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The Inverse Problem

The Objective —
Reconstruct TMDs in bT-space from data in kT-space W(bT) is a convolution of two TMDs
1 [ —~
W(kr) = 5= dbr b Jo(br kr) W (br)
27T 0
Standard Approaches New Pixel-based Approach
W — W( 0) e Parametrization W = W[le, ...,brN] Discretization or “Pixelization”
- e  Neural Networks

Advanced Methodology:

H Find best-fit (hyper)parameters ®  ModelIndependent

Replica Method for Uncertainty Quantification e  Generative Al for

Pixel Distribution

e MH & Bayes Theorem for
Uncertainty Quantification
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The Inverse Problem: Pixel Based Approach

Function recovered
via interpolation

2 >

tli
Three Closure Tests Outline
Methodolo
e Gaussian Distribution : Normalizing(; zlow + MH
e TMD PDF - e Solution Non-uniqueness
e Fuu Structure Function e Uncertainty Quantification
e Null TMDs

Based on: ArXiv 2605.06606
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https://arxiv.org/abs/2605.06606

Gaussian Case: Data generation

E ion: | Trans S i / True Distributions \
vents generation: Inverse Transform Sampling KT-space
2 f(kr, %) 2 exp ( br )
| A 2(42) - erfi , T, = 7 — 57 2 |
T o?(u?) - erfinv(u) 0_2(,u2) = a + govoIn (“_2) . o2 (u?) o?(p?)
Jevo = 1.2 GeV? Mo bT-space —
For. i) = 2/romexp (270 ) y
15 Ny =200 N, = 2000 N, = 20000
------ Truth ----== Truth ----== Truth
i o New=200 b New=2000 f Ne=20000 e 3 scenarios for Number of events
10 m e  Fixed grid for binning
& ?ﬁ\ Y g e Datagenerated at 2 = 2GeV?
= l q ‘ﬂ% N e Errors shrink as Nev increaseas
0.5 LA !
J. H L } i iy,
L pe N 1 ii \'.‘
0.0 m 4{\{“JH ______ o P
0 I 2 30 [ 2 30 I 2 3
kr [GeV] kr [GeV] kr [GeV] o x 1/4/ Ny
> Increasing Event Statistics >
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Gaussian Case: Discretization and Bayes Theorem

Many methods:
1 [ ~ e Ogata
f(kr;) = %/ dbr brJo (brkr;) f(br), Trapezoid Rule
0

[ ]
° Gaussian Quadrature
[ ]

4 .
N -
= x Interpolation ~ ~
f(br) ~ Z fihi(br) s itk Local Interpolators } fz — f(sz)
\_ =1
( 1 [oTmax Interpolation matrices depending on data points
= ref )
[Mref} ki 2m bT min de bT JO(kaT’k) hl(bT)' Mtotal - Minterp Mref .
[
£ r 3 T
Transform as Matrix Multiplication f= [f(bT 1)+, f(br N)] Pixel Vector
T
f M f f=I[f(kr1),..., f(kra)]" Data Vector
\_ FowardMap )i ~ -~ TTTTmTTmTmmmTom I

It cannot be directly inverted!

|
| |
|
\/ : M is rank deficient !
| The solution is NOT Unique!
| |
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Bayesian Pixel-based approach + Gen Al

: ~ ~ ~ E . Affine Couplings
f=1[f(br1),..., f(brn)]" Pixel Vector

f Pixels are Random Variables

with a Probabilty Distribution

/ Posterior and Bayes Theorem \ Generative Al for pixels

i ~ ~ ~ reconstruction:
P(f|f) X E(f|f) 7T(f), Normalizing Flow
Likelihood: Chi-square Prior T
i M IMF] - £\ 2 5

i 20 £ ) — i F 3 ’ No Unique Solution:

: = — . Inn(flx =Y A\ , ! q

i X (F15) ; ( oj () k-Z=O ¢ () : The goal is to find all the possible

K / ! solutions compatible with data and prior
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Normalizing Flow

f1(zo) fi(zi—1) fiy1(z:) I

- = 1

,/” \\\\ /,’ \\\\ i :
¢ i Y H ’ Q \ f |Q \ (z)dr = [ m(2)dz=1 !
'\ : " : : : /p x)dz / 2)dz :
\ ! \ ! 1 I
I I

1 T 1

: I

- -
W e W o SN -

zo ~ Po(2zo) z; ~ p;i(2;) Zg ~ PK(ZK)

Generation of highly realistic pictures

We can approximate a target distribution through a chain of transformation

Jacobian: Neural Networks

dfi
dz;_1

Target Initial
Distribution Distribution

log p(x) |=|log o (20) |— Ylog det——

Density estimation using Real NVP Arxiv:1605.08803
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https://arxiv.org/abs/1605.08803
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Training Loop

Backpropagation

Normalizing Flow

]
]
]
]
'
\
\
N
N /
< L

Loss Function

{DKL(qNF || P)}

. Metropolis-Hastings
s

i X

! N\,

: \~ v 4

é A Jo -
e Si fs

— Acceptance
Rate

J

~

Data

2.0-P%e0,,,,

<& l.S'Piiia,o

S— |
= 1040
*

Inference

B 15%

PXI e

L0 e

Theory vs Data

\

Uncertainty Quantification
and
x?* assessment

_/
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Gaussian Case: Results in kT space

Fit vs Data
. Ny = 2?0 Ney =2 ?OO New = 20{000 Nev accept. rate Npts XQ/Npts
X3/ Ny = 0.789 Data 2/ Ny = 0.658 Data %[Ny = 0.685 Data
>J§/’p/m =27  [emess Truth 3(\111b =38 e Truth %p/ts =46 - Truth 200 61 % 27 0.79
¥ == Fit (10) == Fit (1) =it (o) 2000 76% 38 0.66
= N 20 000 78% 46 0.69
=
0.5
Error bands compatible and
- | — around the True model
1 2 3 1 2 3 1 2 3
kr [GeV] kr [GeV] kr [GeV]
i5 Relative Uncertainty kp
’ Nev = 200 v
Ny = 2000

Nev = 20000

e 3 Different Fits with same methodology
e (Good description of Data

e Errorbandsscaleas 1/4/ N,

0.0 05 10 15 2.0
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Gaussian Case: Results in bT space

N = 200 New = 2000 New = 20000
8 e Truth | ¢ = Truth | ¢ - Truth

_ 4 , Error bands converge around the
— Fit (lo) — Fit (lo) — Fit (1o) . . .
True distribution

1 2 3 il 2 3
by [GeV] br [GeV—Y

Relative Uncertainty bp

Non Trivial Criticalities!

. e Errorbands DO NOT scale as 1/4/ N,
=1 e “Precision Floor”

e No real shrinking for small bt
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Gaussian Case: Results in bT space

New = 200 Ney = 2000 Ne = 20000

Non Trivial Criticalities!

e Error bands DO NOT scale as 1/4/ N,
e  “Precision Floor”
e No real shrinking for small bt

N = 200
L5 X*/Nys = 0.789 I Data
Npp =27 oo Truth
£ . Is this an outcome of the method
Tos | or aresult of the statistics? |
0.0 L
( 1 2 3
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Gaussian Case: Ensamble Analysis

Generated 100 independent pseudo-data replicas and performed 100 independent fits.

Ney = 200 New = 2000 Ney = 20000

The uncertainty can be decomposed in:

W=2GeV? | | e Ground Truth Tiot
— Ensemble Mean Oint
[ o 2 |2 2
Otot (bT) =|%int (bT) H Oext (bT)
Average of the posterior . .
_________ variances obtained within Variance r(::‘et:ﬁspostenor
§ - 5 ; 5 each individual replica

kT [GGV] k‘T [GGV]

: : e The total uncertainty band consistently
"""" . Tiot encompasses the truth.

—— Ensemble Mean Tint

° Oegt narrows significantly as the number of
events increases.

e At small distances, the uncertainty remains
substantial even in the high-statistics scenario.

e Non-uniform scaling and precision floor still
present.

1 2
br [Ge\/*l}
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Gaussian Case: Ensamble Analysis

Generated 100 independent pseudo-data replicas and performed 100 independent fits.

Ny = 200 New = 2000 New = 20000
12 =2 GeV?

The uncertainty can be decomposed in:

-------- Ground Truth ot

—— Ensemble Mean Tint

= i Ut20t (bT) - Ui2nt(bT) H O—(zxt (bT)

Average of the posterior
variances obtained within

Variance of the posterior

""""" | : - . ; each individual replica means
kr [GeV] kr [GeV]
: - e The total uncertainty band consistently
-------- Ground Truth ot

—— Ensemble Mean Tint

SVD Analysis
~_ )

1
br [Ge\/*l}
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[ ] [ ] [
Singular Value Decomposition - SVD
SVD Decomposition U and V are orthonormal matrices
M L UEVT e U (MxM): Span Data Space
— e V(NxN):Span Model Space
1S\/D Spectrum Decay (Kernel Matrix M) ) . is a pseudo-diagonal matrix
0., TN with Singular Values S;
c..o.n...-‘.._._._‘._._._.' . Singular Values decay rapidly |
) * Y : in rank deficient matrices |
P 10 Y |
D) _ “’ — 05 wu g v3 Uy
= 10 5 ‘\‘ §, 0.0 ///A/\ /J\ /\ \Y
-8 ‘\‘ - 05 Uz Vg6 Va7 Vg Uag
g 10 Y £ o0 W |- Wi W W
S “\ ‘ V31 U3z aln '1“;‘; r Uy U
e01n—11 = 05 : B z
S 10 *\\ -:ﬁ 00+ W ——#ﬁ i Al
U) \“ 7“.070 5 10 ‘U 5 10 0 5 10 0 5 10 0
10714 g b [GeV] br [GeV~] br [GeV] by [GeV]
0 10 20 30 40 50
Mode Index j

5 10
by [GeV!]

MVi — S; Uy
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Singular Value Decomposition - SVD

™ Model Resolution Diagonal (N, = 20000)
If only the first p singular values are non-zero:
Bobs = Vobs obs sz 1.0 P .
Vobs — [Vla o 7Vp] = /
0.8 P
N K r
Vou = [Vpt1, .-+, V] Pt = Vot Vil = 32 v N -
\ i=pt1 / _§ .0 -
£ 04 e
5 i
:Jj ’
02 /
,'I ----- Total Matrix (p = 14) ;
We can split the models into Observable and Null Space 0.0-7 3 y 5 3 3
—> by [GeV]

f:fobs+fnull :Pobsf+Pnullf7

Only the Observable can be reconstructed from Data

MF = MFops + MFoun = MFobs g( _fj) '
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SV D : Fit P rOj eCt i o n s Bands shrinks as the statistics increase

Enough to describe data

Obs. Space (Ny = 200) Obs. Space (N = 2000) Obs. Space (N = 20000)

----- Truth Proj ---=- Truth Proj. ----- Truth Proj.
E== Tit Proj. (10) | Ak =— Fit Proj. (lo) f® —— Fit Proj. (10)
M\

Ny = 200 Ney = 2000 Ny = 20000

15
’ ,=078 | Data /Ny =0658 | Data X*/Nyw = 0685 | Data
7 Ny =38 = Ny =46

X/ Ny
N\M Ny =27 - Truth e = 38 e Truth =1 e Truth
o = Fit(10) = Fit (l0) = Fit (1)
a .

Wt

10 Null Space (Ney = 200) Null Space (N = 2000) Null Space (N = 20000)
----- Truth Proj. ----- Truth Proj. ----- Truth Proj.
Fit Proj. (1o) —— Fit Proj. (10) —— Fit Proj. (1o)
B -
N Bands DO NOT shrinks
0 Irrelevant for describing data
SIS LA N U AAG N SN A | D RTINS
by [GeV] by [GeV~] by [GeV]
As for Shadow GPDs : Null Space is Matrix dependent:
adding terms prop. to to the Null component gives the same transform kt points and range matter!
r _r ST : - We can use the evolution for moving the :
J = Sobs : NullModels . Null space and shrink the error band
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Multi-scale Analysis

Gevo EXtraction

energies and KT range
1z € {2,5,20,50} GeV?

12
o?(11?) = @ + Govo In (—2

\

K4 different dataset with different\

2

New = 20000
Nev Npts X2 /Npts
200 148 0.99 N, = 2000
2000 207 1.05
20000 248 0.99
Ny =200

ol

True gevo
e Fit Result

. The method is capable
- of reconstructing gevo

Fit vs Data
N, = 20000
X2/ Npis = 0.99, Ny = 248

12 =20GeV?: N\
p?2=5.0 GeV? (x 10NN,
12 = 20.0 GeV? (x102) "\
12 =50.0 GeV? (x10%)

1 3 4

2
kr [GeV]

Increasing the kT range moves the Null Space
GT Projections (Multi-Energy SVD, N, = 20000)

=== Ground Truth f(by)

4 — 12 =20 GeV? (B ~ 0.62)
— p? =5.0 GeV? (b &~ 0.50)
12 = 20.0 GeV? (b ~ 0.38)
[ —— u2=350.0 GeV? (bj ~ 0.32) ~

107" 109

by [GeVT]
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Single-scale vs Multi-scale

Relative Uncertainty

1

Single-Scale
Multi-Scale

—_
[en)

Ratio to Mean f
=)
o

e
=)

>
')




TMD Case: Data Generation and Fit

The TMD PDF is the observable Non-perturbative Models
. Ldi . R i
fr/p(x,b7;Q) = Z/ — Ci/ (z/%,bx; ity by 9(1)) /P (2, 1) M;y(br) = R(br) + p(br) [1 — R(br)]
j x
. b%n w g 92 ;92
= Ly br) = = b1 — R(
X exp [Spert(bT; L, Q)] Mf((l»', bT) exp[_ gK (bT) In % ptrue(bT) exp ( 4 ) gK( T) 9 T[ ( T)]
Ney = 1000 N,y = 10000 N, = 100000 Relative Uncertainty in kr
3 \ Do | Dia | b 10 x = 1000 /
""" rath T ratn T rutin oy = 10 000
=2 Fit (1o) Fit (1o) Fit (1o) N, = 100000 y
2 2
& S1.05 -
=1 ey
g
0 = 1.00
1 2 1 2 1 2 2
kr [GeV] kr [GeV] kr [GeV] 2
5095
Ney accept. rate Npts X2 /Npts T :
10° 86% 37 0.83 . Good description of data 0.90
10* 83% 42 0.67 - Uncertainty scales as expected : 0.0

10° 69% 43 0.94
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TMD Case: bT-space

Error bands converge around the True distribution

New = 10000 Ny = 100000

Ratio to Mean f/(f)

Truth
== Fit (lo)

0 _ r=0.1Q =2GeV z=0.1,Q =2GeV
( 2 4 ( 2 4 ( 2 4
br [chfl} br [chfl] br [chfl]
3 Ny = 100000 Model Resolution Diagonal
""" Truth P 1.0-
gl = Full Fit (1)
=== Obscrvable spacc . 08
T o6
APy E;
= S04
(] _______________________
0.2
=24 P _
z=0.1,Q =2GeV 0.0

1.3

Relative Uncertainty in by

Ney = 1000
Ney = 10000
N = 100000

e
[

TMD bands in bT-space do not
shrink as the statistics increase

—
=

by [GeV]

FIT = OBS + NULL

OBS shrinks as the statistics increases

NULL TMD: error bands stay the same
as the statistics increase

The small bt region belongs to the NULL space!

P, is also referred as Model Resolution Matrix

It tells where we can resolve the function better
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Fuu Case: Data vs Fit

TMD PDF fitted from the convolution

1 [ ) g
Fyur(z,2,q7,Q%) = xZeig/ dbr br Jo(qrbr) f1 (z, br; Q\D1 (2, br; Q)
” 0

The TMD FF is fixed

Only the up quark in considered
x=0.1and z=0.2

GMD FF

= Loas o . .
Dyys(2,0r;Q) = E/ ﬁcj/f(Z/%b*;u&ub,g(ﬂb))dH/j(Z;ub)
— J:

~

)

TMD,FF acts as a kerQe
~ Q
X exp{Spert (br; ps, Q) } Mp (2, br) EXP{— gx (br)In —} 5
Four = Meafi Mg = Mypridge - diag | = E e2D? Q
2
b5w
bT to kT Matrix 9 Mp(bz) = R(bz) + [1 — R(br)] exp (_ we
o N, = 1000 N, = 10000 N,, = 100000 . ]
| Data ! Data ! Data The fit tracks the data in qT as the
4 I Truth | | Trath | | Truth statistics Nev increase.
6 —— Fit (lo) — Fit (Io) | ., —— Tit (lo)
E5
& Noy accept. rate  Npts  x2/Npts
3
) 10° 89% 45 0.83
1 10* 89% 48 0.92
) : : 10° 84% 48 1.29
1 2 1 2 1 2
qr [GeV] qr [GeV] qr [GeV]
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Fuu Case: Data vs Fit

Ney = 100000 Model Resolution Diagonal

Error bands are around the Ground Truth Model

1.0

FIT = OBS + NULL
OBS shrinks as the statistics increases

0 NULL stay the same as the statistics increase

§0.6 The small bt region belongs to the NULL space!
%
2=012=02 ___ Teuth 5 Effective Resolution Matrix: zero for large bT
== Fit o values because of TMD FF

—— Observable
------ Null
. 0.2
e == Mln’i(lgu
0.0 Mvﬁ -
0 1 2 3 4 5 0.0 2.5 5.0 7.5 10.0
by [GOV_l] br [GOV_I}
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Fuu Case: Multi-Scale Fit vs Data

Multi-Scale analysis allows to shrink
the error band compared to
Single-Scale analysis

TMD FF is screening some bT regions
Mg Model Resolution Diagonal
13 Uncertainty Compa.risop go Extraction ol e (g =290 GV
i . / N, = 10°4 ‘ Y —--- Q=50CeV
Single-Scale /4 A& Y 7 | e Truth R S :
1.24 o o T TN U —-—- Q=T.0GeV
?53, 2 Multi-Scale - TFit Result 0.8 47//’ \‘\ \“ \\ e Q=100GeV
< y - :'l,,l \\‘\\ “ |‘
=s_1.14 e g s ! W\ 3
RIS o£08) Y x
= e — ! H
£1.0 N, = 10*- — & / e !
— &8 = Pt [ \
=3 - =04 # [ !
@] ‘ o B 8 :I’ ‘\ \\ \\ I‘
5 09 T . i 1% \
= 0.2 IR \
a2 .8 y YR \
" NN \
0.7 : Ny =10°] 0'0[ P i 6 8 10
Y 2 3 4 0.1 072 0'3 04 b ]
br [GeV] g2 [GeV? r [G6Y]
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Fuu Case: Multi-Scale Fit vs Data

Multi-Scale error band is larger than

. . At small energy this | to Multi-Scale band larger than Single-Scale band
Single-Scale case due to g2 extraction small energy this leads to Multi-Scale band larg 9
3.0
| 3- Uncertainty Comparison Single-Scale Q = 2 GeV
Single-Scale ‘ . 25 Multi-Scale @@ = 2 GeV
~1.21 Multi-Scale Single-Scale @ = 10 GeV
5 Multi-Scale Q = 10 GeV
=i i 2.0
Ty - / P - @
S 1045 : *
= : S5
@) : <G i\;: . -
2™ & =
= . &<1.0
A 0.8 .
- A = = 2 = - = I
0.7 1- 21 é 1 0.5
by [GeV™
0.0
0.0 0.5 1.0 1.5 2.0

k’T [GCV]
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Conclusions

e Developed a pixel-based, model-independent Bayesian approach for TMD reconstruction,

e Utilizing Generative Al (Normalizing Flow) and MH for estimation and uncertainty
quantification.

e The non-unique solution involves Observable and Null TMD components.

e A"Precision Floor" in bT space, attributed to the Null space,

e Highlights the necessity of Multi-Scale analysis to reduce uncertainty and overcome Null

space limitations.

TMDs in the Lens of Generative Al:
A Pixel-Based Approach to Partonic Imaging

ArXiv 2605.06606
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