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Massification: Obtain massive result from the dim. reg. result.
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Massification = Mass factorization

➢ Z factors are universal ⇒ Can restore massive amplitude without explicit 
calculation (within a power accuracy)

➢ Factorization enables resummation of (potentially large)
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● Expand amplitude in small parameter λ = m/Q 

● Light cone basis

● Momentum scaling/modes p = (n+ p, p⊥,  n−p) 
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Expand amplitude in small parameter Method of regions
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● SCET performs the λ expansion at the Lagrangian level

● Factorization

● C is a Wilson coefficient. Coincides with massless Sudakov form factor and 
depends on the hard current. Z and S contain mass dependence and are 
universal (i.e. do not depend on the hard local current but only the external state)
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● Factorization theorem (SCETII)

● Standard example: On-shell Sudakov form factor

μ = RGE scale

ν = rapidity RGE scale

We use η regulator
[Chiu, Jain, Neill, Rothstein, 2012]
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● Since the massive (3 loops) and massless (4 loops) result for the quark SFF is known, 
we just have to calculate S  in order to determine Z = F1 /(C S) 

● S is zero at scaleless at one-loop. Non-zero contributions are due to closed massive 
fermion loops
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● Obtained from the massive 2-loop result 
[Bernreuther et al., 2006]

● This is universal. For each external 
quark leg multiply by √Z to convert the 
massless result to a massive result*

● *Still need to multiply by the soft function 
however. This is also universal but 
depends on the number of legs

● See also [Becher, Melnikov, 2007] 
[Hoang, Pathak, Pietrulewicz, Stewart, 
2015]
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● Z, S contain 1/ϵUV,   1/ϵIR and 1/η divergences → Not possible to separate, but can 
subtract everything together using MSbar 

● C has the usual 1/ϵIR poles

● F1 is UV finite, but still contains IR divergences due massless gluon/photon

● F1
   IR = ZC ZS ZZ are the “true” IR divergences (for massive fermions). All 1/ϵUV,   1/η 

poles must cancel in the product ZC ZS ZZ . 

● We know how to resum logs in F1
   fin, but how can we resum logs in F1

   IR ? (This will 
be answered later)
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● How do we know that these modes (collinear, anti-collinear and soft) 
describe the low energy (≪ Q ) physics completely? 

We do not!
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In addition to collinear, anti-collinear 
and soft, this diagram has the 

following regions

where
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It gets worse…

where
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● In fact there is an infinite cascade of regions that contribute at increasing orders in the 
coupling [Ma, 2026] [Jaskiewicz, Jones, Szafron, Ulrich, 2025]

● The good news: The contribution from these regions seems to cancel in the sum over 
graphs, which was recently (2024) verified at two loops in QED:
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This work: Shows this to all orders using EFT techniques (in QED and QCD)

●  cj modes sit at the scale λ1+2j Q where j ∈  N 

● Construct an infinite tower of EFTs that describe physics at those scales

● What is the EFT for the ultra-collinear modes?

● ultra-collinear interacts with collinear similar to heavy quark expansion 
→ boosted heavy quark effective theory (bHQET)

● ultra-collinear interacts with anti-collinear like an ultra-soft mode
→  can be factorized using decoupling transformation
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● bHQET effective fields:

● Decoupling transformation

● Effective Lagrangian: 
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● Factorization:

● From this viewpoint Z and S are also Wilson coefficients (similar to C). The arise in the 
matching of SCET onto bHQET.

The punchline: All loop corrections to the ultra-collinear matrix elements 
vanish (they are scaleless)
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● This can be straightforwardly generalized to the infinite cascade of modes

● Conclusion: The original factorization theorem holds (or at least, the cascade of 
regions is absent)
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● In some sense the ultra-collinear modes are the modes describing the IR 
divergences F1

   IR  of QED/QCD when all fermions are massive

● The full IR structure is only revealed by introducing an IR cutoff, or equivalently, a 
momentum scale for the ultra-collinear modes

● This IR scale may be observable, e.g. an energy cutoff on radiation 

● For now, focus on a particular (unphysical) implementation (most convenient for 
calculation) which is a gauge boson mass mg ≪ m. The gauge boson propagator 
Feynman rule gets modified as
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● Then we find, already for the one-loop vertex graph, the following regions (in 
addition to the usual hard, (anti-)collinear and soft)
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● Factorization is achieved by the sequence of EFTs

● New functions are:
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● Let us consider now QED. mg = mγ is the photon mass regulator. It has been known 
since ancient times that the IR divergences exponentiate (YFS exponentiation) 

● Diagrammatic proof is rather complicated. Can we see this in an easier way using EFTs? 
Yes!
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● huc
 (0) is a sterile (non-interacting) field and the photon is not self-interacting → low 

energy EFT bHQET(mγ
 2 ) is a free field theory!

● The bHQET field huc can be decoupled from the photon field Auc 
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● This implies that  Z and  S are exactly the exponentials of their one-loop value

● YFS exponentiation of IR divergences in QED is an immediate corollary of the EFT 
approach

● This also implies the exponentiation of the dim. reg. result
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● In QCD, the exponentiation fails (already at 2 loops), since gluons are self-interacting

● Factorization only allows us to resum
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Summary of results
● We have shown that an infinite tower of modes that give non-zero regions to 

individual Feynman graphs, drop out at the amplitude level

● We have calculated new results relevant for massification using the η regulator. 

1) Soft and collinear function for multiple hierarchical masses

2) Soft and collinear massification Z factors for external gluons

● The results enable a fully consistent way of resumming logarihms ln m2/Q2 at the 
amplitude level using the regular and rapidity RGE

● Using a gauge boson mass regulator we have rederived the exponentiation of IR 
divergences in QED using the EFT formalism
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Outlook

● Next-to-leading power in m2/Q2 expansion (cancellation of ultra-collinear 
happens and YFS exponentiation holds to all powers in m2/Q2 )

● Mass factorization for N-jet operator (rapidity regulator?)



Back-up
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● Generalization to hierarchy of masses Q ≫ M1 ≫ ⋯ ≫ Mnh ≫ m ≫ m1 ≫ ⋯ ≫ mnℓ ≫ 0 

● Ultra-collinear modes contribute, since massive light quark masses mi  provide a 
scale!
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Gluon massification Z factor with the η regulator, extracted from [Wang, Xia, Yang, Ye, 2024]


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30

