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1. The Lattice
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@ 1. The Lattice

Lattice: 1D Lattice

Set of regularly spaced
discrete coordinates
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@ 1. The Lattice

Lattice: 1D Lattice
Set of regularly spaced N =28

discrete coordinates

Lattice is characterised by:

e dimensions: d

e number of lattice
points: N¢

e lattice spacing: ox OX
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@ 1. The Lattice

Lattice: 1D Lattice
Set of regularly spaced N =28

discrete coordinates

Lattice is characterised by:

e dimensions: d

e number of lattice

points: N¢
e lattice spacing: ox Sx
—
Coordinates are tagged by: ®¢ & & ¢ o & o o
xl xz x3 x4 x5 x6 .x7 XS

x,}, n=1,...,N
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@ 1. The Lattice

How do we represent a 1D Lattice
continuum function F(x) F(x) N =38
on the lattice?
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@ 1. The Lattice

How do we represent a 1D Lattice
continuum function F(x) f(n) N=38
on the lattice?

e define lattice function: f2)  f(3)

A1) f(4)
f(n) = F(x, = x« + nox) /./.’_‘\‘\ £5) 8)
where n=1,...,N J(6) J(7)

-» the lattice function has the
same as value continuum
function at X,
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@ 1. The Lattice

How do we represent a 1D Lattice
continuum function F(x) f(n) N=38
on the lattice?

e define lattice function: f2)  f(3)

A1) f(4)
f(n) = F(x, = x« + nox) /./.’_‘\‘\ £5) 8)
where n=1,...,N J(6) J(7)

-» the lattice function has the
same as value continuum
function at X,
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@ 1. The Lattice

How do we represent a 1D Lattice
continuum function F(x) f(n) N =4
on the lattice?

e define lattice function: 1(2)

f(/l)./_‘\
f(n) = F(x, = x« + noéx) f(3) .
where n=1,...,N W

when is a representation of a
function on the lattice good?
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@ 1. The Lattice

How do we represent a 1D Lattice
continuum function F(x) f(n) N =16
on the lattice?

e define lattice function: 3)f(4) f(5)
£2)/3) f©)7y

J(1)
f(n) = F(x, = x« + noéx) f(8)f(9) 1(16)

10 15
where n=1,...,N 4 )f(ll) J(13) e

£(12) | J(14)

when is a representation of a
function on the lattice good?

AL Xy A3 A X5 Xg X7 Xg Xg Xy Xp1 X12 X13 X14 Xi5 X6
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@ 1. The Lattice

How do we represent a 1D Lattice
continuum function F(x) f(n) N=38
on the lattice?

e define lattice function: f2)  f(3)

A1) f(4)
f(n) = F(x, = x« + nox) /./.’_‘\‘\ £5) 8)
where n=1,...,N J(6) J(7)

when is a representation of a
function on the lattice good?

-> ‘f(n + 1) _f(n) ‘ ~ ‘ F,(xn+%) ‘ dx X1 Xn X3 X4 x5 x6 .X7 x8
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@ 1. The Lattice

2D Lattice
0X|

nL=2 @& e ©® e e ©

nL=1 & ® e e e ©
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@ 1. The Lattice

Lattice is characterised by: 2D Lattice
0X|
e number of lattice —>
innts: N2 n=6 @ O O O O O
. . I 0X,
e lattice spacing: ox, = dx, L=5 ® ® ® ® ® o

Coordinates: n,=4 @ O O O O
(Xpn)s m=1..N, (i=12) =3 & ® e © e e
Lattice function: nL=2 @ P o ® ® ®
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@ 1. The Lattice

3D Lattice
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@ 1. The Lattice

Lattice is characterised by: 3D Lattice

e number of lattice
points: N’

e lattice spacing: ox; = dx, = dx;

Coordinates:

{an,n29n3} 0 I/ll — 1, ...,N, (l — 1,2, 3)

Lattice function:

F(x) — f) =[f(n,ny,n)=FX,,,)
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@ 2. Boundary Conditions

What about the
boundaries?
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@ 2. Boundary Conditions

What about the 1D Lattice
. f(n)
boundaries?

) 9 pa
f(1) O O £(5)

¢ ® (6 fN)
o 0 7o

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=N n=N+1
(n = 38)
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@ 2. Boundary Conditions

What about the 1D Lattice
. f(n)

boundaries?

Periodic boundary 1y [ ()

conditions O

f(1) O O £(5)

¥ suitable for early universe ® ® £6) . fN) O

phenomena @, @ f(. ) O

o o

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=N n=N+1
(n = 38)
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@ 2. Boundary Conditions

What about the fn) 1D Lattice
boundaries?
Periodic boundary m
.. J(2) f(4)
¥ suitable for early universe f(N) ® ® £6) A7) fN) O
phenomena @, O O

[ fon=f | \/

| iv+1Ln=f1,0 |

forany f(n,t) = F(x,, 1)

—0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=N n=N+1
withn=1, ....N .

(n = 38)
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2. Boundary Conditions

Periodic boundary conditions

3D Lattice
in 3D

n = (nla n29 l’l3) ’ {f(n)}

periodic
lattice
J(n +IN) = f(n)

! = unit vector in direction
i,S.t

1 =(1,0,0), 2 = (0,1,0)
3 =(0,0,1)
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2. Boundary Conditions

Periodic boundary conditions

3D Lattice
in 3D

n = (nla n29 l’l3) ’ {f(n)}

periodic
lattice
J(n +IN) = f(n)

! = unit vector in direction
i,S.t

1 =(1,0,0), 2 = (0,1,0)
3 =(0,0,1)
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2. Boundary Conditions

Periodic boundary conditions

3D Lattice
in 3D

n=(n,nm,n3),  {f(n)}
n=1,..,N, (i=1,23)

periodic
I lattice
J(n +IN) = f(n)

! = unit vector in direction
i,S.t

S.1..

1 =(1,0,0), 2 = (0,1,0)
3 =(0,0,1)
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2. Boundary Conditions

Periodic boundary conditions

3D Lattice
in 3D

n = (nla n29 l’l3) ’ {f(n)}

periodic
lattice

Jm+IN) = f(n)

unit vector in direction '
1

] =

1 =(1,0,0), 2 = (0,1,0)
3 =(0,0,1)
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2. Fourier Lattice
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@ 3. Fourier Lattice

Discrete Fourier Transform:

i) = ) e ¥if(m)

n
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@ 3. Fourier Lattice

Discrete Fourier Transform:

i) = ) e ¥if(m)

n

J(n)
)/ e discrete positions:
n = (ny,n,, 1),
nl — 1, .. .,N

/ e periodic boundaries:

Jm+iN) = f(n)
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@ 3. Fourier Lattice

Discrete Fourier Transform:

i) = ) e ¥if(m)

n

Real Lattice: Fourier Lattice:

J(n) f(i)

// e discrete positions: e discrete momenta: /
N = (nl,nz, I’l3), ﬁ = (ﬁl’ﬁZ’ ﬁ3)’
n, =1 N ~——E+1 —~1,0,1 N

] 9 e + n;, = ) o see o , U, ,...,2
/ e periodic boundaries: e periodic Fourier modes: /

f(n+ IN) = f(n) J(+IN) = f(n)
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@ 2. Fourier Lattice

| | 2D Slice
Fourier Lattice: N
ﬁz=3 O O O O O O O O O O
el =10, ® © o o o o o o o o
l 2 ’ ) 9 Ve Loy 92

FL captures physical momenta:

. 27
k(n) = —n

L n, =0 ® o o ® O ® ® ® o o

— (kl, kz, kg) — Tﬂ(ﬁl, ﬁz, ﬁ3) ® ® o o o o o o o ®
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@ 2. Fourier Lattice

| | 2D Slice
Fourier Lattice: N
ﬁz=3 O O O O O O O O O O
el =10, ® © o o o o o o o o
l 2 ’ ) 9 Ve Loy 92

FL captures physical momenta:

k(~) o ® o o o o o o o
n) = n

I3 fi,=0 ® o o o O0—mo—o—o—> o o

— (kl, kz, kg) — Tﬂ(ﬁl, ﬁz, ﬁ3) ® ® o o o o o o o ®
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@ 2. Fourier Lattice

| | 2D Slice
Fourier Lattice: N
ﬁz=3 O O O O O O O O O O
el =10, ® © o o o o o o o o
l 2 ’ ) 9 Ve Loy 92

FL captures physical momenta:

k(~) o o o ® o o o o o
n) = n

L n, =0 ® . ——e ) ® ® ® o o

— (kl, kz, kg) — Tﬂ(ﬁl, ﬁz, ﬁ3) ® ® o o o o o o o ®
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@ 2. Fourier Lattice

| | 2D Slice
Fourier Lattice: N
ﬁz=3 O O O O O O O O O O
el =10, ® © o o o _o o o o o

FL captures physical momenta: T R
2 ® ® ® ® ® ® ® ® ®

~ — ]z- ~
k() = 7D =0 e e o © @ o o o o e

— (kl, kz, kg) — Tﬂ(ﬁl, ﬁz, ﬁ3) ® ® o o o o o o o ®
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@ 2. Fourier Lattice

: : 2D Slice
Fourier Lattice: N
h== ® © o o o o o o o o
n. = Nll... —101...E e e e e e & e @ o ¢
l 2 ° o s Yo L 92
® o o o o o
FL captures physical momenta: e ¢ o ° o
o) ® o o o o o
. <« _
k(n) - L 1 i, =0 o ® ® @ ® PY

— (kl, kz, kg) — Tﬂ(ﬁl, ﬁz, ﬁ3) ® ® o o o o o o o ®
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@ 2. Fourier Lattice

| | 2D Slice
Fourier Lattice: N
ﬁz=3 O O O O O O O O O O
el =10, ® © o o o o o o o o
l 2 ’ ) 9 Ve Loy 92

Infrared Momentum: smallest
momentum captured

27
L

kip =
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@ 2. Fourier Lattice

2D Slice

Fourier Lattice: N

Infrared Momentum: smallest
momentum captured

27
L

kip =

Ultraviolet Momentum: largest
momentum captured

N
kuy = \/C_ZEkIR
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@ 2. Fourier Lattice

3D Lattice

Fourier Lattice:

2
2

n, = -1, ..., —1,0,1, ... ,—

Infrared Momentum: smallest
momentum captured

27
L

kip =

Ultraviolet Momentum: largest
momentum captured

N
kuy = \/C_ZEkIR
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2. Fourier Lattice

Real Lattice Fourier Lattice

N
1, ..,N (i=1, ... fj==—+1 .. = L01 .,

f(n+ Ni1) = f(n) fm+N)y=fn) G=1,...
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2. Fourier Lattice

Real Lattice Fourier Lattice

N

I, ...N (i=1, ...,d) n. = —E+ 1, ..., —1,0,1, ...,

l

f(n+ Ni1) = f(n) fm+N)y=fn) G=1,...

® o o o o o , o o
® o o o o o E o o
® o o o o o rw A® ®

' L= Nobx kr=— !
® o o o o o , L VYo o
® o o o o o , ® o o o o o
® o o o o o0V ® o o o o o
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2. Fourier Lattice

Real Lattice Fourier Lattice

N
I, ...N (i=1, ...,d) n. = _E_l_ 1, ..., —1,0,1, ...,

l

f(n+ Ni1) = f(n) fm+N)y=fn) G=1,...

® o o o o o , o o
o e o o o @ E (reciprocal) o e
® o o o o o rw A® ®

! L = Nox <+ —> kr=— !
® o o o o o , L Yo o
® o o o o o , ® o o o o o
® o o o o o0V ® o o o o o
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4. Lattice Derivatives
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@ 4. Lattice Derivatives

Neutral derivative:

J+ 1) — f(n—1)
20xH

[V f1m) =
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@ 4. Lattice Derivatives

Neutral derivative: displacement by one unit

J+ 1) — f(n—1)
20xH

[V f1m) =

lattice spacing
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@ 4. Lattice Derivatives

Neutral derivative:

J+ 1) — f(n—1)
20xH

[V f1m) =

—> J.f(x)]

+ O (5xi2)

X=nox

(recovers the continuum up
to order &x?)
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@ 4. Lattice Derivatives

Neutral derivative:

J+ 1) — f(n—1)
20xH

[V f1m) =

—> J.f(x)]

+ O (5xi2)

X=nox

(recovers the continuum up
to order &x?)

Example:
J(3)
® O
O
[V £1(3)
O O O
n=>3
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4. Lattice Derivatives

Neutral derivative:

J+ 1) — f(n—1)
20xH

[V f1m) =

— 01f(x)] + @(5xi2)

X=nox

(recovers the continuum up
to order &x?)

Example:
f(3)
y)
/ (.) o /&
O
VO f13) = LS 0,£(3) + O(5x)
OX o 20X
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@ 4. Lattice Derivatives

Charged derivatives: forward: (+) backward: (-)

tf(n x 1) F f(n)
O0X

[V f1(m) =
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@ 4. Lattice Derivatives

Charged derivatives: forward: (+) backward: (-)

[ 0;£(x) ‘xznéx + @(5)61')

+fn = 7) F f(n)
OX

[ViZf1(m) =

l 0;£(x) ‘xs(nii/Z)éx T @(5’%2)
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@ 4. Lattice Derivatives

Charged derivatives: forward: (+) backward: (-)
) ( 0£X) | _, s + O,
[V flm) = = DR —
l 0;f(x) ‘xs(nii/Z)éx T @(5’%2)
Example:
J(3)
J(2)
e ©* /¥ v 160 =12 £3) + o)
o OX
OX
®o+——>0 O
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@ 4. Lattice Derivatives

Charged derivatives: forward: (+) backward: (-)
] ( 0£(x)| _ . + O(Sx,)
[V flm) = = DR —
l 0E(0) | —nziisx T O(8x7)
Example:
J(3)
J(2)
® ¢ J/® [VEP£1(3.0) = AS it (SN 0,£(3) + O(5x)
o OX
0« OX_ e ® [V £1(3.5) _/ (4)5_; ©) 0,.£(3.5) + O(5x%)
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@ 4. Lattice Derivatives

How well iIs a continuum

] e smallness of ox

i vative V&

function represented on —_— * lattice derivative V,

the lattice? l ® |ocation where operator
lives’ n, *a,
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5. Power Spectrum
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@ S5. Power Spectrum

Power spectrum in the continuum:

k3
(£2(x,1)) = Jd logk As(k, 1) , As(k, 1) = z—jﬂ@f(k, 1), (f 1) = )’ P (k, )6k — K)
ensemble power spectrum 2-point function

average
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@ S5. Power Spectrum

Power spectrum in the continuum:

k3
(£2(x,1)) = Jd logk As(k, 1) , As(k, 1) = z—ﬂzg«’f(k, 1), (f 1) = )’ P (k, )6k — K)
ensemble power spectrum 2-point function

average

Power spectrum on the lattice: (see
[2006.15122])

Lattice Power Spectrum

k3(f) L’
212 NGO

(fhy = D, Alogk®AL(|fi]) AV(JR]) =

]

([ f(n) \2>R(ﬁ)

(summation over bins) angular average over

spherical shells
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Il. Scalar Field Dynamics on the Lattice
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6. Discretising the Equations of Motion
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@ 6. Discretising the Equations of Motion

Action of a real scalar field
in FLRW background, with Jd“x\/ ( —0,0" ¢ + V(cb))

T 2a 2 2 2\,
8 = diag(—a“*,a-,a“, a”):
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@ 6. Discretising the Equations of Motion

Action of a real scalar field
in FLRW background, with Jd“x\/ ( —0,0" ¢ + V(cb))

ST 2a 2 2 2\,
8 = diag(—a“*,a-,a“, a”):

IN terms of dimensionless variables:

~/

dii = a~wudt, dF = wudx, §= % with 7 = Y@

202

* *

p=fep
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@ 6. Discretising the Equations of Motion

Action of a real scalar field
in FLRW background, with Jd“x\/ ( —0,0" ¢ + V(cb))

ST 2a 2 2 2\,
8 = diag(—a“*,a-,a“, a”):

IN terms of dimensionless variables:

~/

dii = a~wudt, dF = wudx, §= % with 7 = Y@

202

* *

p=fep

Action in program 3 I+
variables: == (

2
) [Cl’%?di’] (; 3— a(¢ )2_la1+a(v ¢)2_a3+av(¢)>
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@ 6. Discretising the Equations of Motion

Action of a real scalar field
in FLRW background, with Jd“x\/ ( —0,0" ¢ + V(cb))

ST 2a 2 2 2\,
8 = diag(—a“*,a-,a“, a”):

IN terms of dimensionless variables:

~/

dii = a~wudt, dF = wudx, §= % with 7 = Y@

202

* *

p=fep

Action in program 3 I+
variables: == (

2
) jd3jdﬁ (%cﬁ—a(&/)Z _ %a1+a( vl@;)z . a3+a‘7(€5)>

W«

- 465, =0 to obtain equation of motion
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@ 6. Discretising the Equations of Motion

The continuum equations of motion are:

® Equation of motion of a real scalar field:

~J

o - a’ - ~
¢//_ a—Z(l—a) V2¢ 4 (3 . (X)—¢/+ aZ(lV,Cg —(
a
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@ 6. Discretising the Equations of Motion

The continuum equations of motion are:

® Equation of motion of a real scalar field:

~/

o - a’ - ~
¢//_ a—Z(l—a) V2¢ 4 (3 . (1)—¢/+ 612(){‘/,gg —(
a

® Equation of motion of expanding background (Friedmann equations):

3 mn, 3 mn,

q20+1 f. N N N q2ot? I+ ~ -
a’ = ( ) [(a— DEy +ak,; + (a+ l)EV] , (a)? = ( ) [EK+EG+EV]
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@ 6. Discretising the Equations of Motion

The continuum equations of motion are:

® Equation of motion of a real scalar field:

~/

o - a’ - ~
¢//_ a—Z(l—a) V2¢ 4 (3 . (X)—¢/+ aZ(IV,Cg —(
a

® Equation of motion of expanding background (Friedmann equations):

q20+1 f. N N N q2ot? I+ ~ -
a’ = ( ) [(a— DEy +ak,; + (a+ l)EV] , (a)? = ( ) [EK+EG+EV]

3 mn, 3 n,

volume averaged kinetic, gradient -1 ¥ N0 .1 7.9 = ~
and potential energy density: Fx = a2 <(¢) > Fe = 242 Z <(Vi¢) > by = <V(¢)>

l
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@ 6. Discretising the Equations of Motion

How do we discretise these equations of motion?
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@ 6. Discretising the Equations of Motion

How do we discretise these equations of motion?
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@ 6. Discretising the Equations of Motion

How do we discretise these equations of motion?

(works for scalar fields!)
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@ 6. Discretising the Equations of Motion

How do we discretise these equations of motion?

(works for scalar fields!)

® Discretise the action:
= see [2006.15122]

® Discretise the equation of motion:

~/

gZ” — g -2 Z 51’ 5,- o + (3 - a)iqz’ +a’*V,: =0
i a
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@ 6. Discretising the Equations of Motion

How do we discretise these equations of motion?

(works for scalar fields!)

® Discretise the action:
= see [2006.15122]

® Discretise the equation of motion:

P — a0 ‘”Z. +(3 - a)— (ﬁ +a V=0, Eq= 222 L <( ’ $)2>
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@ 6. Discretising the Equations of Motion

How do we discretise these equations of motion?

(works for scalar fields!)

® Discretise the action:
= see [2006.15122]

® Discretise the equation of motion:

~/

o —2(1—-a) (L) v (L) £ _ ilN/ 3+axyys . — o 1 (L) 7\2
$ —a ZVZ. Vb + G- —f'+a*V5=0 EG_2a22<(Vi P?)

l
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@ 6. Discretising the Equations of Motion

How do we discretise these equations of motion?

(works for scalar fields!)

® Discretise the action:
= see [2006.15122]

® Discretise the equation of motion:

T 21— N (=)&) T BN T = (+) 712
b — a ZVZ. VR + G- 0—d +a* V5 =0 . EG_2a22<(Vi gb))

l

- accurate to O(dx?) at lattice site n.
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7. Evolving the System of Equations
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BeR 7. Evolution Algorithms

Which equations of motion are we solving for?
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® Equation of motion of the scalar field

® Second Friedmann equation

¥ Use the first Friedmann equation as a constraint
equation to check energy conservation
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BeR 7. Evolution Algorithms

Which equations of motion are we solving for?

® Equation of motion of the scalar field

® Second Friedmann equation

¥ Use the first Friedmann equation as a constraint
equation to check energy conservation

How do we evolve the equations of motion?

® Evolve the field amplitudes {gﬁ, a} and conjugate
momenta {7, 7} at every lattice site

® Solve the equations of motion by applying some
evolution algorithm
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BeR 7. Evolution Algorithms

Evolution algorithms:

® Symplectic integrators

=» good for Hamiltonian systems, conserve energy

examples: LeapFrog, Yerlet methods, Yoshida, ...

® Non-symplectic integrators

-» broader applicability, e.g. non-Hamiltonian, dissipative systems

examples: Runge-Kutta methods, ...
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Rewrite the equations of motion into a Hamiltonian
like scheme:
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Rewrite the equations of motion into a Hamiltonian
like scheme:

n(x,n) = Df'(x,n),an), r,(n)}]
r'(x,n) = FX[f(x,n),a)}]
r,(n) = a'(n)

m,(n) = K Ja(n), Ey(n), Ex(n), Eg(n)]
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like scheme:

n(x,n) = Df'(x,n),an), r,(n)}]
r'(x,n) = FX[f(x,n),a)}]
r,(n) = a'(n)

m,(n) = K Ja(n), Ey(n), Ex(n), Eg(n)]

apply the following trick:

~ ~eJ ~/

¢// — a—2(1—a) V2¢ _
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Rewrite the equations of motion into a Hamiltonian
like scheme:

n(x,n) = Df'(x,n),an), r,(n)}]
r'(x,n) = FX[f(x,n),a)}]
r,(n) = a'(n)

m,(n) = K Ja(n), Ey(n), Ex(n), Eg(n)]

apply the following trick: T

T —2(1—-a)v72 1 Cl, . ¥ — ~;/ 72 T v
¢// — 2(1—a) V2¢ . (3 . a);¢ . a3+“V,€5 ’ (61(3 a)¢) — a1+av2¢ . Cl3+aV,q’§
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BeR 7. Evolution Algorithms

Rewrite the equations of motion into a Hamiltonian
like scheme:

n(x,n) = DIf(x,n),a(n), 7, () }] =a""%
7' (x, 1) = Hf(x,n), a(n)}] > #'=a't"Vi—a’tV,
m,(n) = a'(n) n,=b=a ,
20+1
n,(n) = Z Ja(m), Ev(n), Ex(n), Eg(n)] T, = a 3 (:; ) (@ = 2)Eg + aEg + (a+ DE|
P

apply the following trick: T

¢'E// — a—2(1—a) @2&' (3 _ a) ¢ —q (d(3_a)§5,)/ — a1+a@2¢z
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LeapFrog:
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LeapFrog:

IC: {$,a} at iy, {Z_gn,b_gn} atil_opn = ilg — 0.557]
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Bell 7. Evolution Algorithms: LeapFrog

LeapFrog:

V_1n Vin Vip Vs Van Vo

IC: {$,a} at iy, {Z_gn,b_gn} atil_opn = ilg — 0.557]

] Tion = T_ont (“Haz ViVigy—a*V,; ) of]

l

Da+1 2
a I+ —= . U = . -
l boon = b_gp A 3 (m > [(05 — 2)Ex + aEkg + (a + I)Ev] of] Eg = (Ex_op + Ex1on)
P
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LeapFrog:

V_1n Vin Vip Vs Van Vo

IC: {$,a} at iy, {Z_gn,b_gn} atil_opn = ilg — 0.557]

] 7’%_0/2 + (Cll+a Z ?l_ ??g&ro — Cl3+a‘7,q§ ) 577
l
a2t/ f, 2 _ 3 3 _ 3 .
b+0/2 — b —0/? I 3 (m > [(a — 2)EK + aEG + (0( + I)EV] 57”7 . EK — (EK,—O/2 ~+ EK,+O/2)
P
‘ ayo=a+bpoll — agp=I(at+al?
l hro =G +a V7000
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BeR 7. Evolution Algorithms

Evolution algorithms:

® Symplectic integrators

=» good for Hamiltonian systems, conserve energy

examples: LeapFrog, Verlet methods, Yoshida, ...

® Non-symplectic integrators

=» broader applicability, e.g. non-Hamiltonian, dissipative systems

examples:  Runge-Kutta methods, ...
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Evolution algorithms:

® Symplectic integrators

=» good for Hamiltonian systems, conserve energy

examples: LeapFrog, Verlet methods, Yoshida, ...
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synchronised

LeapFrog

® Non-symplectic integrators

=» broader applicability, e.g. non-Hamiltonian, dissipative systems

examples:  Runge-Kutta methods, ...
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BeR 7. Evolution Algorithms

Evolution algorithms:

® Symplectic integrators

=» good for Hamiltonian systems, conserve energy

examples: LeapFrog, Verlet methods, Yoshida, ...

Sh & S S
O(dt?) synchronised O(dt")
LeapFrog

® Non-symplectic integrators

=» broader applicability, e.g. non-Hamiltonian, dissipative systems

examples:  Runge-Kutta methods, ...
> FZfx,n), 7n(X,n)}]
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® Arbitrary power spectrum
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How do we set the initial conditions?

® Arbitrary power spectrum

e Spatial configuration
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How do we set the initial conditions?

® Arbitrary power spectrum

e Spatial configuration

® Homogeneous mode + spatially varying fluctuations
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Bell s. Initial Conditions

How do we set the initial conditions?

® Arbitrary power spectrum

e Spatial configuration

® Homogeneous mode + spatially varying fluctuations

¢(.X', t*) — ¢* + 5¢>:<(X) ’ ¢,(.X, t*) — ¢>,‘< T 5¢>;(X)
7 X
homogeneous fluctuations
mode
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Bell s. Initial Conditions

We are interested to impose a set of scalar fluctuations that

mimic quantum fluctuations.
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8. Initial Conditions

We are interested to impose a set of scalar fluctuations that
mimic quantum fluctuations.

e |n the continuum, these fluctuations are characterised by:

(5% : Jdl kP (k P (k) k2 + a2 M2 = il
= — O (k) = ] a m~ . =
272 | ¢ OB LR T 2aay Ve = \/ b o |, .
’ ¢=¢>X<
(comoving frequency) (effective mass)
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8. Initial Conditions

We are interested to impose a set of scalar fluctuations that
mimic quantum fluctuations.

e |n the continuum, these fluctuations are characterised by:

_ 1 — 1 ., o’V
2\ _ 3 — ~ 2 2.~72 ~7
(O >_2_7ﬂjd10gkk 5¢(k) Psik) = Yy a)k,gb—\/k +at, iy = 7|
ko b=
(comoving frequency) (effective mass)
e On the lattice, such fluctuations are then characterised by:
0, 2 N 2
9 3 . * o ‘o (T
=== 272 ZMng(n)k (n) (\f(n)\ )R(@) » (\f( ) | )R() (f ) (5),2) P s3(k)

|
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Bell s. Initial Conditions

At each lattice point in momentum space we impose the
following sum of left- and right-moving waves:

Sp(n) = %( | 661 (1) | ™1™ + | Gehy() | ™)

5p'(R) = ; , (|5, (R) | e ™™ + | 5, () | €M) — F5p(ih)
a —Q
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Bell s. Initial Conditions

At each lattice point in momentum space we impose the
following sum of left- and right-moving waves:

Sp(n) = %( | 661 (1) | ™1™ + | Gehy() | ™)

17105 ", 1 (& i (R T (& io, (R 7 S (&
@ =— " (|56 () | + | 65() | ™) — F 6(R)
a —Q
® a;(n),x,(n) :  Random phases in the range [0,27)

o 5¢p,(f0),5¢p,(f): Rayleigh distributions with expected
square amplitude given by:

) ) : N - |
(L) >R<ﬁ>=<ﬁ<> (g) 2 R + a2
2a\/k(n)+amq§
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Bell s. Initial Conditions

At each lattice point in momentum space we impose the
following sum of left- and right-moving waves:

Sp(n) = %( | 661 (1) | ™1™ + | Gehy() | ™)

71 'O, T (& ia;(n T (& ia,( 7S (S
5F/() = ——2—(| 56, (@) | €@ + | 5,(R) | ™) — F 5 (i)
2a'~“ Gaussian
Fluctuations
e a;(n),x,(n) :  Random phases in the range [0,27)

o 5¢p,(f0),5¢p,(f): Rayleigh distributions with expected
square amplitude given by:

) ) : N - |
(L) >R<ﬁ>=<ﬁ<> (g) 2 R + a2
2a\/k(n)+amq§
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Questions?
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