate exponent at fixed ()

15
— 0(¢)
— 0B
101
5<
0 ;
0 2 4 6 8

10



Backup: fixed-charge projector

The fixed-charge partition function is obtained by projecting the trace:
ZQ[ﬂ] =Trg e_,gﬁ = Tl“[]sQe_Bﬁ} .
The projector is
Po=6Q-Q]= / P coia-al,
27
Therefore ”
ZqlB] = /7 e 09Ty {eiﬁHemQ] .
i

The operator ¢’? generates a global UT1] rotation:

er(i)[X]efieQ — ¢x], e“’QqA)T[x]e*“’Q — e i[x].



Backup: from the trace to twisted boundary conditions

Let |¢) be an eigenstate of the field operator,

b[x]|¢) = ¢[x]|9).
Then o 4
610Q|¢> — |619g25>,
because . R . . ) A
Blx] ¢72)g) = 9 [0 [g) = e glx] 2 ).

Inserting complete sets of field eigenstates:
Te[e 0] = [0 Do (ole P 0Y) = [ DD (9l |e").
Hence the path integral has twisted closure:

(I)[ﬂ/QvX] = ei@@[_ﬁ/z X}v ‘1)*[5/27 X} = e_ieq)*[_ﬂ/z X]'



Backup: imaginary twist and real Euclidean fields

The projected path integral is

ZqlB] = 4 ~ioq D DP* e I8,
N 2m twisted

For real charge, the saddle lies at imaginary twist:
0 = —in, neR.
Thus
®[B/2,x] = e"®[-B/2,x],  ®7[B/2,x] =€ "O[B/2,x].
The Euclidean saddle is complex in the original variables, but can be written as a real problem with
olr,x],  ¢[r,x]

treated as independent fields.
Polar form:

Selg, ¢l = [ drd’z [0-¢0:6+ V¢-Vé+ V]| .



Backup: fixed-() saddle over the twist
At fixed 7, let @, be the Euclidean saddle satisfying the twisted closure. Then

Zg[B] ~ /dn exp [—Sg[®y, D3] —1Q] .
The saddle condition in 7 fixes the charge:

052, ;]

Q= an

n="cl
At the dominant saddle:
SEE" = Sp[®ny, O]+ 1aQ

The decay rate is extracted from the bounce contribution divided by the metastable homogeneous contribution:

bounce

2 ~ e Sas,
v
Zg

I x

Thus ~
Sq,6 = Selp, pp] +1aQ — BE;[Q].



Backup: reference subtraction and residual twist

The homogeneous charged reference state is

¢1[7'] 17 +w77 ¢z[7—} — Pi e—wT.

V2

Its charge and energy are
1
Q=Vawsl,  EifQ)=Va |[VIpi/2)+ 3/}

The Euclidean action of the homogeneous reference is

Silén, ] = 8Va VIt /2 - 30| = BIBIQ) - w@l.

The total twist is separated as
Nel = wf + Mo, no = Nel — wpf.
Therefore

Sq.5 = SE(ds, db] — S, ¢i] + M0 Q.

Sq.s =Sk — Sk +m0Q




Backup: BVP equations and boundary conditions

Assuming spherical symmetry, ¢ = ¢[7,7], ¢ = o[r,7]:

026+ 020 + 20,0~ V[pdlo =0,
026+ 026+ 20,6~ V' (6616 = 0.
Boundary conditions: B
8r¢[7_7 0} =0, 8r¢[7—7 0] =0,
¢[7—7 L'r] — ¢ [7—]7 (;75[7', L’l“] - QEZ[T]

Turning slice:

#[0,7] = ¢[0, 7], 0,9[0,7] = —8,[0,7].
Twisted reflected closure:

¢[-B/2,r] = e7™¢[-B/2,7].



Backup: Euclidean energy conservation

Define
Clr] = /d% [~0,00:¢0+ V-V + V[pg]] .

Using the equations of motion,

dac

- = 0

dr
In polar variables:

1 1 1 1
Clrl = 4”/‘17’ r? [Qf’% - 5%’20472« + 5%’2043 - 5%’3 +Vlpl| -
At the turning slice, p,[0,7] = 0, hence
C[0] = Epubble-

Asymptotically,
C[—B/ﬂ =~ Ehomogeneous~

Therefore the nucleated bubble has the same conserved energy as the initial charged state.



Backup: effective potential €2

For a homogeneous rotating state,

The modulus equation is controlled by
1
Qfp;w] = Vip] = 50"
Stationary homogeneous branches satisfy
dQ)
20
dp
Interpretation:
) = potential felt by p at fixed rotation frequency.
Important caveat:
Q[p; w;] is useful for intuition and seeds,
but the full fixed-@ bounce is not obtained by holding w fixed everywhere.

Q= /d?’xp28¢a

must be conserved globally.



Backup: charged Bitar—Chang barrier

The fixed-@ exponent can be rewritten using a modified Euclidean action:
Sop = Sjbgounce — ng + na@ = A§E.

Using the phase EOM and the boundary twist,

@ = / d'z ? [(0:0)? + (Va)?] .

so that

~ 1 1 1 1
5= [ ate |30 + 370,00 + (V02 + 5 (Ve + V().

Thus the projection term turns the phase contributions in Sg into positive terms in §E



Backup: Bitar—-Chang energy interpretation

The conserved Euclidean energy is

£ = / @' [~ 20000 + 50700007 + 290 — L(vay £ V()]

Using AE = 0, the modified action becomes

0
ASp = 2/ dTAE(T)
—B/2

with the charged Bitar—-Chang barrier

B(r) = / @' [59S00 1 V(o) |

At the endpoints, _
0-p =0, Va =0, E=F,

so the barrier vanishes at the initial state and at the turning slice.



BC energy barrier at () # 0

10+

AE/m

—_— Q=0
—— Q/Qmax = 0.507
=== Q/Qumax = 0.417
== Q/Qmax = 0.202




Backup: thin-wall phase solution |

Thin-wall modulus:
p[ﬂ:{,ﬁj: Eiﬁi & =r2472 T = £cos .
The phase solves
Ou [pQ(r“)”a] =0.
Since p is constant in each region:
Via =0 inside and outside.

Far away:
Qout — Wi T = w;& cos .
Therefore only the dipole harmonic is needed:

R4
Qin = Aw;€ cosV, Qout = W [5 + ng] cos V.
Equivalently,

R4
ain = Aw;T, Qout = Wi |:1 + B§4:| T.



Backup: thin-wall phase solution Il
At the wall, impose continuity of the phase:
ain[R] = aout[R]. — A=1+B.

The charge flux must also be continuous: p?&gain = P20 ot at £ = R.
Using
Octin = Aw; cos ¥, Ocout = w; [1 — 3B] cos v,
we get
prA = pi[1 - 3B].
Solving together with A =1+ B:

_ P} _4p?
p; +3p7’ P2 +3p%
Therefore
4p? i = p} R

Qin = Qout = Wi

1+
02

Wi—5——>—5T, -
P} +3p7 5 +3p7 &

T.



Backup: terminal velocity from a Lorentzian shell

A controlled estimate should be done directly in Lorentzian signature. Assume a late-time self-similar wall,

Ru(t) =vt, €= 7;, Ewal =v, & =1
Solve the Lorentzian phase equation
1 2 2
Or(eOra) — T—Q& (r e&«a) =0, €e=p°,
with
€f,
a(t,r) =Qtf(§), &)=

€, v<&<I.

For constant e,

Regularity and f(1) = 1 give



Backup: matching and shell energy

Continuity at the wall gives
1
Flux conservation across the moving wall gives
er [Oray +v0iaf] = € [Orai + V0], -
Using
Oa=Q(f-¢f), Oa=Qf,

one obtains
Aev

_Aev[v+%—2] + €

C(U) = (1—v2)2 "
2

The Lorentzian phase-shell energy scales as
EM = art® £, (v),
with

Ea(0) = - Un(0) + il (0)].



Backup: self-similar terminal velocity

The interior piece is

’US

Iin(v) = 3 [efffu - ei] .

The shell piece is

Jsh(v)—/vldf€2{[f—ff']2+ BRI

For the matched shell solution this integral is analytic:

Clv)(v =

Igh(v) = — 5 D) [50(1})1}2 —2C(v)v — 3C(v) — 40° — 21)} .

The released vacuum energy is
Fuac = %”R?wm/ = %%%‘AV.
Thus v, is fixed by

Equivalently, with

Ey =4rRyyaRw(v),  — Yo 0w (Vi) = —— |




Backup: Chemical potential for the tunnelling field

For the complex scalar, the chemical potential is conjugate to the same charge carried by the
tunnelling field. The homogeneous charged state is therefore a rotating configuration,

(I)l(t) — Pi eiwt.

V2
In a grand-canonical ensemble, an external reservoir fixes
Q=F—- MextQ-
For the homogeneous state,

1

WP = Hex Py

wac(pi, s pext) = V(p7) +
Stationarity with respect to the rotation frequency gives

Jwac
ow =(w-— Mext)ﬂ? =0 = W = HUext-

Hence the chemical potential fixes the rotation frequency, while the initial charge is not
independent

Qi (/«Lext) = VS Hext /312 (/iext)~



Mechanical analogue: 2d point particle in a Mexican hat

Figure: lllustration of the mechanical model. A point particle moves in a rotationally invariant potential V(r) with a
false-vacuum circle at » = rpy and a lower-lying true-vacuum circle at r = rpy, with rpy < rov.

See 2604.08660 with T. Steingasser



Picard-Leftschez thimbles 101



Complex saddles and Lefschetz thimbles

Start from an oscillatory path integral and complexify the integration variables:

I= / DX FIX] = L8[X].
Creal h
Saddle: a stationary configuration Upward thimble /C,: the dual steepest-ascent
cycle.
oF =0. It determines whether the saddle contributes:
0X |z,

’na = (Creal, Ko)- ‘

Downward thimble 7,: t_he steepest-descent
integration cycle through X, .

Creal ~ Znajay I = an DX GF[X].
o o Jo

QM: X = {z(t)}.  QFT: X = {(t,x)}.



+oo
I(a) = / da e~ /2 Fiaz

—00

downward thimble

Ts -

A Gaussian example: which saddle contributes?

2
z . .
—— +iaz, F'(z5) = 0= z, = ia.

Im 2
{ KCs - upward thimble
Zs =10

Cgr: original contour

Re z
CrNK, = {(]}

CRQICSZ{O} = ng =1,

z=ta+u€ Js:

I(a) = V2m e/,




Steadyons: the time contour is not a thimble

Complex-time plane

Im 2z
v (real time) T Res
0
Ye: z=(1—ie)t
Ve C Ctime
Tilt the time contour to recover the Euclidean
segment.

Complexified path space (schematic)

Iz,

Xe € AXc, jf(ﬁ C X
Deform the integration cycle to study
contributing saddles.

The steadyon is a saddle (an entire complex trajectory), not a point on ~..

The illustrated intersection is hypothetical: steadyons do not explicitly compute n,,.



Numerics



Backup: numerical variables

The independent Euclidean fields are
¢lrrl,  dlmrl,  plmr] = V206
The homogeneous charged background is

pilT] = pie™T, GilT] = pie™T, oi = L.

To remove the homogeneous exponential, use rotated fields:

¢ = e+w7—¢rot, ¢ = 67WT§$rot~

In the rotated frame the homogeneous state is constant:

d)rot,i = Qgrot,i = @i.

Define regularized unknowns:

y= T[d)TOt - QOZ]’ ﬂ = T[Q_Srot - SD'L]
Equivalently,
¢rot = @7 (,grot = gt(m,
T T
with

_ YrotYtot

Ytot = Y + i, Ytot = Y + 71, u 2




Backup: residual equations

The factor of r removes the explicit spherical first derivative. The continuum equations solved by the
code are

0 = 0%y + 9%y + 2w O,y + Alu] Yot
0 = 0%y + 9%y — 2w 0,y + Au] Frot-

Here L d
Ap)=w? - =L = vaa
p[’u] dp p=plu]
The homogeneous branch satisfies
Alpf] =0.

The residuals are discretized with centered finite differences in the bulk.
Important point:

all nonlinear terms and twists act on %o, Jtot, NOt only on y, .

Otherwise the full fixed-charge closure is not imposed.



Backup: grid and half-domain

The Euclidean solution is solved only on the half-domain
r € [0, Ly], T €[-6/2,0].

The branch at 7 > 0 is reconstructed using reflection and exchange:

¢[T7 T} = ¢[_T7 T]a ¢[T7 T] = ¢[_T7 T]'
Use a staggered grid:

r; = [j + 1]Ar, Tzz—{z—i—;} AT,
L, B
Ar = E, AT = ZNT

This avoids placing points directly on
7=0, T=-3/2,
so both time boundaries are implemented by ghost relations.
The residual twist is
N0 = Ml — WP.
In the rotated frame:

Grot [T + B, 7] = €™ brot[T, 7], Grot|[T + By 7] = € prot [T, 7).



Backup: ghost boundary conditions
At the turning slice, reflection and exchange give

Yj,—1 = Yj,0, Yj,—1 = Yj,0-

This implements _

()23[0,7’} = 925[077"}7 aTd)[O?r] = - 7-(5[0,7’].

At the past Euclidean boundary, twist plus reflection gives the total-field ghost rule:
Ytot,j,Nr = € " tot,j, Ny —15

Ytot,j, Ny = €+noytot,j,1\’r—1~
In terms of fluctuations:
YiN, =€ PN, -1 +1ipi] — i,
Ui, =€ [ysn, -1 + 150 — Ty
Outer radial boundary: ~
Orbrot[Lr, 7] = 0, Orbrot[Lr, 7] = 0.
Equivalently,

Yy -y
ar _7:0, 87‘ — = =0.
Yy L. Y L.



Backup: Newton solve
All grid values are packed into a real vector
x = [Rey, Imy, Rey, Imy].

The nonlinear system is
F[x;no] = 0.
At fixed 19, Newton iteration solves
IxMox = —Fx],
xFH = x4 oxF]
Here OF
J=——
ox
is an analytic sparse Jacobian, and ax € [0,1] is chosen by backtracking.

Because the residual is local, the Jacobian has a sparse stencil structure. Each grid point carries a local block
mixing

Yy
through the nonlinear dependence

Ytot Ytot



Backup: fixed-charge outer loop

The fixed-charge problem is solved by nesting the Newton solve inside a one-dimensional root search for 7.
For a trial no:

solve F[x; no] = 0.
Then compute the Euclidean charge:

QE[T,T] = (EaT(ﬁ_ ¢8T¢;7
L’V'
Qlr] = 47r/ dr rqu[T, r].
0

The charge is evaluated at the turning slice using the same ghost rules as the residual.
The outer equation is

Q[UO} = Qbounce[no} - Qtarget =0.
In practice:
Qtarget is scanned by continuation,

and each solution is warm-started from the previous one.
Diagnostics:

||FH < 13 Qbounce = Qtargct,
AFEgtatic[0] ~ 0, Sop = 5% — Sk +n0Q.



Backup: seed families

Newton iteration is local: the final branch depends on the seed.
The one-dimensional profiles solve reduced bounce equations and are embedded in the two-dimensional grid.
O[4]-connected seed:

slry ] =4/r% + (al>2.

T

Use the d = 4 profile:

Blr 71 = o1+ wr 7] [llslr 7 - 4]

This targets the quantum tunnelling branch connected to Coleman as @@ — 0.
O[3]-static seed:

(]5[22 [Tv T] = p; + Aseed |:§0[13d] [T] - sz:| .
This probes the static thermal branch.
After building ¢24:
y = rlpaa — @i]s y=y.
Then Newton treats y and ¥ independently.



Backup: Minkowski continuation

The Euclidean turning slice gives the real-time Cauchy data.
Turning conditions:

¢[07 T] = QS[O,T], &-(b[o, 7"] = _87(5[077‘]'
With the code convention ~
D[t r] = ¢[it, 7], O*[t,r] = Plit, ],
the initial data are ~
®[0,7] = ¢[0,7],  @7[0,r] = [0, 7],
[0, r] = id-4[0, 7], ®*[0, 7] = i9-4[0,7].
The turning conditions ensure ) )
®*[0,r] = ®[0,r]", ®*[0,r] = ®[0,7]".
In polar variables:

p[t,’l"] i0[t,r]
Ot r] = ——=e""".
V2

At t =0:

p[O,T’] = Px [TL ,0[0, T] =0,
but

0[0,r] # 0,
because the phase carries the fixed charge.



Backup: real-time equations and discretization

The evolution is performed directly in complex fields:

$=V26—Clp,dlé, &=V26—Clé, 4o,

with 1 dU
Clo, ¢] = e p=120.

The spherical Laplacian is discretized in flnlte-volume form:
[V f]z = 1+1/2 - -7'—1'—1/27
fz+1 fz

2

]:7; 1 2_7477”‘-
+ i+1/2
¢ ’ /7"+1_T1

This enforces regularity at the origin through the vanishing area factor.
Time evolution uses velocity-Verlet:

¢7L+1 _¢VL+At¢7L+ At2 n

q'bn-ﬁ»l :¢n+1/2+ Atan+1,

and similarly for ¢.



Backup: real-time diagnostics

Minkowski charge density:

qum = —i [qgtﬁ—ngﬁ} .
Total charge:

L,
Qlt] = 47r/ drr?qult, 7).
0

Minkowski energy:

L, . B

By = 477/ drr? [¢>¢+ Or ) Ord + U[p]} .

0

On the physical branch:

1

1 1, : 1 o,
Eu :47T/drr2 {5/)2—1— §p2+§p202+ §p292+U[p]} .

Bubble observables:

RJ[t] = level set of plt, 1], v[t] = R[t],

o
VIt = T



Backup: Real-time observables

p(Tv t) =V 2¢‘{)

wert (1, 1)
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Backup: Real-time observables

2.001
1751

~

= 150

~
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1.001

Modulus slices

10

Phase slices
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Backup: Real-time observables

Charge density slices Excess charge
041 = AQu/Qui(0)
= AQuut/Qiot(0)
=== AQiot/ Qo (0
2] 0ol /Quot(0)
- =
< =
>~ 2
= S 0.0
E 14 &
=
“ —0.21
04
—0.41
0 2 4 6 8 10 0 2 4 6 8 10



Backup: wall energy

Decompose the physical energy density:

1~2 1 /2 1 2 A2 1 212
ot =P+ = ~p%0% + =p*0% + U[p).
Con = 30+ P F 50+ 500 + Ul

At each time subtract the bulk plateaux:

Ewanlt] = 4m / drr? [etot[t, ] — ebuik([t, 7]] -

Then define
Ewan

- 4T R2’

Eyan

o1an ] AT R2vy’

Orest [R] =

The key numerical observation is
Orest [R7 Q] =~ 0o [Q] + Oé[Q]R
This means the growing energy is not just Lorentz boost:

Orest itself grows with R.



Backup: Surface tension growing

Wall tension vs radius

Wall velocity vs radius

Oa/ 0

=
=

Orest /M
1 === linear fit: s“au/m"‘ ~ (.393
linear fit: syesr/m* =~ 0.305

fit window

=
o

=
o

Surface energy density [m?]

B S i, LS S - i LS B S i i ok ]

0.81 — u(R)
=== fit: v +a/t + b/t

0.61 fit S
—-= ofit ~r 0,637

O 47 ,Ygo ~ 1.29 —_ ’Ugo ~ (0.633

. : v3, >~ 0.633 fit window
1 2 3 4 5 4 5 6
M Ryubble mRbubble



Backup: late-time phase-sector growth

The phase energy splits into
et = 1 292 [ — 1 29'2
5t 2p ) T 2,0 .

Temporal term:

0= w, epr= tpw = L
P ) 0,t 20 2p2 .
Thus charge is cheaper in the phase with larger p:
_ 1 1
e‘[;t] — eé’t] = Eq[er —w_]= §qu.

This is a bulk gain:

47 _ 1
Egain,ﬁ,t = ?R?’ |:6[9J’rt] — 6[9_’t]:| = §Aw QR.
Radial term:
eqgr = 1 2g"
0,r 2,0

is localized in a shell near the wall and provides the growing cost.



Backup: Late-time phase sector growth

s epr(r,t) Late-time radial profiles
1.0 —
===~ Ruubie(t) 1.2 —
08 1.0 T
0.6 . 0.8 T
0.6
0.4
0.4
0.2 0.2 )
0.0 0.0
—5.0 —2.5 0.0 2.5 5.0 7.5
m(r = Ruubie(t))
Late-time temporal profiles
10 10 T
0s 08
06 06
N
0.4 0.4
02 0.2
0.0 0.0

—5.0 —2.5 0.0 2.5 5.0 7.5
m(r — Ryule(t))
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