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The inflationary paradigm



Inflation: accelerated expansion before RD with
a nearly constant energy density a negative pressure fluid, 
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Large vacuum energy
Time-translation invariance

The basic idea
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 …happen… 

…last enough…

…and end…
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Large vacuum energy
Time-translation invariance
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Broken time-translation invariance

The slow-roll approximation
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Mode freezing

From quantum to classical
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Out and in the horizon
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Primordial density spectrum: prediction
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model dependent
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CMB
distortions

CMB is only sensitive to the first 10 e-folds of inflation
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Uncertainty from �NRH, !RH : relevant from precision cosmology

Inflationary observables



Coherent

2 m ± 0.1 mm
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Flatness

A bunch of (confirmed) predictions

Flatness, homogeneity, scale invariance, Gaussianity, coherence



<latexit sha1_base64="Vccm4WwXKDj7OqP/4uro9VAZjx0="></latexit>

• Often no guidance on V (�) beyond need for inflation

• Weakly coupled or tuned to protect flatness from loop corrections

<latexit sha1_base64="/cCLbRziwNg+5Zsqj3zATSvKM1M="></latexit>

“Inflation consists of taking a few numbers we don’t understand and replacing
it with a function that we don’t understand”

Many candidates...too many
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Colliders
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Heating
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Einf ⌘ V 1/4 = 1016GeV
⇣ r

0.01

⌘1/4
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Lots of unknown

<latexit sha1_base64="VSgm+kuswlRDKE9dVJLWsiE6/co="></latexit>

• Unknown energy scale

• Unknown fields

• Unknown masses

• Unknown couplings

<latexit sha1_base64="VSgm+kuswlRDKE9dVJLWsiE6/co="></latexit>

• Unknown energy scale

• Unknown fields

• Unknown masses

• Unknown couplings

ℒ = ℒ(ϕ, χi, ψj, Aμ, hμν, …)

Details of the early universe evolution depends on the high-energy physics model.
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Bose condensation effects can exponentially 
enhance the rate of energy transfer from the 

inflaton to the coupled bosonic fields



A short (and very nice) review
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Very complicated dynamics

Dark matterCosmic history BaryogenesisGrav. waves

<latexit sha1_base64="5rP7d/7/mavNO2mxFwc8lqpFCNw="></latexit>

• Non-perturbative e↵ects

• Non-linear interactions

• Backreaction/rescattering e↵ects

• Far from equilibrium

• Expanding Universe

• Metric perturbations are relevant
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• Consistency of several mechanisms



The hot Big Bang onset
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�̈k(⌧) +
⇥
k2 +m2

e↵(⌧)
⇤
�k(⌧) = 0

<latexit sha1_base64="Nd9+AWDmVhII94xXCZhlqEzpzFE="></latexit>

m2
e↵(⌧) = f

⇥
a(⌧), g2�2(⌧), ⇠R(⌧), . . .

⇤

ϕ(t) + δϕ(x, t)
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Oscillating background
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Particle production after inflation

V(ϕ) =
Λ4

p
tanhp ( |ϕ |

M )
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The quantum-to-classical transition can be characterized by comparing the sym-
metric and antisymmetric parts of the two-point functions. The genuinely quan-
tum contribution is instead contained in the antisymmetric part
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During preheating, resonant/tachyonic modes grow exponentially
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Amplified quantum modes ! classical stochastic variables



A long way to thermalization

Sink

E
n
er
gy

k
Source

IR �! UV
Non-thermal fixed point

Reheating temperature = Onset of radiation domination

In many models zero mode does not decay completely

Non-linear fragmentation
Turbulent cascading Eventual thermalization

Classical Field Theory Kinetic theory 
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Gravitational waves

Non-linear fragmentation dominates the emission 
Classical in nature  



A worked-out example

ϕ inflaton
V(ϕ, X) =

1
4

λϕ4 +
1
2

g2ϕ2X2
X daughter field
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SLOW-ROLL 
INFLATION

INFLATON 
OSCILLATION

0.1 0.5 1 5 10 50 1000
5

10
15

ϕ = ϕ*

0.1 0.5 1 5 10 50 100104
108

1012
1016
1020
1024

Accelerated 
expansion

Power-law 
expansion 

(RD)

w̄hom ≡
⟨pϕ⟩osc

⟨ρϕ⟩osc
=

1
3

END OF 
INFLATION

➤ “Natural” variables for quartic potential: Conformal rescaling of fields and time

φ ≡
1
ϕ*

aϕ χ ≡
1
ϕ*

aX u ≡ ω* ∫
t

t*

a(t′￼)−1dt′￼ ⃗y ≡ ω* ⃗x

Amplitude: Frequency: Equation of state: 

w̄hom ≡
⟨pϕ⟩osc

⟨ρϕ⟩osc
=

1
3 Aϕ(t) ≡ ϕ* ( t

t* )
−1/2

∝ a−1 Ωosc ≡ ω* ( t
t* )

− 1
2

∝ a−1

ω* ≡ λϕ*

φ̄′￼′￼+ φ̄3 ≃ 0 φ̄ ≃ cn(u,1/2) ≈ cos(0.85u)➤ Simple solution 

Homogeneous approximation (with g2 = 0)
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(Classical) Initial Fluctuations

⟨δϕ2⟩ = ∫ d log k Δδϕ(k) Δδϕ(k) ≡
k3

2π2
𝒫δϕ(k)

ωk,ϕ ≡ k2 + a2m2
ϕ

𝒫δϕ(k) ≡
1

2a2ωk,ϕ
m2

ϕ ≡
∂2V
∂ϕ2

ϕ=ϕ̄*

ϕ(t*, ⃗x) = ϕ* + δϕ(t*, ⃗x)

X(t*, ⃗x) = δX(t*, ⃗x)

a(t*) = a* = 1

Field equations:

··ϕ −
1
a2

∇2ϕ + 3H ·ϕ + λϕ3 + g2X2ϕ = 0

··X −
1
a2

∇2X + 3H ·X + g2X2ϕ = 0

··a
a

=
1

3m2
p

(− ·ϕ2 − ·X2 + V(ϕ, X))

Initial conditions:

Complete field equations V(ϕ, X) =
1
4

λϕ4 +
1
2

g2ϕ2X2
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φ′￼′￼− ∇2
⃗yφ + ( |φ |2 +qχ2 −

a′￼′￼

a ) φ = 0

∼ u−2

χ′￼′￼− ∇2
⃗y χ + (qφ2 −

a′￼′￼

a ) χ = 0

∼ u−2

δχ′￼′￼
k + (k̃2 + qφ̄2)δχk ≃ 0

δφ′￼′￼
k + (k̃2 + 3φ̄2)δφk ≃ 0

q ≡
g2

λ
RESONANCE 
PARAMETER:

|χk |2 ∼ e2νκ(q)u

|φk |2 ∼ e2μκu

00.050.100.150.200.25

Narrow (q<1) Broad (q≥1)

(q=3)

Inflaton 
self-resonance

k̃ ≡
k

ω*
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u

Figure created by Ken Marschall
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1
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π2
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k2 | δ
f k

|2

u

Lattice simulations needed!
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ϕ̃ =
ϕ
f*

Scalar fields

➤ In the lattice we operate in a set of dimensionless spacetime and field variables 
called program variables (chosen in a case by case basis):

{α, f*, ω*} dη̃ ≡ a−αω*dt dx̃i ≡ ω*dxi
Choose:

Space and timeNumber Mass 
scales

                       denotes derivatives with respect to cosmic time. 
                         denotes derivatives with respect to program time.

·f ≡ df /dt
f′￼≡ df /dη̃

➤ We also build other (dimensionless) quantities from program variables for convenience. 
These are tagged with the diacritic “~”.

Example: Program potential Ṽ(ϕ̃) =
1

f 2
*ω2

*
V( f*ϕ̃)

Physical 
fields

Program 
fields
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➤ Program variables are chosen in a case by case basis.

in these variables, the oscillation frequency is approximately constant, and time and 
space scales are of order one.

α = 3 ( p − 2
p + 2 )

f* = ϕ*

➤ Optimal choice for monomial inflationary potentials is:

V(ϕ) =
1
p

λμ4−p |ϕ |p

ω* = λμ
4 − p

2 ϕ
p − 2

2
*

(Cosmic time for p=2, conformal time for p=4)

Oscillation frequency at the end of inflation

Amplitude at the end of inflation

{



22nd September 2025 30

S = ∫ d4xa(t)3ℒm −ℒm =
1
2

∂μϕ∂μϕ +
1
2

∂μχ∂μ χ+V(ϕ, χ)

➤ Inflaton with quartic potential, coupled to a “daughter” field through a quadratic-
quadratic interaction term

V(ϕ, χ) ≡
Np−1

∑
m=0

V (m)(ϕ, χ) =
λ
4

ϕ4 +
1
2

g2ϕ2 χ2 Ns = 2

Nt = 2
• Number scalar singlets:

• Number potential terms:

f* = ϕ*
ω* = λϕ*

α = 1

• We fix the program variables to:

dη̃ ≡ λϕ*a−1dt dx̃i ≡ λϕ*dxiϕ̃ =
ϕ
ϕ*

[Note: unlike the “natural variables” introduced before, the program inflaton is not rescaled by the scale factor]
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Ṽ(ϕ̃, χ̃) ≡
1

f 2
*ω2

*
V( f*ϕ̃, f* χ̃) =

1
4

| ϕ̃ |4 +
1
2

qϕ̃2 χ̃2

➤ Program potential:

q ≡
g2

λ
Resonance 
parameter

ρ̃ ≡
ρ

f 2
*ω2

*
= K̃ + G̃ + Ṽ p̃ ≡

p
f 2

*ω2
*

= K̃ −
1
3

G̃ − Ṽ

K̃ ≡
Ns−1

∑
n=0

K̃ (n)

G̃ ≡
Ns−1

∑
n=0

G̃ (n)

K̃ (n) ≡
1

2a2α
(ϕ̃n

′￼)2

G̃ (n) ≡
1

2a2 ∑
i

( ∇̃ iϕ̃n)2

➤ Analogously, we define the program energy density and program pressure density:

Kinetic 
contribution:

Gradient 
contribution:

Potential 
contribution: Ṽ ≡

Nt−1

∑
n=0

Ṽ (t) Ṽ (t) ≡
1

f 2
*ω2

*
V (t)(ϕ̃n)

Ẽ K ≡ ⟨K̃⟩

Ẽ G ≡ ⟨G̃⟩

Ẽ V ≡ ⟨Ṽ⟩

Volume 
averages

Ṽ (0) Ṽ (1)
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ϕ̃′￼′￼− a−2(1−α) ∇̃2ϕ̃ + (3 − α)
a′￼

a
ϕ̃′￼a = − a2α Ṽ ,ϕ̃

= − a2α (ϕ̃3 +
g2

λ
ϕ̃χ̃2)

χ′￼′￼− a−2(1−α) ∇̃2χ̃ + (3 − α)
a′￼

a
χ̃′￼a = − a2α Ṽ ,χ̃

= − a2α g2

λ
ϕ̃2 χ̃

a′￼′￼

a
=

a2α

3 ( f*
mp )

2

[(α − 2) Ẽ K + α Ẽ G + (α + 1) Ẽ V]

➤ The code solves the following equations:

FIELD 0: 
2*N3 equations

FIELD 1: 
2*N3 equations

SCALE FACTOR: 
1 equation

a′￼2 =
a2α+2

3 ( f*
mp )

2

[ Ẽ K + Ẽ G + Ẽ V]

➤ The accuracy of our solution is monitored through the 1st Friedmann eq.:

ΔE ≡
|LHS − RHS |
|LHS + RHS |

≲ 1
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Thank you!


