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I. Lattice



Simulating the Early Universe - Lecture 2: Introduction to lattice field theory
 5

1. The Lattice
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1. The Lattice

1D LatticeLattice: 
Set of regularly spaced 
discrete coordinates
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1. The Lattice

1D Lattice 
N = 8

δx

Lattice is characterised by:

number of lattice 
points: Nd

lattice spacing: δx

dimensions: d

Lattice: 
Set of regularly spaced 
discrete coordinates
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1. The Lattice

1D Lattice 
N = 8

δx

Lattice is characterised by:

number of lattice 
points: Nd

lattice spacing: δx

dimensions: d

Lattice: 
Set of regularly spaced 
discrete coordinates

Coordinates are tagged by:

{xn} , n = 1, . . . , N
x1 x2 x3 x4 x5 x6 x7 x8
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1. The Lattice

x1 x2 x3 x4 x5 x6 x7 x8

F(x)

x

1D Lattice 
N = 8

How do we represent a

continuum function       
on the lattice?

F(x)
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1. The Lattice

x1 x2 x3 x4 x5 x6 x7 x8

f(n)

x

f(1)
f(2) f(3)

f(4)
f(5)

f(6) f(7)
f(8)

How do we represent a

continuum function       
on the lattice?

F(x)
1D Lattice 

N = 8

f(n) ≡ F(xn ≡ x* + nδx)

define lattice function:

n = 1, . . . , N

the lattice function has the 
same as value continuum

function at 

where

xn
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1. The Lattice

x1 x2 x3 x4 x5 x6 x7 x8

f(n)

x

f(1)
f(2) f(3)

f(4)
f(5)

f(6) f(7)
f(8)

How do we represent a

continuum function       
on the lattice?

F(x)
1D Lattice 

N = 8

f(n) ≡ F(xn ≡ x* + nδx)

define lattice function:

n = 1, . . . , N

the lattice function has the 
same as value continuum

function at 

where

xn
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1. The Lattice

x1 x2 x3 x4

f(n)

x

f(1)
f(2)

f(3)
f(4)

How do we represent a

continuum function       
on the lattice?

F(x)
1D Lattice 

N = 4

f(n) ≡ F(xn ≡ x* + nδx)

define lattice function:

n = 1, . . . , Nwhere

when is a representation of a 
function on the lattice good?

δx
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1. The Lattice

x1

f(n)

x

f(1)
f(2) f(3) f(4) f(5) f(6)f(7)

f(8)

How do we represent a

continuum function       
on the lattice?

F(x)
1D Lattice 

N = 16

f(n) ≡ F(xn ≡ x* + nδx)

define lattice function:

n = 1, . . . , Nwhere

x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14 x15 x16

f(9)
f(10)f(11)

f(12)

f(13)

f(14)

f(15)
f(16)

δxwhen is a representation of a 
function on the lattice good?
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1. The Lattice

x1 x2 x3 x4 x5 x6 x7 x8

f(n)

x

f(1)
f(2) f(3)

f(4)
f(5)

f(6) f(7)
f(8)

How do we represent a

continuum function       
on the lattice?

F(x)
1D Lattice 

N = 8

f(n) ≡ F(xn ≡ x* + nδx)

define lattice function:

n = 1, . . . , Nwhere

when is a representation of a 
function on the lattice good?

| f(n + 1) − f(n) | ∼ |F′￼(xn+ 1
2
) |dx
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1. The Lattice

2D Lattice

δx2

δx1

n1 = 1 n1 = 2 n1 = 3 n1 = 4 n1 = 5 n1 = 6

n2 = 1

n2 = 2

n2 = 3

n2 = 4

n2 = 5

n2 = 6
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1. The Lattice

2D LatticeLattice is characterised by:

number of lattice 
points: N2

lattice spacing: δx1 = δx2
δx2

δx1

Coordinates:

n1 = 1 n1 = 2 n1 = 3 n1 = 4 n1 = 5 n1 = 6

n2 = 1

n2 = 2

n2 = 3

n2 = 4

n2 = 5

n2 = 6

Lattice function:

{xn1,n2
} , ni = 1, …, N , (i = 1, 2)

F(x) ⟶ f(n) = f(n1, n2) ≡ F(xn1n2
)
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1. The Lattice

3D Lattice
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1. The Lattice

3D LatticeLattice is characterised by:

number of lattice 
points: N3

lattice spacing: δx1 = δx2 = δx3

Coordinates:

Lattice function:

{xn1,n2,n3
} , ni = 1, …, N , (i = 1, 2, 3)

F(x) ⟶ f(n) = f(n1, n2, n3) ≡ F(xn1n2n3
)

δx3

δx1

δx3

n2 = 4

n2 = 1

n2 = 2

n1 = 1

n2 = 3

n1 = 2 n1 = 3 n1 = 4

n3 = 1

n3 = 2
n3 = 3

n3 = 4
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2. Boundary Conditions
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2. Boundary Conditions

What about the 

boundaries?
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2. Boundary Conditions

n = 1 n = 2 n = 3 n = 4 n = 7 n = N n = N + 1n = 0

f(1)
f(2)

n = 5 n = 6

f(3) f(4)
f(5)

f(6) f(7) f(N)

f(n)

(n = 8)

1D Lattice

??

What about the 

boundaries?
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2. Boundary Conditions

n = 1 n = 2 n = 3 n = 4 n = 7 n = N n = N + 1n = 0

f(1)
f(2)

n = 5 n = 6

f(3) f(4)
f(5)

f(6) f(7) f(N)

f(n)

(n = 8)

1D LatticeWhat about the 

boundaries?

Periodic boundary 
conditions

suitable for early universe

phenomena 
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2. Boundary Conditions

n = 1 n = 2 n = 3 n = 4 n = 7 n = N n = N + 1n = 0

f(1)
f(2)

n = 5 n = 6

f(3) f(4)
f(5)

f(6) f(7) f(N)
f(1)

f(n)

(n = 8)

1D Lattice

f(N)

What about the 

boundaries?

f(N + 1, t) ≡ f(1, t)

f(0, t) ≡ f(N, t)

Periodic boundary 
conditions

f(n, t) ≡ F(xn, t)

suitable for early universe

phenomena 

n = 1, …, N
for any

with
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      unit vector in direction      

  , s.t.:
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2. Boundary Conditions

3D Lattice

̂ı ≡

Periodic boundary conditions 
in 3D

f(n + ̂ıN) ≡ f(n)

n ≡ (n1, n2, n3) , {f(n)}

ni = 1, …, N , (i = 1, 2, 3)

periodic 

lattice

1̂ ≡ (1,0,0), 2̂ ≡ (0,1,0)

i

3̂ ≡ (0,0,1)
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      unit vector in direction      

  , s.t.:

26

2. Boundary Conditions

3D Lattice

̂ı ≡

Periodic boundary conditions 
in 3D

f(n + ̂ıN) ≡ f(n)

n ≡ (n1, n2, n3) , {f(n)}

ni = 1, …, N , (i = 1, 2, 3)

periodic 

lattice

1̂ ≡ (1,0,0), 2̂ ≡ (0,1,0)

i

3̂ ≡ (0,0,1)
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      unit vector in direction      

  , s.t.:
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2. Boundary Conditions

3D Lattice

̂ı ≡

Periodic boundary conditions 
in 3D

f(n + ̂ıN) ≡ f(n)

n ≡ (n1, n2, n3) , {f(n)}

ni = 1, …, N , (i = 1, 2, 3)

periodic 

lattice

1̂ ≡ (1,0,0), 2̂ ≡ (0,1,0)

i

3̂ ≡ (0,0,1)
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      unit vector in direction      

  , s.t.:
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2. Boundary Conditions

3D Lattice

̂ı ≡

Periodic boundary conditions 
in 3D

f(n + ̂ıN) ≡ f(n)

n ≡ (n1, n2, n3) , {f(n)}

ni = 1, …, N , (i = 1, 2, 3)

periodic 

lattice

1̂ ≡ (1,0,0), 2̂ ≡ (0,1,0)

i

3̂ ≡ (0,0,1)
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2. Fourier Lattice
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3. Fourier Lattice

f(ñ) ≡ ∑
n

e−i 2π
N nñf(n)f(n) ≡

1
N3 ∑̃

n

e+i 2π
N ñnf(ñ)

Discrete Fourier Transform:
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3. Fourier Lattice

f(ñ) ≡ ∑
n

e−i 2π
N nñf(n)f(n) ≡

1
N3 ∑̃

n

e+i 2π
N ñnf(ñ)

Discrete Fourier Transform:

Real Lattice:

discrete positions:
f(n)

n ≡ (n1, n2, n3) ,
ni = 1, …, N

periodic boundaries:

f(n + ̂ıN) ≡ f(n)
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3. Fourier Lattice

f(ñ) ≡ ∑
n

e−i 2π
N nñf(n)f(n) ≡

1
N3 ∑̃

n

e+i 2π
N ñnf(ñ)

Discrete Fourier Transform:

Real Lattice: Fourier Lattice:

discrete positions:
f(n) f(ñ)

discrete momenta:

n ≡ (n1, n2, n3) ,
ni = 1, …, N

ñ ≡ (ñ1, ñ2, ñ3) ,

ñi = −
N
2

+ 1, … , − 1, 0, 1, … ,
N
2

periodic boundaries:

f(n + ̂ıN) ≡ f(n)

periodic Fourier modes:
f(ñ + ̂ıN) ≡ f(ñ)
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2. Fourier Lattice

ñ1 = −
N
2

+ 1

ñ2 = −
N
2

+ 1

ñ1 =
N
2

ñ2 =
N
2

ñ2 = 0

ñ1 = 0

2D Slice

k(ñ) ≡
2π
L

ñ

(k1, k2, k3) =
2π
L

(ñ1, ñ2, ñ3)

FL captures physical momenta:

ñi = −
N
2

+ 1, … , − 1, 0, 1, … ,
N
2

Fourier Lattice:
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2. Fourier Lattice

ñ1 = −
N
2

+ 1

ñ2 = −
N
2

+ 1

ñ1 =
N
2

ñ2 =
N
2

ñ2 = 0

ñ1 = 0

k1 > 0

2D Slice

k(ñ) ≡
2π
L

ñ

(k1, k2, k3) =
2π
L

(ñ1, ñ2, ñ3)

FL captures physical momenta:

ñi = −
N
2

+ 1, … , − 1, 0, 1, … ,
N
2

Fourier Lattice:
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2. Fourier Lattice

ñ1 = −
N
2

+ 1

ñ2 = −
N
2

+ 1

ñ1 =
N
2

ñ2 =
N
2

ñ2 = 0

ñ1 = 0

2D Slice

k1 < 0
k(ñ) ≡

2π
L

ñ

(k1, k2, k3) =
2π
L

(ñ1, ñ2, ñ3)

FL captures physical momenta:

ñi = −
N
2

+ 1, … , − 1, 0, 1, … ,
N
2

Fourier Lattice:
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2. Fourier Lattice

ñ1 = −
N
2

+ 1

ñ2 = −
N
2

+ 1

ñ1 =
N
2

ñ2 =
N
2

ñ2 = 0

ñ1 = 0

2D Slice

k2 > 0

k(ñ) ≡
2π
L

ñ

(k1, k2, k3) =
2π
L

(ñ1, ñ2, ñ3)

FL captures physical momenta:

ñi = −
N
2

+ 1, … , − 1, 0, 1, … ,
N
2

Fourier Lattice:



Simulating the Early Universe - Lecture 2: Introduction to lattice field theory
 38

2. Fourier Lattice

k(ñ) ≡
2π
L

ñ

(k1, k2, k3) =
2π
L

(ñ1, ñ2, ñ3)

FL captures physical momenta:

ñ1 = −
N
2

+ 1

ñ2 = −
N
2

+ 1

ñ1 =
N
2

ñ2 =
N
2

ñ2 = 0

ñ1 = 0

2D Slice

k(ñ)

ñi = −
N
2

+ 1, … , − 1, 0, 1, … ,
N
2

Fourier Lattice:
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2. Fourier Lattice

ñ1 = −
N
2

+ 1

ñ2 = −
N
2

+ 1

ñ1 =
N
2

ñ2 =
N
2

ñ2 = 0

ñ1 = 0

ñi = −
N
2

+ 1, … , − 1, 0, 1, … ,
N
2

Fourier Lattice:
2D Slice

kIR

Infrared Momentum: smallest 
momentum captured

kIR ≡
2π
L
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2. Fourier Lattice

Infrared Momentum: smallest 
momentum captured

ñ1 = −
N
2

+ 1

ñ2 = −
N
2

+ 1

ñ1 =
N
2

ñ2 =
N
2

ñ2 = 0

ñ1 = 0

ñi = −
N
2

+ 1, … , − 1, 0, 1, … ,
N
2

Fourier Lattice:
2D Slice

kIR ≡
2π
L

kUV ≡ d
N
2

kIR

Ultraviolet Momentum: largest 
momentum captured

kUV
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2. Fourier Lattice

Infrared Momentum: smallest 
momentum captured

ñi = −
N
2

+ 1, … , − 1, 0, 1, … ,
N
2

Fourier Lattice:
3D Lattice

kIR ≡
2π
L

kUV ≡ d
N
2

kIR

Ultraviolet Momentum: largest 
momentum captured

kUV
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2. Fourier Lattice

Real Lattice Fourier Lattice

ni = 1, …, N (i = 1, …, d)

f(n + N ̂ı) ≡ f(n)

ñi = −
N
2

+ 1, …, − 1, 0, 1, …,
N
2

f(ñ + N ̂ı) ≡ f(ñ) (i = 1, …, d)
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2. Fourier Lattice

Real Lattice Fourier Lattice

L ≡ Nδx kIR ≡
2π
L

δx kUV ≡ d
N
2

kIR = d
π
δx

ni = 1, …, N (i = 1, …, d)

f(n + N ̂ı) ≡ f(n)

ñi = −
N
2

+ 1, …, − 1, 0, 1, …,
N
2

f(ñ + N ̂ı) ≡ f(ñ) (i = 1, …, d)
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2. Fourier Lattice

Real Lattice Fourier Lattice

L ≡ Nδx kIR ≡
2π
L

δx kUV ≡ d
N
2

kIR = d
π
δx

(reciprocal)

ni = 1, …, N (i = 1, …, d)

f(n + N ̂ı) ≡ f(n)

ñi = −
N
2

+ 1, …, − 1, 0, 1, …,
N
2

f(ñ + N ̂ı) ≡ f(ñ) (i = 1, …, d)



Simulating the Early Universe - Lecture 2: Introduction to lattice field theory
 45

4. Lattice Derivatives
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4. Lattice Derivatives

Neutral derivative:

[∇(0)
i f ](n) =

f(n + ̂ı) − f(n − ̂ı)
2δxμ
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4. Lattice Derivatives

Neutral derivative:

[∇(0)
i f ](n) =

f(n + ̂ı) − f(n − ̂ı)
2δxμ

displacement by one unit

lattice spacing
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4. Lattice Derivatives

⟶ ∂i𝚏(x) |x≡nδx + 𝒪(δx2
i )

Neutral derivative:

(recovers the continuum up 
to order       )δx2

i

[∇(0)
i f ](n) =

f(n + ̂ı) − f(n − ̂ı)
2δxμ
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4. Lattice Derivatives

[∇(0)
i f ](n) =

f(n + ̂ı) − f(n − ̂ı)
2δxμ

Neutral derivative:

[∇(0)
x f ](3)

Example:

n = 3

f(3)

(recovers the continuum up 
to order       )δx2

i

⟶ ∂i𝚏(x) |x≡nδx + 𝒪(δx2
i )



Simulating the Early Universe - Lecture 2: Introduction to lattice field theory
 50

4. Lattice Derivatives

[∇(0)
i f ](n) =

f(n + ̂ı) − f(n − ̂ı)
2δxμ

Neutral derivative:

[∇(0)
x f ](3) =

f(4) − f(2)
2δx

Example:

n = 2 n = 3

f(2) f(3)
f(4)

n = 4

⟶ ∂x 𝚏(3) + 𝒪(δx2)
δx

(recovers the continuum up 
to order       )δx2

i

⟶ ∂i𝚏(x) |x≡nδx + 𝒪(δx2
i )
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4. Lattice Derivatives

Charged derivatives:

[∇(±)
i f ](n) =

±f(n ± ̂ı) ∓ f(n)
δx

forward: (+) backward: (-)
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4. Lattice Derivatives

Charged derivatives:

[∇(±)
i f ](n) =

±f(n ± ̂ı) ∓ f(n)
δx

forward: (+) backward: (-)

∂i𝚏(x) |x≡nδx + 𝒪(δxi)

∂i𝚏(x) |x≡(n± ̂ı/2)δx + 𝒪(δx2
i )

⟶
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4. Lattice Derivatives

Charged derivatives:

[∇(+)
x f ](3.0) =

f(4) − f(3)
δx

Example:

n = 2 n = 3

f(2) f(3)
f(4)

n = 4

δx

[∇(±)
i f ](n) =

±f(n ± ̂ı) ∓ f(n)
δx

⟶ ∂x 𝚏(3) + 𝒪(δx)

forward: (+) backward: (-)

∂i𝚏(x) |x≡nδx + 𝒪(δxi)

∂i𝚏(x) |x≡(n± ̂ı/2)δx + 𝒪(δx2
i )

⟶
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4. Lattice Derivatives

Charged derivatives:

[∇(+)
x f ](3.0) =

f(4) − f(3)
δx

Example:

n = 2 n = 3

f(2) f(3)
f(4)

n = 4

δx

[∇(±)
i f ](n) =

±f(n ± ̂ı) ∓ f(n)
δx

⟶ ∂x 𝚏(3) + 𝒪(δx)

∂i𝚏(x) |x≡nδx + 𝒪(δxi)

⟶

∂i𝚏(x) |x≡(n± ̂ı/2)δx + 𝒪(δx2
i )

forward: (+) backward: (-)

[∇(+)
x f ](3.5) =

f(4) − f(3)
δx

⟶ ∂x 𝚏(3.5) + 𝒪(δx2)
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4. Lattice Derivatives

How well is a continuum 
function represented on 
the lattice?

δx

smallness of
lattice derivative
location where operator 
’lives’

δx

∇(L)
μ

nμ ± aμ
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5. Power Spectrum
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5. Power Spectrum

Power spectrum in the continuum:

⟨𝚏2(x, t)⟩ = ∫ d log k Δ𝚏(k, t) , Δ𝚏(k, t) =
k3

2π2
𝒫𝚏(k, t) ,

ensemble 

average

⟨𝚏k𝚏k′￼
⟩ = (2π)3𝒫𝚏(k, t)δ(k − k′￼)

power spectrum 2-point function
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5. Power Spectrum

Power spectrum in the continuum:

⟨𝚏2(x, t)⟩ = ∫ d log k Δ𝚏(k, t) , Δ𝚏(k, t) =
k3

2π2
𝒫𝚏(k, t) ,

Power spectrum on the lattice:  (see 
[2006.15122])

ensemble 

average

⟨𝚏k𝚏k′￼
⟩ = (2π)3𝒫𝚏(k, t)δ(k − k′￼)

power spectrum 2-point function

⟨ f2⟩V = ∑
|ñ|

Δ log k(ñ)Δ(L)
f ( | ñ | ) Δ(L)

f ( | ñ | ) ≡
k3(ñ)
2π2

L3

N6
⟨ | f(ñ) |2 ⟩R(ñ)

Lattice Power Spectrum

(summation over bins)
angular average over 
spherical shells
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II. Scalar Field Dynamics on the Lattice
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6. Discretising the Equations of Motion
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6. Discretising the Equations of Motion

S = − ∫ d4x −g ( 1
2

∂μϕ∂μϕ + V(ϕ))
Action of a real scalar field 

in FLRW background, with

                                    :gμν = diag(−a2α, a2, a2, a2)
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6. Discretising the Equations of Motion

S = − ∫ d4x −g ( 1
2

∂μϕ∂μϕ + V(ϕ))
Action of a real scalar field 

in FLRW background, with

                                    :gμν = diag(−a2α, a2, a2, a2)

ϕ̃ ≡
ϕ
f*

,dη̃ ≡ a−αω*dt , dx̃ ≡ ω*dx , Ṽ(ϕ̃) ≡
V(ϕ)
f 2
*ω2

* ϕ=f*ϕ̃

in terms of dimensionless variables:                          

with
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6. Discretising the Equations of Motion

S = − ∫ d4x −g ( 1
2

∂μϕ∂μϕ + V(ϕ))

S̃ = − ( f*
ω* )

2

∫ d3x̃dη̃ ( 1
2

a3−α(ϕ̃′￼)2 −
1
2

a1+α( ∇̃iϕ̃)2 − a3+αṼ(ϕ̃))

ϕ̃ ≡
ϕ
f*

,dη̃ ≡ a−αω*dt , dx̃ ≡ ω*dx , Ṽ(ϕ̃) ≡
V(ϕ)
f 2
*ω2

* ϕ=f*ϕ̃

Action of a real scalar field 

in FLRW background, with

                                    :gμν = diag(−a2α, a2, a2, a2)

in terms of dimensionless variables:                          

with

Action in program 

variables:
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6. Discretising the Equations of Motion

S = − ∫ d4x −g ( 1
2

∂μϕ∂μϕ + V(ϕ))

S̃ = − ( f*
ω* )

2

∫ d3x̃dη̃ ( 1
2

a3−α(ϕ̃′￼)2 −
1
2

a1+α( ∇̃iϕ̃)2 − a3+αṼ(ϕ̃))

ϕ̃ ≡
ϕ
f*

,dη̃ ≡ a−αω*dt , dx̃ ≡ ω*dx , Ṽ(ϕ̃) ≡
V(ϕ)
f 2
*ω2

* ϕ=f*ϕ̃

Action of a real scalar field 

in FLRW background, with

                                    :gμν = diag(−a2α, a2, a2, a2)

in terms of dimensionless variables:                          

with

Action in program 

variables:

δSϕ = 0 to obtain equation of motion
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ϕ̃′￼′￼− a−2(1−α) ∇̃2ϕ̃ + (3 − α)
a′￼

a
ϕ̃′￼+ a2αṼ,ϕ̃ = 0

Equation of motion of a real scalar field:

The continuum equations of motion are:

6. Discretising the Equations of Motion
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ϕ̃′￼′￼− a−2(1−α) ∇̃2ϕ̃ + (3 − α)
a′￼

a
ϕ̃′￼+ a2αṼ,ϕ̃ = 0

Equation of motion of a real scalar field:

a′￼′￼ =
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV] , (a′￼)2 =
a2α+2

3 ( f*
mp )

2

[ẼK + ẼG + ẼV]

Equation of motion of expanding background (Friedmann equations):

The continuum equations of motion are:

6. Discretising the Equations of Motion
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ϕ̃′￼′￼− a−2(1−α) ∇̃2ϕ̃ + (3 − α)
a′￼

a
ϕ̃′￼+ a2αṼ,ϕ̃ = 0

Equation of motion of a real scalar field:

a′￼′￼ =
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV] , (a′￼)2 =
a2α+2

3 ( f*
mp )

2

[ẼK + ẼG + ẼV]

ẼK ≡
1

2a2α ⟨(ϕ̃′￼)2⟩ ẼG ≡
1

2a2 ∑
i

⟨(∇iϕ̃)2⟩ ẼV ≡ ⟨V(ϕ̃)⟩

Equation of motion of expanding background (Friedmann equations):

volume averaged kinetic, gradient 

and potential energy density:

The continuum equations of motion are:

6. Discretising the Equations of Motion
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How do we discretise these equations of motion?

6. Discretising the Equations of Motion
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∂μ ⟶ ∇(L)
μ

How do we discretise these equations of motion?

6. Discretising the Equations of Motion
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∂μ ⟶ ∇(L)
μ (works for scalar fields!)

How do we discretise these equations of motion?

6. Discretising the Equations of Motion
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∂μ ⟶ ∇(L)
μ

Discretise the action:

Discretise the equation of motion: 

ϕ̃′￼′￼− a−2(1−α) ∑
i

∂̃i ∂̃i ϕ̃ + (3 − α)
a′￼

a
ϕ̃′￼+ a3+αṼ,ϕ̃ = 0

see [2006.15122]

(works for scalar fields!)

How do we discretise these equations of motion?

6. Discretising the Equations of Motion
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∂μ ⟶ ∇(L)
μ

Discretise the action:

Discretise the equation of motion: 

ϕ̃′￼′￼− a−2(1−α) ∑
i

∂̃i ∂̃i ϕ̃ + (3 − α)
a′￼

a
ϕ̃′￼+ a3+αṼ,ϕ̃ = 0 ,

see [2006.15122]

(works for scalar fields!)

ẼG ≡
1

2a2 ∑
i

⟨( ∂̃i ϕ̃)2⟩

How do we discretise these equations of motion?

6. Discretising the Equations of Motion
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∂μ ⟶ ∇(L)
μ

Discretise the action:

Discretise the equation of motion: 

ϕ̃′￼′￼− a−2(1−α) ∑
i

∇̃(L)
i ∇̃(L)

i ϕ̃ + (3 − α)
a′￼

a
ϕ̃′￼+ a3+αṼ,ϕ̃ = 0 ,

see [2006.15122]

(works for scalar fields!)

ẼG ≡
1

2a2 ∑
i

⟨(∇(L)
i ϕ̃)2⟩

How do we discretise these equations of motion?

6. Discretising the Equations of Motion
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accurate to              at lattice site    .

77

∂μ ⟶ ∇(L)
μ

Discretise the action:

Discretise the equation of motion: 

ϕ̃′￼′￼− a−2(1−α) ∑
i

∇̃(−)
i ∇̃(+)

i ϕ̃ + (3 − α)
a′￼

a
ϕ̃′￼+ a3+αṼ,ϕ̃ = 0 ,

see [2006.15122]

𝒪(dx2
i ) n

(works for scalar fields!)

ẼG ≡
1

2a2 ∑
i

⟨(∇(+)
i ϕ̃)2⟩

How do we discretise these equations of motion?

6. Discretising the Equations of Motion
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7. Evolving the System of Equations
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7. Evolution Algorithms

Which equations of motion are we solving for?
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7. Evolution Algorithms

Which equations of motion are we solving for?

Equation of motion of the scalar field

Second Friedmann equation 

Use the first Friedmann equation as a constraint 
equation to check energy conservation
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7. Evolution Algorithms

Which equations of motion are we solving for?

Equation of motion of the scalar field

Second Friedmann equation 

Use the first Friedmann equation as a constraint 
equation to check energy conservation

How do we evolve the equations of motion?
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7. Evolution Algorithms

Which equations of motion are we solving for?

Equation of motion of the scalar field

Second Friedmann equation 

Use the first Friedmann equation as a constraint 
equation to check energy conservation

How do we evolve the equations of motion?

Evolve the field amplitudes            and conjugate 

momenta             at every lattice site

Solve the equations of motion by applying some 
evolution algorithm

{ϕ̃, a}
{π̃, πa}
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7. Evolution Algorithms

Evolution algorithms:
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7. Evolution Algorithms

Symplectic integrators

good for Hamiltonian systems, conserve energy

Evolution algorithms:
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7. Evolution Algorithms

Symplectic integrators

LeapFrog, Verlet methods, Yoshida, …

good for Hamiltonian systems, conserve energy

examples:

Evolution algorithms:
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7. Evolution Algorithms

Symplectic integrators

LeapFrog, Verlet methods, Yoshida, …

Non-symplectic integrators

broader applicability, e.g. non-Hamiltonian, dissipative systems

good for Hamiltonian systems, conserve energy

examples:

Evolution algorithms:
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7. Evolution Algorithms

Symplectic integrators

LeapFrog, Verlet methods, Yoshida, …

Non-symplectic integrators

broader applicability, e.g. non-Hamiltonian, dissipative systems

good for Hamiltonian systems, conserve energy

examples:

Runge-Kutta methods, …examples:

Evolution algorithms:
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7. Evolution Algorithms

Symplectic integrators

LeapFrog, Verlet methods, Yoshida, …

Non-symplectic integrators

broader applicability, e.g. non-Hamiltonian, dissipative systems

good for Hamiltonian systems, conserve energy

examples:

Runge-Kutta methods, …examples:

Evolution algorithms:
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7. Evolution Algorithms

Rewrite the equations of motion into a Hamiltonian 
like scheme:
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7. Evolution Algorithms

Rewrite the equations of motion into a Hamiltonian 
like scheme:

π(x, η) = 𝒟[ f′￼(x, η), a(η), πa(η)}]

πa(η) = a′￼(η)

π′￼a(η) = 𝒦a[a(η), EV(η), EK(η), EG(η)]

π′￼(x, η) = 𝒦[ f(x, η), a(η)}]
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7. Evolution Algorithms

Rewrite the equations of motion into a Hamiltonian 
like scheme:

π(x, η) = 𝒟[ f′￼(x, η), a(η), πa(η)}]

πa(η) = a′￼(η)

π′￼a(η) = 𝒦a[a(η), EV(η), EK(η), EG(η)]

apply the following trick:

ϕ̃′￼′￼= a−2(1−α) ∇̃2ϕ̃ − (3 − α)
a′￼

a
ϕ̃′￼− a3+αṼ,ϕ̃

π′￼(x, η) = 𝒦[ f(x, η), a(η)}]
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7. Evolution Algorithms

Rewrite the equations of motion into a Hamiltonian 
like scheme:

π(x, η) = 𝒟[ f′￼(x, η), a(η), πa(η)}]

π′￼(x, η) = 𝒦[ f(x, η), a(η)}]

πa(η) = a′￼(η)

π′￼a(η) = 𝒦a[a(η), EV(η), EK(η), EG(η)]

ϕ̃′￼′￼= a−2(1−α) ∇̃2ϕ̃ − (3 − α)
a′￼

a
ϕ̃′￼− a3+αṼ,ϕ̃ (a(3−α)ϕ̃′￼)′￼= a1+α ∇̃2ϕ̃ − a3+αṼ,ϕ̃

apply the following trick: ≡ π̃
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7. Evolution Algorithms

Rewrite the equations of motion into a Hamiltonian 
like scheme:

π(x, η) = 𝒟[ f′￼(x, η), a(η), πa(η)}]

π′￼(x, η) = 𝒦[ f(x, η), a(η)}]

πa(η) = a′￼(η)

π′￼a(η) = 𝒦a[a(η), EV(η), EK(η), EG(η)]

π̃′￼ = a1+α ∇̃2ϕ̃ − a3+αṼ,ϕ̃

π̃ = a3−αϕ̃′￼

πa ≡ b = a′￼

apply the following trick:

π′￼a =
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV]

≡ π̃

ϕ̃′￼′￼= a−2(1−α) ∇̃2ϕ̃ − (3 − α)
a′￼

a
ϕ̃′￼− a3+αṼ,ϕ̃ (a(3−α)ϕ̃′￼)′￼= a1+α ∇̃2ϕ̃ − a3+αṼ,ϕ̃
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7. Evolution Algorithms: LeapFrog

x0

LeapFrog:

x1 x2 x3 x4 x5

v1/2 v3/2 v5/2 v7/2 v9/2
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7. Evolution Algorithms: LeapFrog

x0

LeapFrog:

x1 x2 x3 x4 x5

v1/2 v3/2 v5/2 v7/2 v9/2

IC : {ϕ̃, a} at η̃0 , {π̃−0/2, b−0/2} at η̃−0/2 = η̃0 − 0.5δη̃

v−1/2
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7. Evolution Algorithms: LeapFrog

LeapFrog:

b+0/2 = b−0/2 +
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV] δη̃ ,

π̃+0/2 = π̃−0/2 + (a1+α ∑
i

∇̃−
i ∇̃+

i ϕ̃+0 − a3+αṼ,ϕ̃ ) δη̃

IC : {ϕ̃, a} at η̃0 , {π̃−0/2, b−0/2} at η̃−0/2 = η̃0 − 0.5δη̃

ẼK ≡ (ẼK,−0/2 + ẼK,+0/2)

x0
x1 x2 x3 x4 x5

v1/2 v3/2 v5/2 v7/2 v9/2v−1/2
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7. Evolution Algorithms: LeapFrog

LeapFrog:

ϕ̃+0 = ϕ̃ + a−(3−α)
+0/2 π̃+0/2δη̃

b+0/2 = b−0/2 +
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV] δη̃ ,

a+0 = a + b+0/2δη̃ a+0/2 = (a + a+0)/2

π̃+0/2 = π̃−0/2 + (a1+α ∑
i

∇̃−
i ∇̃+

i ϕ̃+0 − a3+αṼ,ϕ̃ ) δη̃

IC : {ϕ̃, a} at η̃0 , {π̃−0/2, b−0/2} at η̃−0/2 = η̃0 − 0.5δη̃

⟶

ẼK ≡ (ẼK,−0/2 + ẼK,+0/2)

x0
x1 x2 x3 x4 x5

v1/2 v3/2 v5/2 v7/2 v9/2v−1/2
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7. Evolution Algorithms: LeapFrog

LeapFrog:

ϕ̃+0 = ϕ̃ + a−(3−α)
+0/2 π̃+0/2δη̃

b+0/2 = b−0/2 +
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV] δη̃ ,

a+0 = a + b+0/2δη̃ a+0/2 = (a + a+0)/2

π̃+0/2 = π̃−0/2 + (a1+α ∑
i

∇̃−
i ∇̃+

i ϕ̃+0 − a3+αṼ,ϕ̃ ) δη̃

IC : {ϕ̃, a} at η̃0 , {π̃−0/2, b−0/2} at η̃−0/2 = η̃0 − 0.5δη̃

⟶

ẼK ≡ (ẼK,−0/2 + ẼK,+0/2)

x0
x1 x2 x3 x4 x5

v1/2 v3/2 v5/2 v7/2 v9/2v−1/2
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7. Evolution Algorithms: LeapFrog

LeapFrog:

ϕ̃+0 = ϕ̃ + a−(3−α)
+0/2 π̃+0/2δη̃

b+0/2 = b−0/2 +
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV] δη̃ ,

a+0 = a + b+0/2δη̃ a+0/2 = (a + a+0)/2

π̃+0/2 = π̃−0/2 + (a1+α ∑
i

∇̃−
i ∇̃+

i ϕ̃+0 − a3+αṼ,ϕ̃ ) δη̃

IC : {ϕ̃, a} at η̃0 , {π̃−0/2, b−0/2} at η̃−0/2 = η̃0 − 0.5δη̃

⟶

ẼK ≡ (ẼK,−0/2 + ẼK,+0/2)

x0
x1 x2 x3 x4 x5

v1/2 v3/2 v5/2 v7/2 v9/2v−1/2
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7. Evolution Algorithms: LeapFrog

LeapFrog:

ϕ̃+0 = ϕ̃ + a−(3−α)
+0/2 π̃+0/2δη̃

b+0/2 = b−0/2 +
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV] δη̃ ,

a+0 = a + b+0/2δη̃ a+0/2 = (a + a+0)/2

π̃+0/2 = π̃−0/2 + (a1+α ∑
i

∇̃−
i ∇̃+

i ϕ̃+0 − a3+αṼ,ϕ̃ ) δη̃

IC : {ϕ̃, a} at η̃0 , {π̃−0/2, b−0/2} at η̃−0/2 = η̃0 − 0.5δη̃

⟶

ẼK ≡ (ẼK,−0/2 + ẼK,+0/2)

x0
x1 x2 x3 x4 x5

v1/2 v3/2 v5/2 v7/2 v9/2v−1/2
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7. Evolution Algorithms: LeapFrog

LeapFrog:

ϕ̃+0 = ϕ̃ + a−(3−α)
+0/2 π̃+0/2δη̃

b+0/2 = b−0/2 +
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV] δη̃ ,

a+0 = a + b+0/2δη̃ a+0/2 = (a + a+0)/2

π̃+0/2 = π̃−0/2 + (a1+α ∑
i

∇̃−
i ∇̃+

i ϕ̃+0 − a3+αṼ,ϕ̃ ) δη̃

IC : {ϕ̃, a} at η̃0 , {π̃−0/2, b−0/2} at η̃−0/2 = η̃0 − 0.5δη̃

⟶

ẼK ≡ (ẼK,−0/2 + ẼK,+0/2)

x0
x1 x2 x3 x4 x5

v1/2 v3/2 v5/2 v7/2 v9/2v−1/2
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7. Evolution Algorithms: LeapFrog

LeapFrog:

ϕ̃+0 = ϕ̃ + a−(3−α)
+0/2 π̃+0/2δη̃

b+0/2 = b−0/2 +
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV] δη̃ ,

a+0 = a + b+0/2δη̃ a+0/2 = (a + a+0)/2

π̃+0/2 = π̃−0/2 + (a1+α ∑
i

∇̃−
i ∇̃+

i ϕ̃+0 − a3+αṼ,ϕ̃ ) δη̃

IC : {ϕ̃, a} at η̃0 , {π̃−0/2, b−0/2} at η̃−0/2 = η̃0 − 0.5δη̃

⟶

ẼK ≡ (ẼK,−0/2 + ẼK,+0/2)

x0
x1 x2 x3 x4 x5

v1/2 v3/2 v5/2 v7/2 v9/2v−1/2
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7. Evolution Algorithms: LeapFrog

LeapFrog:

ϕ̃+0 = ϕ̃ + a−(3−α)
+0/2 π̃+0/2δη̃

b+0/2 = b−0/2 +
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV] δη̃ ,

a+0 = a + b+0/2δη̃ a+0/2 = (a + a+0)/2

π̃+0/2 = π̃−0/2 + (a1+α ∑
i

∇̃−
i ∇̃+

i ϕ̃+0 − a3+αṼ,ϕ̃ ) δη̃

IC : {ϕ̃, a} at η̃0 , {π̃−0/2, b−0/2} at η̃−0/2 = η̃0 − 0.5δη̃

⟶

ẼK ≡ (ẼK,−0/2 + ẼK,+0/2)

x0
x1 x2 x3 x4 x5

v1/2 v3/2 v5/2 v7/2 v9/2v−1/2
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7. Evolution Algorithms: LeapFrog

LeapFrog:

ϕ̃+0 = ϕ̃ + a−(3−α)
+0/2 π̃+0/2δη̃

b+0/2 = b−0/2 +
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV] δη̃ ,

a+0 = a + b+0/2δη̃ a+0/2 = (a + a+0)/2

π̃+0/2 = π̃−0/2 + (a1+α ∑
i

∇̃−
i ∇̃+

i ϕ̃+0 − a3+αṼ,ϕ̃ ) δη̃

IC : {ϕ̃, a} at η̃0 , {π̃−0/2, b−0/2} at η̃−0/2 = η̃0 − 0.5δη̃

⟶

ẼK ≡ (ẼK,−0/2 + ẼK,+0/2)

x0
x1 x2 x3 x4 x5

v1/2 v3/2 v5/2 v7/2 v9/2v−1/2
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7. Evolution Algorithms: LeapFrog

LeapFrog:

ϕ̃+0 = ϕ̃ + a−(3−α)
+0/2 π̃+0/2δη̃

b+0/2 = b−0/2 +
a2α+1

3 ( f*
mp )

2

[(α − 2)ẼK + αẼG + (α + 1)ẼV] δη̃ ,

a+0 = a + b+0/2δη̃ a+0/2 = (a + a+0)/2

π̃+0/2 = π̃−0/2 + (a1+α ∑
i

∇̃−
i ∇̃+

i ϕ̃+0 − a3+αṼ,ϕ̃ ) δη̃

IC : {ϕ̃, a} at η̃0 , {π̃−0/2, b−0/2} at η̃−0/2 = η̃0 − 0.5δη̃

⟶

ẼK ≡ (ẼK,−0/2 + ẼK,+0/2)
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7. Evolution Algorithms: LeapFrog
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IC : {ϕ̃, a} at η̃0 , {π̃−0/2, b−0/2} at η̃−0/2 = η̃0 − 0.5δη̃

⟶
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7. Evolution Algorithms

Symplectic integrators

LeapFrog, Verlet methods, Yoshida, …

Non-symplectic integrators

broader applicability, e.g. non-Hamiltonian, dissipative systems

good for Hamiltonian systems, conserve energy

examples:

Runge-Kutta methods, …examples:

Evolution algorithms:
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7. Evolution Algorithms

Symplectic integrators

LeapFrog, Verlet methods, Yoshida, …

Non-symplectic integrators

broader applicability, e.g. non-Hamiltonian, dissipative systems

good for Hamiltonian systems, conserve energy

examples:

Runge-Kutta methods, …examples:

Evolution algorithms:

synchronised 

LeapFrog
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7. Evolution Algorithms

Symplectic integrators

LeapFrog, Verlet methods, Yoshida, …

Non-symplectic integrators

broader applicability, e.g. non-Hamiltonian, dissipative systems

good for Hamiltonian systems, conserve energy

examples:

Runge-Kutta methods, …examples:

Evolution algorithms:

𝒪(dt2) 𝒪(dtn)synchronised 

LeapFrog

𝒦[ f(x, η), π(x, η)}]
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8. Initial Conditions
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8. Initial Conditions

How do we set the initial conditions?
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8. Initial Conditions

How do we set the initial conditions?

Arbitrary power spectrum
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How do we set the initial conditions?

Arbitrary power spectrum

Spatial configuration
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8. Initial Conditions

How do we set the initial conditions?

Arbitrary power spectrum

Spatial configuration

Homogeneous mode + spatially varying fluctuations
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8. Initial Conditions

How do we set the initial conditions?

ϕ(x, t*) = ϕ̄* + δϕ*(x) , ϕ′￼(x, t*) = ϕ̄′￼* + δϕ′￼*(x)

Arbitrary power spectrum

Spatial configuration

Homogeneous mode + spatially varying fluctuations

homogeneous 

mode

fluctuations
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8. Initial Conditions

We are interested to impose a set of scalar fluctuations that 
mimic quantum fluctuations.
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8. Initial Conditions

ω̃k̃,ϕ̃ = k̃2 + a2m̃2
ϕ̃ , m̃2

ϕ̃ ≡
∂2Ṽ
∂ϕ̃2

ϕ̃=ϕ̃*

In the continuum, these fluctuations are characterised by:

⟨δϕ̃2⟩ =
1

2π2 ∫ d log k̃ k̃3 𝒫̃δϕ̃(k̃) ≡
1

2a2ω̃k̃,ϕ̃
,𝒫̃δϕ̃(k̃)

We are interested to impose a set of scalar fluctuations that 
mimic quantum fluctuations.

(comoving frequency) (effective mass)
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8. Initial Conditions

ω̃k̃,ϕ̃ = k̃2 + a2m̃2
ϕ̃ , m̃2

ϕ̃ ≡
∂2Ṽ
∂ϕ̃2

ϕ̃=ϕ̃*

In the continuum, these fluctuations are characterised by:

⟨δϕ̃2⟩ =
1

2π2 ∫ d log k̃ k̃3 𝒫̃δϕ̃(k̃) ≡
1

2a2ω̃k̃,ϕ̃
,𝒫̃δϕ̃(k̃)

On the lattice, such fluctuations are then characterised by:

⟨ f2⟩V =
1

2π2 ∑
|ñ|

Δ log k(ñ)k3(ñ)
L3

N6
⟨ | f(ñ) |2 ⟩R(ñ) , 𝒫̃δϕ̃(k̃)⟨ | f(ñ) |2 ⟩R(ñ)

= ( ω*

f* )
2

( N
δx̃ )

2

We are interested to impose a set of scalar fluctuations that 
mimic quantum fluctuations.

(comoving frequency) (effective mass)
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8. Initial Conditions

At each lattice point in momentum space we impose the 
following sum of left- and right-moving waves:

δϕ̃(ñ) =
1

2
( |δϕ̃1(ñ) |eiα1(ñ) + |δϕ̃2(ñ) |eiα2(ñ))

δϕ̃′￼(ñ) =
iω̃k,ϕ

2a1−α
( |δϕ̃1(ñ) |eiα1(ñ) + |δϕ̃2(ñ) |eiα2(ñ)) − ℋ̃δϕ̃(ñ)
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8. Initial Conditions

At each lattice point in momentum space we impose the 
following sum of left- and right-moving waves:

δϕ̃(ñ) =
1

2
( |δϕ̃1(ñ) |eiα1(ñ) + |δϕ̃2(ñ) |eiα2(ñ))

δϕ̃′￼(ñ) =
iω̃k,ϕ

2a1−α
( |δϕ̃1(ñ) |eiα1(ñ) + |δϕ̃2(ñ) |eiα2(ñ)) − ℋ̃δϕ̃(ñ)

Rayleigh distributions with expected 
square amplitude given by:

α1(ñ), α2(ñ) : [0,2π)

δϕ̃1(ñ), δϕ̃2(ñ) :

Random phases in the range 

⟨ | f(ñ) |2 ⟩R(ñ)
= ( ω*

f* )
2

( N
δx̃ )

2 1

2a2 k̃2(ñ) + a2m̃2
ϕ̃

,
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8. Initial Conditions

At each lattice point in momentum space we impose the 
following sum of left- and right-moving waves:

δϕ̃(ñ) =
1

2
( |δϕ̃1(ñ) |eiα1(ñ) + |δϕ̃2(ñ) |eiα2(ñ))

δϕ̃′￼(ñ) =
iω̃k,ϕ

2a1−α
( |δϕ̃1(ñ) |eiα1(ñ) + |δϕ̃2(ñ) |eiα2(ñ)) − ℋ̃δϕ̃(ñ)

Rayleigh distributions with expected 
square amplitude given by:

α1(ñ), α2(ñ) : [0,2π)

δϕ̃1(ñ), δϕ̃2(ñ) :

Random phases in the range 

⟨ | f(ñ) |2 ⟩R(ñ)
= ( ω*

f* )
2

( N
δx̃ )

2 1

2a2 k̃2(ñ) + a2m̃2
ϕ̃

,

Gaussian 

Fluctuations
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Questions?


