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character, while no ghost couples to photon field in QED.
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absorbed when relating the lagrangian and physical quantities (renormalization)    

Ward replaced by Slavnov-Taylor 
identities in QCD, preventing from simple, 
direct connections of vertices and 
propagators, thus requiring the choice of a 
vertex (and its kinematics) to fully define a 
renormalized running coupling. 
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The perturbative running of couplings in different schemes is driven 
by their expansion one in terms of each other, but the first coefficient 
of the expansion defines by itself how their QCD fundamental scales 
relate. A new different coupling can be perturbatively defined by 
imposing an exact expansion up to this coefficient. 

QCD fundamental scale
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• It presents no Landau pole,
• and, below a given scale, the interaction appears 

to become scale-independent, supporting that a 
conformal regime is recovered at low momenta. 

A process independent effective charge can be also 
shown to connect to   

Z-F Cui et al., Chin.Phys.C44 083102 (2020)

A running interaction, defined for the gap equation 
kernel within the (“abelianized”) PT-BFM scheme 
for DSEs, results from the (massive) gluon vacuum 
polarization; expressed in terms of gluon and ghost 
2-point Schwinger functions. The charge is obtained 
by factorizing a RGI function, derived from the gluon 
propagator, which expresses its massive nature in 
the IR and is proportional to      in the UV.  

Taylor coupling
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Parton distributions: energy scales

Evolution equations

➢ Experimental data is given here.

➢ The interpretation of parton distributions from  
cross sections demands special care.

➢ In addition, the synergy with lattice QCD and 
phenomenological approaches is welcome.

● Unveiling of glue and 
sea d.o.f.

➢ At this scale, all properties of the hadron are 
contained within their valence quarks.

➢ QCD constraints are defined from here 
(e.g. large-x behavior of the PDF)

● Fully-dressed valence 
quarks
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PDFs DGLAP evolutions equations, expressed by the corresponding massless 
splitting functions:

H H H

HH

H HH

H H H

singlet combination

Valence-quark PDF in Mellin space

Moments’ evolution is controlled by the integrated 
“strength” of the coupling beyond the hadron scale  
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DGLAP: All orders evolution
7

PDFs DGLAP evolutions equations, expressed by the corresponding massless 
splitting functions:

H H H

HH

H HH

H H H

singlet combination

Valence-quark PDF in Mellin space

The ratio of lightcone momentum fractions encodes 
the required information of the charge 

Z-F. Cui et al., Eur.Phys.J.C80 1064 (2020)
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● Since isospin symmetry limit implies:

● Odd moments can be expressed in terms 
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● Since isospin symmetry limit implies:

● Odd moments can be expressed in terms 
of previous even moments.

● Thus arriving at the recurrence relation on 
the left which is satisfied if, and only if, the 
source distribution is related by evolution to 
a symmetric one at the initial scale .

[99] C. Alexandrou et al., PRD104(2021)054504

Reported lattice moments 
agree very well with the 
recursion formula and so 
also does and estimate for 
the 7-th moment from lattice 
reconstruction. 

Moments from global fits can 
be also compared to the 
estimated from recursion !  

Moments computed from: P. Barry et al., 
PRL127(2021)232001  
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● Upper bound comes out from considering 
the opposite limit of a weekly interacting 
system of two (then fully decorrelated) 
partons: all the momentum fractions are 
equally probable. 

● Keeping isospin symmetry, implying:

Joo:2019bzr Sufian:2019bol Alexandrou:2021mmi

Lattice moments verifying the recurrence relation too. 

● Lower bound is imposed by considering 
the limit of a system of two strongly 
massive and maximally correlated) partons: 
both carry half of the momentum. 

10

Z-F. Cui et al., Phys.Rev.D105 L091502 (2022)



DGLAP: All orders evolution

PDFs DGLAP evolutions equations, expressed by the corresponding massless 
splitting functions:

H H H

HH

H HH

H H H

singlet combination

Hard-wall threshold

11

P-L. Yin et al., Chin.Phys.Lett.40 091201 (2022)



DGLAP: All orders evolution

PDFs DGLAP evolutions equations, expressed by the corresponding massless 
splitting functions:

H H H

HH

H HH

H H H

singlet combination

Quark singlet and glue PDFs in Mellin space
Hard-wall threshold

Sea-quark PDF Full singlet and sea

11

P-L. Yin et al., Chin.Phys.Lett.40 091201 (2022)
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In terms of the moments for the 
sum of all valence-quark 
distributions at hadronic scale 

n=1 case 

The only required input is the the momentum fraction at the 
probed empirical scale!!  R.S. Sufian et al., arXiv:2001.04960

 Z-F. Cui et al., arXiv:2006.1465
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DGLAP: All orders evolution

Application 4: glue and sea from valence
All quarks active

In terms of the moments for the 
sum of all valence-quark 
distributions at hadronic scale 

The only required input is the the momentum fraction at the 
probed empirical scale!!   

G. Altarelli, Phys. Rep. 81, 1 (1982) 

   All n 
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 Then, we proceed as follows:

1) Determine the best values α
i
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, distributed 
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3) Using the latter set, evaluate:
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4) Accept a replica with probability:

Repeat (2-5).5) Evolve back to 

 13
All-orders DGLAP: reverse engineering

Application 5: pion and kaon PDFs fully reconstructed from data
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Application 5: pion and kaon PDFs fully reconstructed from data

All-orders evolution from hadronic 
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[32] Alexandrou, et al., arXiv:2405.08529 [hep-lat]

CSM = Z-F Cui, et al., Eur. Phys. J. C80 (2020) 1064.
Lattice = C. Alexandrou, et al., Phys. Rev. D 103 (1) (2021) 
014508; Phys. Rev. D 104 (5) (2021) 054504.  
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c.f. Hui-Yu Xin’s Talk on Thursday!!



A symmetry-preserving DSE computation of the 
valence-quark PDFs within a proton, based on 
diquark-quark approach
[L. Chang et al., Phys.Lett.B, arXiv:2201.07870]
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A symmetry-preserving DSE computation of the 
valence-quark PDFs within a proton, based on 
diquark-quark approach
[L. Chang et al., Phys.Lett.B, arXiv:2201.07870]

Producing an isovector distribution in fair 
agreement with lattice results 
[H-W. Lin et al., arXiv:2011.14791]  

16
All-orders DGLAP: proton case

Application 6: proton PDFs
Y. Lu et al., Phys.Lett.B 830 137130 (2022)



16
All-orders DGLAP: proton case

Application 6: proton PDFs
Y. Lu et al., Phys.Lett.B 830 137130 (2022)



All-orders DGLAP: proton case

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding 
massless splitting functions, after converting to Mellin space and specializing for 
0-th order

17

Application 7: polarized PDFs Y. Lu et al., Phys.Lett.B 830 137130 (2022)



All-orders DGLAP: proton case
17

In general, at any momentum scale                 :     

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding 
massless splitting functions, after converting to Mellin space and specializing for 
0-th order

Application 7: polarized PDFs Y. Lu et al., Phys.Lett.B 830 137130 (2022)



All-orders DGLAP: proton case
17

In general, at any momentum scale               , and neglecting the mass thresholds:      

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding 
massless splitting functions, after converting to Mellin space and specializing for 
0-th order

Application 7: polarized PDFs Y. Lu et al., Phys.Lett.B 830 137130 (2022)



All-orders DGLAP: proton case
17

In general, at any momentum scale               , and neglecting the mass thresholds:      

Abelian anomaly corrected:

 A  B A  C  D

[CT18]+ no thresholds

[Ya2022]+no thresholds

[Ya2022]+[Chen2022]
+no thresholds

[Ya2022]+ [Chen2022] 
+ thresholds

 A

 B

 C

 D

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding 
massless splitting functions, after converting to Mellin space and specializing for 
0-th order

Application 7: polarized PDFs Y. Lu et al., Phys.Lett.B 830 137130 (2022)



All-orders DGLAP: proton case
17

In general, at any momentum scale               , and neglecting the mass thresholds:      

Abelian anomaly corrected:

 A  B A  C  D

 

Polarized PDFs DGLAP evolutions equations

Application 7: polarized PDFs Y. Lu et al., Phys.Lett.B 830 137130 (2022)

[CT18]+ no thresholds

[Ya2022]+no thresholds

[Ya2022]+[Chen2022]
+no thresholds

[Ya2022]+ [Chen2022] 
+ thresholds

 A

 B

 C

 D



All-orders DGLAP: proton case

All-orders evolution implies:

Application 8: proton gravitational form factors
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Lattice data from 
D.C. Hacket et al., Phys.Rev.Lett.132 (2025)251904

Z-Q. Yao et al., Eur.Phys.J.A 61 (2025) 5, 92



All-orders DGLAP: proton case

Application 8: proton gravitational form factors

18

All-orders evolution implies:

Lattice data from 
D.C. Hacket et al., Phys.Rev.Lett.132 (2025)251904
BEG: V. D. Burkardt et al., Nature 557 (7705) 396-399 (2018)

Z-Q. Yao et al., Eur.Phys.J.A 61 (2025) 5, 92



Summary

➢ Grunberg’s notion of effective charge, reinterpreted as a non-perturbative renormalization scheme 
for the running coupling extends naturally its domain to the IR and, extracted from an observable, 
eliminates the Landau pole. The one based on the Bjorken sum rule is shown to connect to other IR 
coupling definitions, specially to the PI effective charge. They are shaped by the expression of the 
EHM and become approximately conformal below a given momentum scale, where gluons acquiring 
a dynamical mass decouple from interaction. 

➢ Capitalizing on the latter, two main ideas emerge: 
(i) the identification of that decoupling with a hadronic scale at which the structure of hadrons can 
be expressed only in terms of valence dressed partons; 
and (ii) the reliability of an all-orders evolution scheme, based on an effective charge defined to 
make exact one-loop DGLAP equations, describing the splitting of valence into more partons, 
generating thus the glue and sea, when the resolution scale increases.                         
 

➢ The robustness of the approach based on all-orders evolution of CSM results from hadronic to 
experimental scale has been proved with its application to the pion, kaon and proton cases, obtaining 
results for PDFs, unpolarized and polarized, FFs and GFFs which are show to be consistent with 
Lattice QCD and experimental data.    

To be continued...
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