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Part I: Theoretical basis of
Gravitational Waves




Gravitational Wave equation of motion

FLRW background + tensor perturbations

ds* = — dt* + a(1)*(5; + hy)dxdx. hij = 0;h; = 0
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Gravitational Wave equation of motion
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TT part of Anisotrople stress temsor




Gravitational Wave equation of motion
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TT part of Anisotrople stress temsor

oI1;" =1I;' = 0 hold Vx, Vt



Gravitational Wave equation of motion
VZ
h - 3Hh ——h; (I}

a2 mlga2 . .

TT part of Anisotrople stress temsor

oI1;" =1I;' = 0 hold Vx, Vt

To obtain TT part of a tensor in real space is a hon-local operation!



TT projection in Fourier Space
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Continuum Fourier Transform
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TT projection in Fourier Space

4’k

Continuum Fourier Transform

7 (K) = Ay (RO (K, 1)

e™* f(k, 1)

Nyun(k) = Py(k)P,, (k) - —PykoP,, (k) with P = 5; - kk;. k; = ki/k



TT projection in Fourier Space
d’k
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Continuum Fourier Transform
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TT projection in Fourier Space
d’k
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Continuum Fourier Transform
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TT projection in Fourier Space
d’k

— ix-k r
f(Xa t) T [ (271_)3 € f(ka t)

Continuum Fourier Transform

7 (k) = ARk, 0

. N NP
Ay m(K) = Py(k)P;, (k) — 24 =5, - kk k= K/k

P ro b Le wl

HTT(X t) _ j l]kl(k) d X e_lkx Hkl(X t)

(27:)



Anisotropic stress tensor

HﬂV = TMV - (T//tl/)perfect fluid
Spatial Component Hij =T, — pg;

p = homogeneous background pressure
g;i = a“(1)(8; + hy)



Anisotropic stress tensor

HﬂV = TMV - (T//tl/)perfect fluid
Spatial Component Hij =T, — pg;

p = homogeneous background pressure
g;i = a“(1)(8; + hy)



Source of GWs equation
H//tl/ = T//tl/ o (T/tl/)pel”fectﬂuid Spatlal COmpOnent Hl] — 711] — pgl]

Let us consider most general theory with Scalars, Charged Scalars and U(1) gauge sector

F,=0A,-0A,, and D =0,p—ig,0,A,¢



Source of GWs equation
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Source of GWs equation
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Source of GWs equation

given

1
E=F,, and B, = EelijJk



Energy density of Gravitational Wave
Background (GWB)

Pow(l) =

322G (i, tl’ >V

..}y Volume average to |

encompass all relevant



Energy density of Gravitational Wave
Background (GWB)

<hij(X, t)hl-j(x, £))y
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Pow(?) e

1 d3k . |
) hij(k, Hh*(K, 1)
327GV v (271.)3 i

Fourier transform of hlj(X, £), |

Approximation valid for



Energy density of Gravitational Wave
Background (GWB)

pow(t) = (hy(x, Dhy(x, 1))y
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Energy density of Gravitational Wave
Background (GWB)
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Energy density per logarithmic interval
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Energy density of Gravitational Wave
Background (GWB)
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Energy density of Gravitational Wave
Background (GWB)

pow(t) = (hyi(x, DX, D)

327G

For stochastic sources use
5 ensemble average ( ... ) |




Energy density of Gravitational Wave
Background (GWB)

pow(t) = (hyi(x, DX, D)

327G
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Energy density of Gravitational Wave
Background (GWB)
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Energy density of Gravitational Wave
Background (GWB)

Energy densrcy per Iogarlthmlc mterval

Apcw k° J' ko
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GW energy density per critical
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To obtain TT part of a tensor in real space is a hon-local operation!

HTT(X 1) = J (27:)3 e'™ kAl],d(k) Jd3x e‘lk X sz(X t)




Evolution of GW modes

non-local operations are computationally expensive!

EVCVa TLWLC StC'P' * HTT(X t) —_ J (271.) lX kAl]kl(k)J' X e_lk.X Hkl(X’ t)




Evolution of GWs modes

non-local operations are computationally expensive!
Solution: we define a set of unphysical tensor modes u’s ,
1) Evolve equation of motion of u’s '

V?2 2

Garcia-Bellido, Figueroa & Sastre ‘07



Evolution of GWs modes

non-local operations are computationally expensive!
Solution: we define a set of unphysical tensor modes u’s ,
1) Evolve equation of motion of u’s '
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Why it works?

hi(k, 1) = N (K (k, 1) ]

: Llnear in Fourier Space |
hi: + 3Hh; — v b, 2 (1. }TTJ | =>commute ;
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Why it works?

4 +3Hd +k2 h.(k,t) = - (TL M (k, 1)
dt? dt a2 ] V77 m]%az 4 ’
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Why it works?
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Why it works?

V? 2 |
ii;; + 3Hit; — Uy = — I1; Every lime-step!

hi(k, 1) = N (g (k, 1) rew |[1mes!



What are we giving up?

V2
h + 3Hh ——h
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[T, 2 polarizations or 2 dofs

2
id;; + 3Hu,; — V—zulj - et 6 dofs
a

| Less complexity but |



Can we reduce it further?

- & 2
I/t + I/t —?ul]

ett
— IT; 6 dofs

I/l33 — (ull + I/lzz) 5 dofs
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Energy density of Gravitational Wave
Background (GWB)

Energy den3|ty per Iogarlthmlc mterval
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Energy density of Gravitational Wave
Background (GWB)

Energy density per logarithmic interval j
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Energy density of Gravitational Wave
Background (GWB)

Energy density per logarithmic interval ]
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Energy density of Gravitational Wave
Background (GWB)

h(k, Dhi(k, 1) = Tr(Pu P 0¥) — ETr(P O Tr(P o)

Nyun(k) = Py(k)P,, (k) - —PykoP,, (k) with P, = 5; - kk;. k= ki/k



Energy density of Gravitational Wave
Background (GWB)
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Energy density of Gravitational Wave
Background (GWB)
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Part II: GWs in the lattice

N. Loayza & J. Baeza-Ballesteros CosmoLattice Workshop: Simulating the Early Universe



Recap of lattice discretization (1)

We work in a real periodic lattice with spacing dx

n=(n,m,n), n=01.,N-1
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Recap of lattice discretization (1)

We work in a real periodic lattice with spacing dx

n=(n,m,n), n=01.,N-1

Fourier modes also live in a periodic lattice with spacing kg = 27 /L

N N
F)I(ﬁl,ﬁz,ﬁ:;), ﬁisz#*].,...,*l,o,l,...,a
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Recap of lattice discretization (I)

We work in a real periodic lattice with spacing dx

n=(n,m,n), n=01.,N-1

Fourier modes also live in a periodic lattice with spacing kg = 27 /L

N N
n = (A1, Az, A fij =——+1,...,—1,0,1,..., —
n = (i, fip, fi3), fi 5 + 0 >
Related by discrete Fourier transform
1 2mi ~ ~ _ 2mi
f(n) =15 Anf (i) f(R)=> e " ™f(n)
n n

N. Loayza & J. Baeza-Ballesteros CosmoLattice Workshop: Simulating the Early Universe



Recap of lattice discretization (II)
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Recap of lattice discretization (II)

We define a lattice momentum

[Vifl(h) = —ik.(A)f(h)
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Recap of lattice discretization (II)

We define a lattice momentum

[Vifl(h) = —ik.(A)f(h)

Different derivative discretizations

oy = LD M=)y sinCanii/N)

+f(n+ 1) F f(n)
ox

Wﬁ,/N)

[v,if](n) = N klf’ _ 2e1,'ﬂ.,~,l_/NSIn( =

N. Loayza & J. Baeza-Ballesteros CosmoLattice Workshop: Simulating the Early Universe



GWs in the lattice
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GWs in the lattice

We work with five unphysical real degrees of freedom

iij(n) + 3Hu;(n) — v—Eu--(n) __2 M;(n) — 15--I'I (n)
U] Iy a2 U] - m%|32 i 3 i1 Y kk
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GWs in the lattice

We work with five unphysical real degrees of freedom

iij(n) + 3Hu;(n) — v—Eu--(n) __2 M;(n) — 15--I'I (n)
U] Iy 32 U] - m%|32 i 3 i1 Y kk

Physical fields projected only when measuring

hij(f, ) = Ny (1) uia (i, £)
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GWs in the lattice

We work with five unphysical real degrees of freedom

iij(n) + 3Hu;(n) — v—Eu--(n) __2 M;(n) — 15--I'I (n)
U] Iy 32 U] - m%|32 i 3 i1 Y kk

Physical fields projected only when measuring

hij(f, ) = Ny (1) uia (i, £)

Need to choose a particular lattice derivative

kiikij
k¢

Ensures h;; = 0 and V| ’hU = (Q [Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]

1
Ab’,k! = PyPjm — EPUP”” Pj = 6 —

N. Loayza & J. Baeza-Ballesteros CosmoLattice Workshop: Simulating the Early Universe



Properties of the TT projector

For the forward/backward derivatives,

> hiPj=0 > kP #0

> kijPi#0 S K Py=0

J J

Pj = Pji Pj(—h) = P;(f)
PP = Pi PijPii # Pix

[Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]
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Properties of the TT projector
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Properties of the TT projector

For the forward/backward derivatives,

> hiPj=0 > kP #0

> kijPi#0 S K Py=0

J J

Py = Pji Pj(—h) = P;(f)
PP = Pi PijPii # Pix

Similar set of properties for real projector

[Figueroa, Garcia-Bellido, Ranjantie, (2011), 1110.0337]
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Properties of the TT projector

For the forward/backward derivatives,

> hiPj=0 > kP #0

> kijPi#0 S K Py=0

J J

Py = Pji Pj(—h) = P;(f)
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GW energy density power spectrum
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GW energy density power spectrum

We define the GW energy density as a volume average

1

T 32 G<hh>

pew(t)
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GW energy density power spectrum

We define the GW energy density as a volume average

1 .. 1 . .
pGW(t) 327TG< ij U>V 327I'GN3 ; U(n7 t) U(n, t)
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GW energy density power spectrum
We define the GW energy density as a volume average
1 . 1 . .
S R ) 00 A S S i B
pew(t) 327rG< ihi)v 307 GN3 ; ii(n, t)hi(n, t)
1 . .
= ——— h, N, t h* ~7 t
l 327 GNS En: i (7, ) (A, 1)

Fourier transform
Parseval's theorem
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GW energy density power spectrum

We define the GW energy density as a volume average
1 .. 1 . .
— hehidy, — i B
pew(t) 32.-¢ hihilv = 35— ; ji(n, t)hi(n, t)
1 P L
= 35-CNG g hij(f, t)hi (A, t)

1 . .
= e D 2 i, (7, 1)

i R(A)
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GW energy density power spectrum

We define the GW energy density as a volume average
1 .. 1 . .
— hehidy, — i B
pew(t) 32.-¢ hihilv = 35— ; ji(n, t)hi(n, t)
1 P L
= 35-CNG g hij(f, t)hi (A, t)

1 . .
= e D 2 i, (7, 1)

A R(A)

Multiplicity of shells
~ AT i?
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GW energy density power spectrum

We define the GW energy density as a volume average
1 .. 1 . .
— hehidy, — i B
pew(t) 32.-¢ hihilv = 35— ; ji(n, t)hi(n, t)
1 P L
= 35-CNG g hij(f, t)hi (A, t)

1 o .
= o ane 2 4 (i, (. 1)) rr)
n

Multiplicity of shells
~ AT i?
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GW energy density power spectrum

We define the GW energy density as a volume average

1 .. 1 . .
pGW(t) 32’/TG< ij U>V 327I'GN3 ; U(n7 t) U(n, t)

1 o
= g 2 PP Oh;(A. 0

1 e

~ 327GNS > amii? (i, £) (A, £)) r()
5xO 3 e Niwrs

= mk (7)(hy (A, t)5(7, ) res | Alogk

!

kir/ k()
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GW energy density power spectrum

We define the GW energy density as a volume average

1 .. 1 . .
pGW(t) 32’/TG< ij U>V 327I'GN3 ; U(n7 t) U(n, t)

1 o
= iy O hilA: t)hi (i, 1)
1 e
= scige D 4 (hy (A, )5 (R, £) ree
5x58 TR
-2 Wk (1) Chyj (7, t)hji (i, 1)) r(s) | Alogk

!

kir/ k()

dpew
dlogk
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GW energy density power spectrum
We define the GW energy density as a volume average
1 . 1 . .
— hehidy, — i b
pew(t) 32.-¢ hihilv = 35— zn: j(n, t)hi(n,t)
1 T
= 35-CNG ; hij(f, t)hi (A, t)

1 e

~ 327GNS > amii? (i, £) (A, £)) r()
5xO 3 e Niwrs

= mk (/) (hy (A, t)5(7, £)) r(s | Alogk

!

dpew .
kir/k
dlogk R/ k(7)

Using the TT projector
highi; = Nij sk Ui Ny Uy = Tr[PUPu*]—ETr[Pu]Tr[Pu*]
We only project when we want to measure
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GW energy density power spectrum

We define the GW energy density as a volume average

1 .. 1 . .
pGW(t) 32’/TG< ij U>V 327I'GN3 ; U(n7 t) U(n, t)

1 o
= g 2 PP Oh;(A. 0

1 e

~ 327GNS > amii? (i, £) (A, £)) r()
5xO 3 e Niwrs

= mk (/) (hy (A, t)5(7, £)) r(s | Alogk

!

dpew ~
kir/ k(A
dlogk v/ k(A)
In general we compute the normalized energy density power spectrum
1 dpew
Qew = —
oW pc dlogk
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Thanks!
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