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Transverse Momentum Dependent Distributions (TMDs)  

Collinear Parton Distribution Functions (PDFs)
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One large scale ( ) sensitive to particle nature of quark and gluons.
One small scale ( ) sensitive to how QCD bounds partons and to 
the detailed structure at ~fm distances.
TMDs encode the 3D structure of the nucleon, the distribution in  
and  (or Fourier conjugate variable ).
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One large scale (Q) sensitive to particle nature of quark and 
gluons.
PDFs encode the 1D structure of the nucleon, the distribution in .x

TMD handbook: https://inspirehep.net/literature/2650019



TRANSVERSE MOMENTUM DEPENDENT FACTORIZATION
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The confined motion (kT dependence) is encoded in TMDs
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TMDs   PDFskT

xP xP?

TMDs are related to PDFs, but how?

WHAT IS THE RELATIONSHIP?
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WHAT IS RELATIONSHIP?

6

TMDs can be related to PDFs (or other collinear functions for polarized TMDs) via Operator 
Product Expansion at small values* of 
Known up to N3LO 

bT
M.A. Ebert, B. Mistlberger and G. Vita, JHEP 09 (2020) 146 
M.-x. Luo, T.-Z. Yang, H.X. Zhu and Y.J. Zhu, JHEP 06 (2021) 115

Both PDFs and TMDs are extracted from the data of the same type of inclusive processes (DY, 
SIDIS, etc) in the corresponding regions of validity of the factorization theorems.

* I will use  or  in this presentation as in the literature they are used to denote the same variable for TMDsb bT
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d2kT f(x, kT ;µ, ⇣) = f(x;µ)TMDs can be related to PDFs via integral relations (TMMs)
Studied up to N3LO 

A. Bacchetta, AP, Nucl.Phys.B 875 (2013) 536-551
M. A. Ebert, J. K. L. Michel, I. W. Stewart and Z. Sun, JHEP 07 (2022) 129 
J. O. Gonzalez-Hernandez, T. Rainaldi, T. C. Rogers Phys.Rev.D 107 (2023) 9, 094029

O. del Rio, AP, I. Scimemi, A.Vladimirov Phys.Rev.D 110 (2024) 

TMD handbook: https://inspirehep.net/literature/2650019



TMD FITS OF UNPOLARIZED DATA
Framework W+Y HERMES COMPASS DY Z boson W boson N of points

KN 2006 
 hep-ph/0506225

LO-NLL W ✘ ✘ ✔ ✔ ✘ 98

QZ 2001 
 hep-ph/0506225

NLO-NLL W+Y ✘ ✘ ✔ ✔ ✘ 28 (?)

RESBOS 
 resbos@msu

NLO-NNLL W+Y ✘ ✘ ✔ ✔ ✘ >100 (?)

Pavia 2013 
arXiv:1309.3507 LO-PM W ✔ ✘ ✘ ✘ ✘ 1538

Torino 2014 
arXiv:1312.6261 LO-PM W ✔ 

(separately)
✔ 

(separately) ✘ ✘ ✘ 576 (H) 
6284 (C)

DEMS 2014 
arXiv:1407.3311 NLO-NNLL W ✘ ✘ ✔ ✔ ✘ 223

EIKV 2014 
 arXiv:1401.5078  LO-NLL W 1 (x,Q2) bin 1 (x,Q2) bin ✔ ✔ ✘ 500 (?)

SIYY 2014 
arXiv:1406.3073 NLO-NLL W+Y ✘ ✔ ✔ ✔ ✘ 200 (?)

Pavia 2017 
arXiv:1703.10157 LO-NLL W ✔ ✔ ✔ ✔ ✘ 8059

SV 2017 
arXiv:1706.01473 NNLO-NNLL W ✘ ✘ ✔ ✔ ✘ 309

BSV 2019 
arXiv:1902.08474 NNLO-NNLL W ✘ ✘ ✔ ✔ ✘ 457

Pavia 2019 
arXiv:1912.07550 NNLO-N3LL W ✘ ✘ ✔ ✔ ✘ 353

SV 2019 
arXiv:1912.06532 NNLO-N3LL W ✔ ✔ ✔ ✔ ✘ 1039

MAP pion 2022 
arXiv:2210.01733 NLO-N3LL W ✘ ✘ ✔ ✘ ✘ 138

MAP 2022 
arXiv:2206.07598 NNLO-N3LL- W ✔ ✔ ✔ ✔ ✘ 2031

JAM 2023 
arXiv: 2302.01192 NLO-NNLL W ✘ ✘ ✔ ✘ ✘ 608

ART 2023 
arXiv:2305.07473 N3LO-N4LL W ✘ ✘ ✔ ✔ ✔ 627

RESBOS 
arXiv:2311.09916 NNLO-N3LL W+Y ✘ ✘ ✔ ✔ ✘ 384

Aslan at al 2024 
arXiv:2401.14266 NLO-NLL W ✘ ✘ ✔ ✘ ✘ 130

MAP 2025 
arXiv:2502.04166 NNLO-N3LL W ✘ ✘ ✔ ✔ ✘ 482

ART 2025 
arXiv:2503.11201 N3LO-N4LL W ✔ ✔ ✔ ✔ ✔ 1269

JAM 2025 
arXiv: 2510.13771 NLO-NNLL W ✘ ✘ ✔ ✔ ✘ 436+4279

KSZZ 2026 
arXiv:2604.14133 N3LO-N4LL W ✘ ✘ ✔ ✔ ✘ 465 7

TMD handbook: https://inspirehep.net/literature/2650019
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http://arxiv.org/abs/arXiv:2210.01733
http://arxiv.org/abs/arXiv:2206.07598
http://arxiv.org/abs/arXiv:%202302.01192
http://arxiv.org/abs/arXiv:2305.07473
https://arxiv.org/abs/2311.09916
http://arxiv.org/abs/arXiv:2401.14266
http://arxiv.org/abs/arXiv:2502.04166
http://arxiv.org/abs/arXiv:2503.11201
https://arxiv.org/abs/2510.13771
https://arxiv.org/abs/2604.14133
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Is it possible to combine the full body of data used in the 
extractions of TMDs and PDFs, respectively, and to perform a 
global QCD analysis of both distributions simultaneously? 



DRELL-YAN PROCESS

9

At small values of  Drell-Yan cross section reads:qTp p

Q, qT

Fiducial factor
Electroweak couplings TMD for the beam TMD for the target

Hard factor

To match the NLO precision of collinear PDFs by JAM Collaboration we use NLO + N2LL 
accuracy in our analysis: PDFs are at NLO ,  hard factor at , Operator Product 
Expansion at , anomalous dimension of TMD at  and, Collins Soper-Kernel at 

, and Cusp anomalous dimension at . We use  prescription for TMDs

𝒪(α2
S) 𝒪(αS)

𝒪(αS) 𝒪(α2
S)

𝒪(α2
S) 𝒪(α3

S) ζ

P. C. Barry  et al 2510.1377



DRELL-YAN DATASETS
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Data from low energy fixed target DY (20-40 GeV). Collider data from RHIC, 
PHENIX and STAR at 200 and 510 GeV, Fermilab, CDF and D0 at 1.8 TeV, 1.96 
TeV, and LHC data from CMS, LHCb, ATLAS at 7, 8,13 TeV
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P. C. Barry  et al 2510.1377



DATASETS AND KINEMATICS

11

Symbols are for the data relevant to collinear extraction, regions are for TMD 
related data

Data at large-xPrecise data at small and intermediate x

P. C. Barry  et al 2510.1377

JAM Collaboration (PDF Analysis Group) Trey Anderson et al. Phys.Rev.D 112 (2025) 9, 094011
Jefferson Lab Angular Momentum (JAM) C. Cocuzza et al. Phys.Rev.Lett. 127 (2021) 24, 242001



NON PERTURBATIVE MODELS FOR TMDS AND PDFS

12

Fit and  in this functional form for these flavors:  and 
. Total of 10 parameters

 

Collinear PDFs are parametrized and the input scale to the charm quark mass, 
 GeV for 

heavy flavors are generated via evolution. We have 35 total parameters for collinear 
PDFs 

λ1 λ2 u, d, ū, d̄
sea = s, s̄, c, c̄, b, b̄

Ff(x, b) =
1

cosh (λf
1(1 − x) + λ2

2x)b)

mc = 1.28 uv, dv, ū, d̄, s, s̄, g

f(x; mc) = Nxα(1 − x)β(1 + γ x + δx)

Moos, Scimemi, Vladimirov), Zurita: JHEP 05 (2024)

JAM Collaboration (PDF Analysis Group),T. Anderson et al. Phys.Rev.D 112 (2025) 9, 09401  



NON PERTURBATIVE MODEL FOR COLLINS-SOPER KERNEL

13

Moos, Ignazio Scimemi, Alexey Vladimirov), Zurita: JHEP 05 
(2024)

Collins-Soper kernel can be expressed as 

 

For the non perturbative Collins-Soper kernel we use

, where , and 

The perturbative part of the kernel  is calculated at 

This parametrization ensures evolution and perturbative convergence,  are free 
parameters.

𝒟(bT; μ) = 𝒟pert(b*; μ*) + ∫
μ

μ*

dμ′￼

μ′￼

Γ(μ′￼) + 𝒟NP(bT)

𝒟NP = bb* (c0 + c1 ln
b*
bNP ) b*(bT) =

bT

1 + b2
T /B2

NP

μ* =
2e−γE

b*(bT)

BNP = 1.5 GeV−1

𝒟pert(b*; μ*) 𝒪(α2
S)

c0, c1



ANALYSIS SET UP
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We perform the analysis in four steps:
baseline PDF — an analysis of PDFs only
baseline TMD — an analysis of TMDs with fixed PDFs. Low energy DY, RHIC, 
and Tevatron data
baseline TMD+LHC — an analysis of TMDs with fixed PDFs, baseline TMD 
data plus LHC data
JAM25TMD+PDF — combined analysis of TMDs and PDFs

The following cuts are used:

, , 
qT

Q
< 0.2 W2 > 3.5 (GeV2) Q > mc = 1.28 (GeV)

P. C. Barry  et al 2510.1377

In each step we generate around 1000 replicas and perform Bayesian 
inference



3

and mb = 4.18 GeV [104]. We use Mellin technique to
solve DGLAP equations and compute collinear observ-
ables. We refer the reader to Refs. [64, 103] for detailed
discussions of the theoretical formalism, datasets, and the
analysis that we use as the prior in our current study.

The data relevant for the TMD description are qT de-
pendent Drell-Yan data sets. In order to remain in the
TMD region we will implement qT /Q < 0.2 cut for the
experimental data, and an additional cut (qT /Q <

→
2ω,

where ω is the the relative uncorrelated uncertainty) used
in Ref. [29]. We will include data from fixed target ex-
periments, the E288 experiment [73] taken with 200, 300,
and 400 GeV proton beams on a copper (Cu) target, the
E605 experiment [74] taken on a Cu target, and the E772
experiment [75] using a deuterium target. The E288 and
E605 experiments took measurements at fixed rapidity
and fixed xF = 2

→
ε sinh(y), respectively, while the E772

experiment measured over 0.1 ↑ xF ↑ 0.3. In addi-
tion we will use the high-energy collider p̄p data sets
from TeVatron integrated in rapidity, two datasets from
CDF [105, 106] at 1.8 and 1.96 TeV and D0 [107] at
1.8 TeV. We use high precision Large-Hadron Collider pp
data taken around the Z boson peak: ATLAS [108] at
8 TeV and CMS [109] at 7 TeV binned in rapidity, and
LHCb [88, 110, 111] at 7, 8, and 13 TeV correspondingly
integrated in rapidity , and from RHIC STAR [112] 510
GeV and PHENIX [113] 200 GeV. In total the dataset
we consider consists of 4715 points: 436 for qT depen-
dent DY, and 4279 points for the data sets sensitive to
collinear PDFs.

The parametrization of non perturbative ingredients of
TMD PDFs follows Ref. [50]:

fq
NP

(bT ) = cosh [(ϑq
1
x+ ϑq

2
(1↓ x)) bT ]

→1
, (5)

where the flavors are u, d, ū, d̄ and sea for the other
quarks and anti-quarks. The non perturbative part of
the Collins-Soper kernel is parametrized as DNP(bT ) =
bT b↑

[
c0 + c1 ln

(
b2T /B

2

NP

)]
, where c0, c1 are parameters

and b↑(bT ) = bT /
√
1 + b2T /B

2

NP
with fixed BNP = 1.5

(GeV→1). We have 10 parameters for TMD PDFs and 2
parameters for CS kernel.

In order to be consistent with the precision for collinear
observables used in this analysis, we take the hard factor
HDY

qq̄ in Eq. (1) and Wilson coe!cients C in Eq. (2) at
O(ϖs) [13, 114]. This precision defines the highest loga-
rithmic precision that can be used in our analysis, accord-
ing to the logarithmic counting, see Refs. [18, 31], we im-
plement next-to-next-to-leading-logarithmic (N2LL) ac-
curacy for TMD PDFs. We use the cusp anomalous di-
mension ϱK [115–120] at O(ϖ3

s) and the anomalous di-
mension of the TMD operator [114, 121] ϱf and the per-
turbative part of the Collins-Soper kernel [122, 123] K̃
at O(ϖ2

s) precision; ϱK , ϱf , and K̃ are ingredients of
Collins-Soper equations that determine running of TMD
PDFs with respect to the corresponding scales, µ and ς.

The number of active flavors is determined by the hard
scale Q.

TABLE I. Summary of ω2/Npts and Z-scores for the
TMD only and PDF only (baseline TMD+LHC and baseline

PDF) fits compared with the combined fit TMD+PDF
(JAM25PDF+TMD).

Collinear
ω2/Npts (Z-score)

Process Experiment Npts PDF only TMD+PDF
DIS fixed target 2501 1.02 (0.82) 1.02 (0.59)

HERA 1185 1.27 (6.01) 1.27 (6.11)
DY E866, 906 205 1.27 (2.54) 1.26 (2.50)
W ε a. LHC, RHIC 70 0.80 (-1.20) 0.78 (-1.35)
W ch. a. CDF, D0 27 1.12 (0.51) 1.13 (0.53)
Z rap. CDF, D0 56 1.09 (0.55) 1.11 (0.60)
Inc. jets CDF, D0, STAR 198 1.00 (0.00) 0.98 (-0.13)
W + c ATLAS, CMS 37 0.65 (-1.66) 0.62 (-1.84)
Total 4279 1.10 (4.31) 1.09 (4.14)

TMD
Process Experiment Npts TMD only TMD+PDF
DY E288, 605, 772 224 1.36 (3.44) 1.31 (3.02)

CDF, D0 80 1.06 (0.45) 1.11 (0.71)
STAR, PHENIX 12 1.15 (0.47) 1.20 (0.60)
ATLAS 30 2.07 (3.29) 1.78 (2.55)
CMS 64 1.18 (1.03) 0.92 (-0.39)
LHCb 26 0.53 (-1.97) 0.50 (-2.12)

Total 436 1.27 (3.72) 1.20 (2.76)
Total 4715 1.10 (4.79)

Since we analyze pp,p̄p, and pA DY data, we re-
late the TMD PDFs for the nucleus to the bound pro-
ton and neutron TMD PDFs by the relations f̃q/A ↔
(Z/A)f̃q/p+(1↓Z/A)f̃q/n, for a nucleus with mass num-
ber A and atomic number Z. We make an approximation
that the quantities on the R.H.S. are those for free proton
and neutron, justified by the smallness of nuclear e"ects
that we found in our previous paper [27]. We will study
nuclear e"ects in TMDs and PDFs in the future.

Results — The analysis is performed in four steps.
First we perform baseline PDF analysis. Then we per-
form baseline TMD by fixing collinear PDFs and ex-
tracting TMDs from an analysis of fixed target DY
and TeVatron data sets (excluding the LHC data), this
analysis allows to study the impact of the LHC data.
Then we add LHC data to the qT dependent DY
data used in the previous step and perform baseline

TMD+LHC analysis. On the final fourth step we perform a
global simultaneous QCD analysis of TMDs and PDFs,
JAM25PDF+TMD, incorporating all collinear and qT
dependent DY datasets. Baseline PDF replicas serve as
priors for PDFs and baseline TMD+LHC TMD replicas
serve as priors for TMDs. In total we have 785? replicas.

The analysis is performed using an original JAM Col-
laboration TMD and collinear python framework on the
computer cluster at Je"erson Lab. In the future, we are
planning to release an open source code for the usage in

RESULTS

15

Combined TMD and PDF extraction improves on the quality of description of the data while
keeping collinear datasets described well.

P. C. Barry  et al 2510.1377
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The analysis does not find 
strong correlation of PDF 
(blue rectangle) and TMD 
(red rectangle) parameters

Pearson coefficients are 
shown
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The combined analysis results in the improvement for  in large  region due to the 
inclusion of fixed target DY data and improvement of  due to the inclusion of the LHC 
data.
Shown here is the 95% confidence interval.
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The combined analysis results in the improvement for  in large  region due to the 
inclusion of fixed target DY consistent with the isoscalar nature of the target. Notice that 

 is not impacted.
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The improvement of  due to the inclusion of the LHC data.s + s̄

P. C. Barry  et al 2510.1377

0.1 0.2 0.3 0.4 0.5

x

0.5

1

1.5

re
la
ti
v
e
er
ro
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Maybe the rigidify of TMD parametrizations make this improvement?

Ff(x, b) =
1

cosh (λf
1(1 − x)λ3

f + λ2
2x)b)

P. C. Barry  et al 2510.1377
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Is the improvement consistent with findings of the analyses that include LHC 
integrated data?

P. C. Barry  et al 2510.1377
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The reduction in uncertainty is consistent with the inclusion of the collinear LHC data as observed by NNPDF. 
This speaks to the consistency of the two independent theoretical frameworks.
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Combined fit results in the improvement of the extraction of TMDs. The LHC data are 
important for quarks. Fixed target DY data improves  quarks at large u, d, s ū, d̄ x
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Our results are in agreement with results from other groups.

P. C. Barry  et al 2510.1377
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MAPNN: MAP Collaboration, A. Bacchetta, 
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\

We perform closure tests to assess robustness of the framework:
Fix PDFs and recover TMDs using TMD pseudo data only
Fix TMDs and recover PDFs using pseudo PDF and TMD data
Open all and recover TMDs and PDFs using pseudo PDF and TMD data
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We perform closure tests to assess robustness of the framework:
Fix PDFs and recover TMDs using TMD pseudo data only

Perfect consistency in TMD sector
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We perform closure tests to assess robustness of the framework:
Fix TMDs and recover PDFs using pseudo PDF and TMD data

Perfect consistency in PDF sector
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We perform closure tests to assess robustness of the framework:
Open all and recover TMDs and PDFs using pseudo PDF and TMD data

We demonstrated consistency across these three complementary closure tests 
and absence of biases hidden in the restricted tests therefore strengthening the 
reliability of our framework.
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Collins Soper kernel is an important 
ingredient of the analysis. The LHC 
data is particularly impactful on its 
extraction.

Compared to lattice results from

P. C. Barry  et al 2510.1377
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Collins Soper kernel compares 
well to existing extractions.
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A combined analysis of TMDs and PDFs is possible 
and leads to refinements in both TMDs and PDFs 
We are planning on performing a comparative study 
of prescriptions for the solution of TMD evolution 
equations: CSS, Qiu-Zhang,  prescription
We are planning on studying collinear and TMD 
fragmentation functions and on inclusion of Semi-
Inclusive Deep Inelastic Scattering data

ζ

Chapter 1

Overview: Science, Machine and
Deliverables of the EIC

1.1 Scientific Highlights

1.1.1 Nucleon Spin and its 3D Structure and Tomography

Several decades of experiments on deep inelastic scattering (DIS) of electron or muon beams
o↵ nucleons have taught us about how quarks and gluons (collectively called partons) share
the momentum of a fast-moving nucleon. They have not, however, resolved the question of
how partons share the nucleon’s spin and build up other nucleon intrinsic properties, such
as its mass and magnetic moment. The earlier studies were limited to providing the lon-
gitudinal momentum distribution of quarks and gluons, a one-dimensional view of nucleon
structure. The EIC is designed to yield much greater insight into the nucleon structure
(Fig. 1.1, from left to right), by facilitating multi-dimensional maps of the distributions of
partons in space, momentum (including momentum components transverse to the nucleon
momentum), spin, and flavor.

Figure 1.1: Evolution of our understanding of nucleon spin structure. Left: In the 1980s,
a nucleon’s spin was naively explained by the alignment of the spins of its constituent quarks.
Right: In the current picture, valence quarks, sea quarks and gluons, and their possible orbital
motion are expected to contribute to overall nucleon spin.

1
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2

Q2, rapidity y of the lepton pair, and qT is given by

d3ω

dQ2 dy dq2T
= ω0P

∑

q

c2q(Q)HDY
qq̄ (Q,µ)

∫
d2bT
(2ε)2

eibT ·qT

→ f̃q/p(x1, bT ;µ, ϑ) f̃q̄/p(x2, bT ;µ, ϑ) , (1)

where the sum over q runs over all quarks and anti-
quarks with electroweak charges c2q. Here, P is the
fiducial factor that takes into account experimental
cuts on the momenta of the detected leptons [21, 23],
ω0 ↑ 4ε2ϖ2

em/9Q
2s with s the c.m. energy of the

reaction, HDY
qq̄ is the hard coe!cient function, and

x1(2) = (Q/
↓
s) e+(→)y are the partonic momentum frac-

tions. Two scales, µ and ϑ, regularize the ultraviolet
and rapidity divergences, respectively, and are conven-
tionally chosen to be µ2 = ϑ = Q2 to optimize the
perturbative convergence. Each TMD satisfies the CS
equations [19, 50], which govern the dependence on these
scales, and several frameworks exist for implementing
their solutions — see Chapter 4 of Ref. [19] and refer-
ences therein.

In our study we utilize the ϑ-prescription [26, 51] for
TMD evolution. A defining feature of the ϑ-prescription
is that it uses the null-evolution line (µ, ϑµ(bT )) as the
reference scale, defined by

!(µ) ln

(
µ2

ϑµ(bT )

)
↔ ϱV (µ) = 2D(bT ;µ)

d ln ϑµ(bT )

d lnµ2
, (2)

where ϱV is the anomalous dimension of the vector form
factor [50, 52], and ! is the cusp anomalous dimen-
sion [53–58]. The CS kernel D [7, 19, 36, 59] determines
the rapidity scale evolution of the TMD,

D(bT ;µ)=Dpert(b
↑;µ↑) +

∫ µ

µ→

dµ↓

µ↓ !(µ
↓) +DNP(bT ). (3)

Here, Dpert is a perturbatively calculable component
that describes the small-bT behavior [60–62], and DNP

is a nonperturbative component which dominates the
large-bT region. The matching between the small- and
large-bT regions is controlled via b↑, where b↑(bT ) =
bT /

√
1 + b2T /B

2
NP with fixed BNP = 1.5 GeV→1 and

µ↑ = 2e→ωE/b↑(bT ). The nonperturbative component is
extracted from the data, as discussed below.

In the ϑ-prescription [26, 51], the selection of the scale
for TMDs is replaced by the selection of the equipotential
line, for which we choose a line passing through the saddle
point of the evolution field. A TMD at a given set of
scales (µ, ϑ) is then given by

f̃q/p(x, bT ;µ, ϑ) = f̃q/p(x, bT )

(
ϑ

ϑµ(bT )

)→D(bT ;µ)

, (4)

where f̃q/p(x, bT ) is the so-called optimal TMD. This
function is obtained by utilizing the OPE relation of

TMDs and PDFs at small bT [7, 32, 36–40] and mod-
eling its nonperturbative large-bT behavior,

f̃q/p(x, bT ) =
∑

f ↑=q,q̄,g

[
Cq/f ↑(x, bT ;µOPE)↗ ff ↑/p(x;µOPE)

]

→ fq
NP(x, bT ), (5)

where ff ↑/p is the collinear PDF for flavor f ↓, and fq
NP

is a nonperturbative function that encodes large-bT be-
havior. The ↗ symbol represents the convolution inte-
gral, C ↗ f ↑

∫ 1
x (dς/ς)C(x/ς) f(ς). Setting the scale

µOPE = 2e→ωE/bT + 2 GeV [59] minimizes logarithmic
corrections and avoids the Landau pole at large bT .

To align with the next-to-leading order (NLO) treat-
ment of the collinear observables in this analysis, the
Wilson coe!cients Cq/f ↑ entering Eq. (5) are taken
at O(ϖs) [7, 50]. Following the standard logarithmic
counting [19, 21], we implement next-to-next-to-leading-
logarithmic (N2LL) accuracy for TMDs. Specifically, we
use ! at O(ϖ3

s) and ϱV and Dpert at O(ϖ2
s) precision,

while the hard factor HDY
qq̄ in Eq. (1) is at O(ϖ2

s). We
plan to extend the perturbative accuracy to higher or-
ders in the future, since it has been shown that going
from NLO to NNLO can be impactful [63].

Phenomenological framework — The collinear data
used in this analysis includes DIS data from BCDMS [64],
NMC [65, 66], SLAC [67], Je"erson Lab [68–71] and
HERA [72], DY lepton-pair production from the Fer-
milab E866 NuSea [73] and E906 SeaQuest [74] exper-
iments, W±-lepton asymmetries from CMS [75–78] and
LHCb [79, 80] at the LHC and STAR [81] from RHIC,
reconstructed Z/ϱ↑ and W± asymmetries from the Teva-
tron [81–85], W+ charm production [86–88] from the
LHC, and jet production data from the Tevatron [89, 90]
and RHIC [91]. A cut on DIS data of W 2 > 3.5 GeV2

allows sensitivity to quark distributions in the large-x
region.

For the processes described above we utilize the MS
renormalization scheme, with the strong coupling ϖs

evolved numerically using the QCD φ-functions with
boundary condition ϖs(MZ) = 0.118 at the Z-boson
mass. The PDFs are evolved to next-to-leading log-
arithmic accuracy solving the DGLAP evolution equa-
tions [2, 3, 92, 93] using Mellin-space techniques in the
zero-mass variable flavor scheme. The input scale µ0 is
set to the charm quark mass, mc = 1.28 GeV [94]. The
collinear PDFs are parametrized at µ0 using the shape
functions

f(x;µ0) = Nxε(1↔ x)ϑ(1 + ϱ
↓
x+ ↼x) . (6)

A total of 35 parameters are used for the uv, dv, ū, d̄,
s, s̄, and g flavors, while heavy quark distributions are
generated through evolution. The motivation of the ϖ pa-
rameter comes from Regge theory, and the φ comes from
the expectation of QCD counting rules. As usual the
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Collins-Soper evolution equations:

The solution:

One can derive:

⇣
d

d⇣
�F (µ, ⇣) = ��(µ)

µ
d

dµ
D(µ, b) = �(µ)
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⇣
d

d⇣
�F (µ, ⇣) = �µ

d

dµ
D(µ, b)
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The evolution factor is path independent
(in principle)

5

Note that for real functions f , this Hankel transform is also real, and f̃
(n) possesses the same mass dimension for

all n. Therefore, the correspondence between the functions in Eq. (10) and Eq. (13) is

ef1(x, b) ⌘ ef (0)

1
(x, b), f

?

1T
(x, b) ⌘ ef?(1)

1T
(x, b),

eg1(x, b) ⌘ eg?(0)

1
(x, b), eg?

1T
(x, b) ⌘ eg?(1)

1T
(x, b), (14)

eh1(x, b) ⌘ eh?(0)

1
(x, b), eh?

1L
(x, b) ⌘ eh?(1)

1L
(x, b),

eh?

1
(x, b) ⌘ eh?(1)

1
(x, b), eh?

1T
(x, b) ⌘ eh?(2)

1T
(x, b).

Formally one has [72]

lim
b!0

ef (n)(x, b) =

Z
d
2kT

✓
k2

T

2M2

◆n

f(x, kT ) ⌘ f
(n)(x), (15)

where f
(n)(x) is often referred to as the n-th moment of the TMD.

The superscripts (0), (1), (2) in Eqs. (14) help to keep track of the asymptotic behavior of the TMDs and they are
important for the discussion of TMMs in the following Sections. The large-kT asymptotic of the TMDs are power-like
and in kT -space one has

f(x, kT ) /
M

2m

(k2
T
)m+1

, (16)

accompanied by powers of logarithms ln(kT ), where f represents one of the TMDs from the right-hand side of Eq. (11),

and m is the corresponding superscript of ef (m)(x, b) from Eqs. (14).

IV. EVOLUTION OF TMDS AND ⇣-PRESCRIPTION

The treatment of evolution scales plays a central role in the derivations of relations between 3D and 1D struc-
tures. In this section, we recap the main elements of TMD evolution and the ⇣-prescription. The detailed definition
and derivations can be found in Refs. [52, 73]. For the reader’s convenience, we collect several useful formulas in
Appendix A.

All TMDs depend on two renormalization scales, µ, the UV evolution scale, and ⇣, the rapidity evolution scale. In
the position space, the dependence on (µ, ⇣) is governed by two evolution equations [4]

µ
2

d

dµ2

eF (x, b;µ, ⇣) =
�F (µ, ⇣)

2
eF (x, b;µ, ⇣), (17)

⇣
@

@⇣

eF (x, b;µ, ⇣) = �D(b, µ) eF (x, b;µ, ⇣), (18)

where eF represents any TMD in b-space from LHS of Eq. (10), and D is the Collins-Soper kernel 2. The TMD
anomalous dimension �F has the following form

�F (µ, ⇣) ⌘ �cusp(µ) ln

✓
µ
2

⇣

◆
� �V (µ). (19)

Here, �cusp is the cusp-anomalous dimension, and �V is the vector anomalous dimension. The coe�cients of the
corresponding perturbative series are denoted as:

�cusp(µ) =
1X

n=0

↵
n+1

s
(µ)�n, (20)

�V (µ) =
1X

n=1

↵
n

s
(µ)�n, (21)

2 D = �K̃/2, where K̃ is the Collins-Soper kernel in the notation of Ref [4]. It is a universal object for all quarks. For gluons, the
Collins-Soper kernel is di↵erent, and we do not explicitly consider gluons in this paper, hence we do not assign the flavor index to it.
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F (x, b;µ, ⇣) = �D(b, µ)F (x, b;µ, ⇣)
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µ2 d

dµ2
F (x, b;µ, ⇣) =

�F (µ, ⇣)

2
F (x, b;µ, ⇣)
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F (x, b;µf , ⇣f ) = exp

Z

P

✓
�F (µ

0, ⇣ 0)
dµ0

µ0 �D(b, µ0)
d⇣ 0

⇣ 0

◆�
F (x, b;µi, ⇣i)
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Coupled evolution of TMD and truncation of the perturbative series
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5

Note that for real functions f , this Hankel transform is also real, and f̃
(n) possesses the same mass dimension for

all n. Therefore, the correspondence between the functions in Eq. (10) and Eq. (13) is

ef1(x, b) ⌘ ef (0)

1
(x, b), f

?

1T
(x, b) ⌘ ef?(1)

1T
(x, b),

eg1(x, b) ⌘ eg?(0)

1
(x, b), eg?

1T
(x, b) ⌘ eg?(1)

1T
(x, b), (14)

eh1(x, b) ⌘ eh?(0)

1
(x, b), eh?

1L
(x, b) ⌘ eh?(1)

1L
(x, b),

eh?

1
(x, b) ⌘ eh?(1)

1
(x, b), eh?

1T
(x, b) ⌘ eh?(2)

1T
(x, b).

Formally one has [72]

lim
b!0

ef (n)(x, b) =

Z
d
2kT

✓
k2

T

2M2

◆n

f(x, kT ) ⌘ f
(n)(x), (15)

where f
(n)(x) is often referred to as the n-th moment of the TMD.

The superscripts (0), (1), (2) in Eqs. (14) help to keep track of the asymptotic behavior of the TMDs and they are
important for the discussion of TMMs in the following Sections. The large-kT asymptotic of the TMDs are power-like
and in kT -space one has

f(x, kT ) /
M

2m

(k2
T
)m+1

, (16)

accompanied by powers of logarithms ln(kT ), where f represents one of the TMDs from the right-hand side of Eq. (11),

and m is the corresponding superscript of ef (m)(x, b) from Eqs. (14).

IV. EVOLUTION OF TMDS AND ⇣-PRESCRIPTION

The treatment of evolution scales plays a central role in the derivations of relations between 3D and 1D struc-
tures. In this section, we recap the main elements of TMD evolution and the ⇣-prescription. The detailed definition
and derivations can be found in Refs. [52, 73]. For the reader’s convenience, we collect several useful formulas in
Appendix A.

All TMDs depend on two renormalization scales, µ, the UV evolution scale, and ⇣, the rapidity evolution scale. In
the position space, the dependence on (µ, ⇣) is governed by two evolution equations [4]

µ
2

d

dµ2

eF (x, b;µ, ⇣) =
�F (µ, ⇣)

2
eF (x, b;µ, ⇣), (17)

⇣
@

@⇣

eF (x, b;µ, ⇣) = �D(b, µ) eF (x, b;µ, ⇣), (18)

where eF represents any TMD in b-space from LHS of Eq. (10), and D is the Collins-Soper kernel 2. The TMD
anomalous dimension �F has the following form

�F (µ, ⇣) ⌘ �cusp(µ) ln

✓
µ
2

⇣

◆
� �V (µ). (19)

Here, �cusp is the cusp-anomalous dimension, and �V is the vector anomalous dimension. The coe�cients of the
corresponding perturbative series are denoted as:

�cusp(µ) =
1X

n=0

↵
n+1

s
(µ)�n, (20)

�V (µ) =
1X

n=1

↵
n

s
(µ)�n, (21)

2 D = �K̃/2, where K̃ is the Collins-Soper kernel in the notation of Ref [4]. It is a universal object for all quarks. For gluons, the
Collins-Soper kernel is di↵erent, and we do not explicitly consider gluons in this paper, hence we do not assign the flavor index to it.

Collins-Soper evolution equations:

The solution:

Equipotential lines exist in the field E ≡ (γF(μ, ζ)/2, − 𝒟(b, μ))

6

with ↵s(µ) being the QCD coupling constant. The Collins-Soper kernel is a non-perturbative function that satisfies
the following evolution equation

µ
2

d

dµ2
D(b, µ) =

�cusp(µ)

2
. (22)

In the small-b regime, the Collins-Soper kernel can be computed perturbatively. The corresponding expression reads,
see i.e. [52, 55],

D(b, µ) =
1X

n=0

nX

k=0

↵
n

s
Lk

µ
d
(n,k) +O(b2), (23)

where

Lµ = ln

✓
µ
2
b
2

4e�2�E

◆
. (24)

All coe�cients d(n,k) with k 6= 0 can be expressed via recursive formulas using anomalous dimensions, see for instance
[52], and d

(1,0) = 0. The power corrections O(b2) to Eq. (23) are expressed via vacuum matrix elements [74], and can
be determined through comparison with experimental data [75] or by utilizing lattice QCD calculations [76, 77].

The fact that the evolution of TMDs is determined by a system of evolution equations (17,18) leads to several
consequences. Firstly, equations (22) and (19) guarantee the existence of a solution for the system (17,18) which
reads

F (x, b;µ, ⇣) = exp
h Z

P

✓
�F (µ

0
, ⇣

0)
dµ

0

µ0
�D(b, µ0)

d⇣
0

⇣ 0

◆i
F (x, b;µ0, ⇣0), (25)

where P is any path in the (µ,⇣)-plane connecting points (µ, ⇣) and (µ0, ⇣0). Secondly, there exist curves in the
(µ, ⇣)-space along which TMDs do not evolve [52, 73]. These are the equipotential lines of the two-dimensional vector
field E ⌘ (�F (µ, ⇣)/2,�D(b, µ)) [52]. Consequently, the selection of a particular scale for a TMD can be equivalently
replaced by the selection of a particular equipotential line. The equipotential line (µ, ⇣µ(b)) is determined by the
following equation [73]

�cusp(µ) ln

✓
µ
2

⇣µ(b)

◆
� �V (µ) = 2D(b, µ)

d ln ⇣µ(b)

d lnµ2
. (26)

Importantly, this equation and the Collins-Soper kernel within it are applicable across all values of b, including the
nonperturbative large-b region. In this sense, the value of ⇣µ is a functional of D, denoted as ⇣µ(b) ⌘ ⇣µ(D(b)).

Therefore, the ⇣-prescription consists in defining the TMD on the equipotential line (µ, ⇣µ(b)). By definition, such
a TMD, which we call TMD in ⇣-prescription, is scale-invariant, satisfying

µ
2

d

dµ2
F (x, b;µ, ⇣µ(b)) = 0. (27)

To obtain the TMD at experimentally observed scales (µ, ⇣), one evolves the TMD from (µ0, ⇣µ0) to (µ, ⇣). Notably,
any convenient value of µ0 may be chosen, as the TMD in ⇣-prescription F (x, b;µ, ⇣µ(b)) remains independent of it.
A straightforward choice is µ0 = µ, and the simplest evolution path is a straight line from ⇣0 = ⇣(µ) to ⇣ = µ

2. In
this case, the evolution takes the form of a multiplicative factor

F (x, b;µ, ⇣) =

✓
⇣

⇣µ(b)

◆�D(b,µ)

F (x, b;µ, ⇣µ(b)). (28)

This formulation facilitates the computation of the TMD at any chosen set of scales (µ, ⇣µ(b)) starting from the TMD
F (x, b;µ, ⇣µ(b)) in the ⇣-prescription, as given by Eq. (27).

In this approach, the selection of the scale for TMDs is replaced by the selection of an equipotential line. It was
demonstrated in Ref. [73] that the optimal selection is the equipotential line passing through the saddle point (µ0, ⇣0)
of the evolution field. The saddle point is defined as

D(b, µ0) = 0, (29)

TMDs do not evolve along those lines
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Figure 1. Illustration of evolution paths corresponding to different solutions. Red lines show the
solutions 1, 2, and 3, defined in eqs. (2.14), (2.15), and (2.14), correspondingly. The blue line shows
the path of the improved D solution (4.6) with the normalization point µ0. Green line shows the
path of the fixed-µ solution, (2.35). The light-green curve shows the null-evolution curve which
passes though the point (µi, ζi). The evolution along light-green curve is absent.

In the first path the evolution is along µ first and then along ζ, while in the second path

the evolution is along ζ first and subsequently along µ. In the (µ, ζ)-plane these paths form

a rectangle, see figure 1. We call the solutions corresponding to these paths as solutions 1

and 2, for simplicity. Their explicit forms are

solution 1 : lnR[b; (µf , ζf )
1−→ (µi, ζi)] =

∫ µf

µi

dµ

µ
γF (µ, ζf )−D(µi, b) ln

(
ζf
ζi

)
, (2.14)

solution 2 : lnR[b; (µf , ζf )
2−→ (µi, ζi)] =

∫ µf

µi

dµ

µ
γF (µ, ζi)−D(µf , b) ln

(
ζf
ζi

)
. (2.15)

The solution 1 is practically the only one used in the literature, since it has the form of

the resummed Sudakov exponent, see e.g. [15, 32, 33].

In the next section we discuss the effects of violation of path-independence. So that

the solutions 1 and 2 can serve as natural extreme cases. For comparison, we also introduce

an intermediate solution whose path has the form of a straight line between points (µf , ζf )

and (µi, ζi). We call it the solution 3. Its explicit form reads

solution 3 : lnR[b; (µf , ζf )
3−→ (µi, ζi)] = (2.16)

=

∫ 1

0

(
γF (µ(t), ζ(t))

µf − µi

µ(t)
−D(µ(t), b)

ζf − ζi
ζ(t)

)
dt,

where t parameterizes the path of integration, µ(t) = (µf−µi)t+µi and ζ(t) = (ζf−ζi)t+ζi.

2.3 Two-dimensional notation and the scalar potential for TMD evolution

The TMD evolution is naturally formulated in the terms of two-dimensional vectors and

fields. In this section, we introduce the vector notation and rewrite the main equations of

the previous sections. By the bold font we designate the two-dimensional vectors.

– 8 –

Standard TMD formalism

-prescriptionζ

<latexit sha1_base64="idh42NZX7AclnwRNFuIHI+ecPq8="></latexit>

�F (µ, ⇣) = �cusp(µ) ln

✓
µ2

⇣

◆
� �V (µ)

<latexit sha1_base64="ui7WM6RZE5g7/8/G5bjXK+KwZbA="></latexit>

F (x, b;µf , ⇣f ) = exp

Z

P

✓
�F (µ

0, ⇣ 0)
dµ0

µ0 �D(b, µ0)
d⇣ 0

⇣ 0

◆�
F (x, b;µi, ⇣i)

<latexit sha1_base64="KC3KOnqrctMKeD/WCIbK8FbFY4U="></latexit>

⇣
d

d⇣
F (x, b;µ, ⇣) = �D(b, µ)F (x, b;µ, ⇣)

<latexit sha1_base64="3Co/xtsfrxqDfvwY/Gm5IwPTqBc="></latexit>

µ2 d

dµ2
F (x, b;µ, ⇣) =

�F (µ, ⇣)

2
F (x, b;µ, ⇣)
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Note that for real functions f , this Hankel transform is also real, and f̃
(n) possesses the same mass dimension for

all n. Therefore, the correspondence between the functions in Eq. (10) and Eq. (13) is

ef1(x, b) ⌘ ef (0)

1
(x, b), f

?

1T
(x, b) ⌘ ef?(1)

1T
(x, b),

eg1(x, b) ⌘ eg?(0)

1
(x, b), eg?

1T
(x, b) ⌘ eg?(1)

1T
(x, b), (14)

eh1(x, b) ⌘ eh?(0)

1
(x, b), eh?

1L
(x, b) ⌘ eh?(1)

1L
(x, b),

eh?

1
(x, b) ⌘ eh?(1)

1
(x, b), eh?

1T
(x, b) ⌘ eh?(2)

1T
(x, b).

Formally one has [72]

lim
b!0

ef (n)(x, b) =

Z
d
2kT

✓
k2

T

2M2

◆n

f(x, kT ) ⌘ f
(n)(x), (15)

where f
(n)(x) is often referred to as the n-th moment of the TMD.

The superscripts (0), (1), (2) in Eqs. (14) help to keep track of the asymptotic behavior of the TMDs and they are
important for the discussion of TMMs in the following Sections. The large-kT asymptotic of the TMDs are power-like
and in kT -space one has

f(x, kT ) /
M

2m

(k2
T
)m+1

, (16)

accompanied by powers of logarithms ln(kT ), where f represents one of the TMDs from the right-hand side of Eq. (11),

and m is the corresponding superscript of ef (m)(x, b) from Eqs. (14).

IV. EVOLUTION OF TMDS AND ⇣-PRESCRIPTION

The treatment of evolution scales plays a central role in the derivations of relations between 3D and 1D struc-
tures. In this section, we recap the main elements of TMD evolution and the ⇣-prescription. The detailed definition
and derivations can be found in Refs. [52, 73]. For the reader’s convenience, we collect several useful formulas in
Appendix A.

All TMDs depend on two renormalization scales, µ, the UV evolution scale, and ⇣, the rapidity evolution scale. In
the position space, the dependence on (µ, ⇣) is governed by two evolution equations [4]

µ
2

d

dµ2

eF (x, b;µ, ⇣) =
�F (µ, ⇣)

2
eF (x, b;µ, ⇣), (17)

⇣
@

@⇣

eF (x, b;µ, ⇣) = �D(b, µ) eF (x, b;µ, ⇣), (18)

where eF represents any TMD in b-space from LHS of Eq. (10), and D is the Collins-Soper kernel 2. The TMD
anomalous dimension �F has the following form

�F (µ, ⇣) ⌘ �cusp(µ) ln

✓
µ
2

⇣

◆
� �V (µ). (19)

Here, �cusp is the cusp-anomalous dimension, and �V is the vector anomalous dimension. The coe�cients of the
corresponding perturbative series are denoted as:

�cusp(µ) =
1X

n=0

↵
n+1

s
(µ)�n, (20)

�V (µ) =
1X

n=1

↵
n

s
(µ)�n, (21)

2 D = �K̃/2, where K̃ is the Collins-Soper kernel in the notation of Ref [4]. It is a universal object for all quarks. For gluons, the
Collins-Soper kernel is di↵erent, and we do not explicitly consider gluons in this paper, hence we do not assign the flavor index to it.
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with ↵s(µ) being the QCD coupling constant. The Collins-Soper kernel is a non-perturbative function that satisfies
the following evolution equation

µ
2

d

dµ2
D(b, µ) =

�cusp(µ)

2
. (22)

In the small-b regime, the Collins-Soper kernel can be computed perturbatively. The corresponding expression reads,
see i.e. [52, 55],

D(b, µ) =
1X

n=0

nX

k=0

↵
n

s
Lk

µ
d
(n,k) +O(b2), (23)

where

Lµ = ln

✓
µ
2
b
2

4e�2�E

◆
. (24)

All coe�cients d(n,k) with k 6= 0 can be expressed via recursive formulas using anomalous dimensions, see for instance
[52], and d

(1,0) = 0. The power corrections O(b2) to Eq. (23) are expressed via vacuum matrix elements [74], and can
be determined through comparison with experimental data [75] or by utilizing lattice QCD calculations [76, 77].

The fact that the evolution of TMDs is determined by a system of evolution equations (17,18) leads to several
consequences. Firstly, equations (22) and (19) guarantee the existence of a solution for the system (17,18) which
reads
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0
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dµ

0

µ0
�D(b, µ0)

d⇣
0

⇣ 0

◆i
F (x, b;µ0, ⇣0), (25)

where P is any path in the (µ,⇣)-plane connecting points (µ, ⇣) and (µ0, ⇣0). Secondly, there exist curves in the
(µ, ⇣)-space along which TMDs do not evolve [52, 73]. These are the equipotential lines of the two-dimensional vector
field E ⌘ (�F (µ, ⇣)/2,�D(b, µ)) [52]. Consequently, the selection of a particular scale for a TMD can be equivalently
replaced by the selection of a particular equipotential line. The equipotential line (µ, ⇣µ(b)) is determined by the
following equation [73]
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. (26)

Importantly, this equation and the Collins-Soper kernel within it are applicable across all values of b, including the
nonperturbative large-b region. In this sense, the value of ⇣µ is a functional of D, denoted as ⇣µ(b) ⌘ ⇣µ(D(b)).

Therefore, the ⇣-prescription consists in defining the TMD on the equipotential line (µ, ⇣µ(b)). By definition, such
a TMD, which we call TMD in ⇣-prescription, is scale-invariant, satisfying
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any convenient value of µ0 may be chosen, as the TMD in ⇣-prescription F (x, b;µ, ⇣µ(b)) remains independent of it.
A straightforward choice is µ0 = µ, and the simplest evolution path is a straight line from ⇣0 = ⇣(µ) to ⇣ = µ
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This formulation facilitates the computation of the TMD at any chosen set of scales (µ, ⇣µ(b)) starting from the TMD
F (x, b;µ, ⇣µ(b)) in the ⇣-prescription, as given by Eq. (27).

In this approach, the selection of the scale for TMDs is replaced by the selection of an equipotential line. It was
demonstrated in Ref. [73] that the optimal selection is the equipotential line passing through the saddle point (µ0, ⇣0)
of the evolution field. The saddle point is defined as

D(b, µ0) = 0, (29)

Collins-Soper evolution equations:
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Equipotential lines exist in the field E ≡ (γF(μ, ζ)/2, − 𝒟(b, μ))

TMDs do not evolve along those lines
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the following evolution equation

µ
2

d

dµ2
D(b, µ) =

�cusp(µ)

2
. (22)

In the small-b regime, the Collins-Soper kernel can be computed perturbatively. The corresponding expression reads,
see i.e. [52, 55],

D(b, µ) =
1X

n=0

nX

k=0

↵
n

s
Lk

µ
d
(n,k) +O(b2), (23)

where

Lµ = ln

✓
µ
2
b
2

4e�2�E

◆
. (24)

All coe�cients d(n,k) with k 6= 0 can be expressed via recursive formulas using anomalous dimensions, see for instance
[52], and d

(1,0) = 0. The power corrections O(b2) to Eq. (23) are expressed via vacuum matrix elements [74], and can
be determined through comparison with experimental data [75] or by utilizing lattice QCD calculations [76, 77].

The fact that the evolution of TMDs is determined by a system of evolution equations (17,18) leads to several
consequences. Firstly, equations (22) and (19) guarantee the existence of a solution for the system (17,18) which
reads

F (x, b;µ, ⇣) = exp
h Z

P

✓
�F (µ

0
, ⇣

0)
dµ

0

µ0
�D(b, µ0)

d⇣
0

⇣ 0

◆i
F (x, b;µ0, ⇣0), (25)

where P is any path in the (µ,⇣)-plane connecting points (µ, ⇣) and (µ0, ⇣0). Secondly, there exist curves in the
(µ, ⇣)-space along which TMDs do not evolve [52, 73]. These are the equipotential lines of the two-dimensional vector
field E ⌘ (�F (µ, ⇣)/2,�D(b, µ)) [52]. Consequently, the selection of a particular scale for a TMD can be equivalently
replaced by the selection of a particular equipotential line. The equipotential line (µ, ⇣µ(b)) is determined by the
following equation [73]

�cusp(µ) ln

✓
µ
2

⇣µ(b)

◆
� �V (µ) = 2D(b, µ)

d ln ⇣µ(b)

d lnµ2
. (26)

Importantly, this equation and the Collins-Soper kernel within it are applicable across all values of b, including the
nonperturbative large-b region. In this sense, the value of ⇣µ is a functional of D, denoted as ⇣µ(b) ⌘ ⇣µ(D(b)).

Therefore, the ⇣-prescription consists in defining the TMD on the equipotential line (µ, ⇣µ(b)). By definition, such
a TMD, which we call TMD in ⇣-prescription, is scale-invariant, satisfying

µ
2

d

dµ2
F (x, b;µ, ⇣µ(b)) = 0. (27)

To obtain the TMD at experimentally observed scales (µ, ⇣), one evolves the TMD from (µ0, ⇣µ0) to (µ, ⇣). Notably,
any convenient value of µ0 may be chosen, as the TMD in ⇣-prescription F (x, b;µ, ⇣µ(b)) remains independent of it.
A straightforward choice is µ0 = µ, and the simplest evolution path is a straight line from ⇣0 = ⇣(µ) to ⇣ = µ

2. In
this case, the evolution takes the form of a multiplicative factor

F (x, b;µ, ⇣) =

✓
⇣

⇣µ(b)

◆�D(b,µ)

F (x, b;µ, ⇣µ(b)). (28)

This formulation facilitates the computation of the TMD at any chosen set of scales (µ, ⇣µ(b)) starting from the TMD
F (x, b;µ, ⇣µ(b)) in the ⇣-prescription, as given by Eq. (27).

In this approach, the selection of the scale for TMDs is replaced by the selection of an equipotential line. It was
demonstrated in Ref. [73] that the optimal selection is the equipotential line passing through the saddle point (µ0, ⇣0)
of the evolution field. The saddle point is defined as

D(b, µ0) = 0, (29)
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p
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Figure 1. Illustration of evolution paths corresponding to different solutions. Red lines show the
solutions 1, 2, and 3, defined in eqs. (2.14), (2.15), and (2.14), correspondingly. The blue line shows
the path of the improved D solution (4.6) with the normalization point µ0. Green line shows the
path of the fixed-µ solution, (2.35). The light-green curve shows the null-evolution curve which
passes though the point (µi, ζi). The evolution along light-green curve is absent.

In the first path the evolution is along µ first and then along ζ, while in the second path

the evolution is along ζ first and subsequently along µ. In the (µ, ζ)-plane these paths form

a rectangle, see figure 1. We call the solutions corresponding to these paths as solutions 1

and 2, for simplicity. Their explicit forms are

solution 1 : lnR[b; (µf , ζf )
1−→ (µi, ζi)] =

∫ µf

µi

dµ

µ
γF (µ, ζf )−D(µi, b) ln

(
ζf
ζi

)
, (2.14)

solution 2 : lnR[b; (µf , ζf )
2−→ (µi, ζi)] =

∫ µf

µi

dµ

µ
γF (µ, ζi)−D(µf , b) ln

(
ζf
ζi

)
. (2.15)

The solution 1 is practically the only one used in the literature, since it has the form of

the resummed Sudakov exponent, see e.g. [15, 32, 33].

In the next section we discuss the effects of violation of path-independence. So that

the solutions 1 and 2 can serve as natural extreme cases. For comparison, we also introduce

an intermediate solution whose path has the form of a straight line between points (µf , ζf )

and (µi, ζi). We call it the solution 3. Its explicit form reads

solution 3 : lnR[b; (µf , ζf )
3−→ (µi, ζi)] = (2.16)

=

∫ 1

0

(
γF (µ(t), ζ(t))

µf − µi

µ(t)
−D(µ(t), b)

ζf − ζi
ζ(t)

)
dt,

where t parameterizes the path of integration, µ(t) = (µf−µi)t+µi and ζ(t) = (ζf−ζi)t+ζi.

2.3 Two-dimensional notation and the scalar potential for TMD evolution

The TMD evolution is naturally formulated in the terms of two-dimensional vectors and

fields. In this section, we introduce the vector notation and rewrite the main equations of

the previous sections. By the bold font we designate the two-dimensional vectors.

– 8 –

Standard TMD formalism
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One particular line is of interest, the saddle point :(μ0, ζ0)

TMD on this line is called the
optimal TMD and it is has 
no scale dependence  
The evolution becomes a multiplicative factor

F(x, b)

6

with ↵s(µ) being the QCD coupling constant. The Collins-Soper kernel is a non-perturbative function that satisfies
the following evolution equation

µ
2

d

dµ2
D(b, µ) =

�cusp(µ)

2
. (22)

In the small-b regime, the Collins-Soper kernel can be computed perturbatively. The corresponding expression reads,
see i.e. [52, 55],

D(b, µ) =
1X

n=0

nX

k=0

↵
n

s
Lk

µ
d
(n,k) +O(b2), (23)

where

Lµ = ln

✓
µ
2
b
2

4e�2�E

◆
. (24)

All coe�cients d(n,k) with k 6= 0 can be expressed via recursive formulas using anomalous dimensions, see for instance
[52], and d

(1,0) = 0. The power corrections O(b2) to Eq. (23) are expressed via vacuum matrix elements [74], and can
be determined through comparison with experimental data [75] or by utilizing lattice QCD calculations [76, 77].

The fact that the evolution of TMDs is determined by a system of evolution equations (17,18) leads to several
consequences. Firstly, equations (22) and (19) guarantee the existence of a solution for the system (17,18) which
reads

F (x, b;µ, ⇣) = exp
h Z

P

✓
�F (µ

0
, ⇣

0)
dµ

0

µ0
�D(b, µ0)

d⇣
0

⇣ 0

◆i
F (x, b;µ0, ⇣0), (25)

where P is any path in the (µ,⇣)-plane connecting points (µ, ⇣) and (µ0, ⇣0). Secondly, there exist curves in the
(µ, ⇣)-space along which TMDs do not evolve [52, 73]. These are the equipotential lines of the two-dimensional vector
field E ⌘ (�F (µ, ⇣)/2,�D(b, µ)) [52]. Consequently, the selection of a particular scale for a TMD can be equivalently
replaced by the selection of a particular equipotential line. The equipotential line (µ, ⇣µ(b)) is determined by the
following equation [73]

�cusp(µ) ln

✓
µ
2

⇣µ(b)

◆
� �V (µ) = 2D(b, µ)

d ln ⇣µ(b)

d lnµ2
. (26)

Importantly, this equation and the Collins-Soper kernel within it are applicable across all values of b, including the
nonperturbative large-b region. In this sense, the value of ⇣µ is a functional of D, denoted as ⇣µ(b) ⌘ ⇣µ(D(b)).

Therefore, the ⇣-prescription consists in defining the TMD on the equipotential line (µ, ⇣µ(b)). By definition, such
a TMD, which we call TMD in ⇣-prescription, is scale-invariant, satisfying

µ
2

d

dµ2
F (x, b;µ, ⇣µ(b)) = 0. (27)

To obtain the TMD at experimentally observed scales (µ, ⇣), one evolves the TMD from (µ0, ⇣µ0) to (µ, ⇣). Notably,
any convenient value of µ0 may be chosen, as the TMD in ⇣-prescription F (x, b;µ, ⇣µ(b)) remains independent of it.
A straightforward choice is µ0 = µ, and the simplest evolution path is a straight line from ⇣0 = ⇣(µ) to ⇣ = µ

2. In
this case, the evolution takes the form of a multiplicative factor

F (x, b;µ, ⇣) =

✓
⇣

⇣µ(b)

◆�D(b,µ)

F (x, b;µ, ⇣µ(b)). (28)

This formulation facilitates the computation of the TMD at any chosen set of scales (µ, ⇣µ(b)) starting from the TMD
F (x, b;µ, ⇣µ(b)) in the ⇣-prescription, as given by Eq. (27).

In this approach, the selection of the scale for TMDs is replaced by the selection of an equipotential line. It was
demonstrated in Ref. [73] that the optimal selection is the equipotential line passing through the saddle point (µ0, ⇣0)
of the evolution field. The saddle point is defined as

D(b, µ0) = 0, (29)7

�cusp(µ0) ln

✓
µ
2
0

⇣0

◆
� �V (µ0) = 0. (30)

This point has the advantage of being uniquely defined and such that the values of ⇣µ are finite at all values of µ
(which is not guaranteed for any arbitrary equipotential line defined by Eq. (26)). The TMD defined on the line that
passes through the saddle point, Eqs. (29,30), is called the optimal TMD and is conventionally defined without explicit
scales, as discussed in Refs.[52, 73]. Another advantage of the optimal TMD on the equipotential line passing through
the saddle point is that the resulting TMD is inherently independent of the Collins-Soper kernel by construction, due
to Eq. (29).

Phenomenological studies that use ⇣-prescription proved to be very fruitful and include Refs. [14, 15, 49, 50,
52, 73, 78–80], along with the latest extraction of TMDs from Drell-Yan data performed at an approximate N4LL
accuracy [22].

V. THE ZEROTH TRANSVERSE MOMENTUM MOMENT

The zeroth TMM relates TMDs to the collinear (twist-two) parton distribution functions. In this Section, we
demonstrate that the zeroth TMM corresponds to the collinear PDF and exhibits the correct DGLAP evolution.
Specifically, we show that it can be precisely matched to the MS collinear PDF through a finite renormalization
constant.

The zeroth TMM is simply the momentum integral of the TMD given in Eq.(6). Upon substituting the parametriza-
tion for particular Dirac structures (10), we obtain

M
[�

+
](x, µ) =

Z
µ

d
2kTF

[�
+
](x, kT ) =

Z
µ

d
2kT f1(x, kT ),

M
[�

+
�5](x, µ) =

Z
µ

d
2kTF

[�
+
�
5
](x, kT ) = �

Z
µ

d
2kT g1(x, kT ), (31)

M
[i�

↵+
�
5
](x, µ) =

Z
µ

d
2kTF

[i�
↵+

�
5
](x, kT ) = s

↵

T

Z
µ

d
2kTh1(x, kT )

�

Z
µ

d
2kT

k2

T

M2

✓
g
↵µ

T

2
+

k
↵

T
k
µ

T

k2

T

◆
sTµh

?

1T
(x, kT ),

The last term contributes as ⇠ µ
�2, because the pretzelocity TMD, h?

1T
, behaves as k

�6

T
at large kT . Since we are

considering the large-µ regime, we will neglect this term.
To simplify the notations, we introduce operation G, see also Ref. [42],

Gn,m[f ](x, µ) =

Z
µ

d
2kT

✓
k2

T

2M2

◆n

f(x, kT ) . (32)

In Eq. (32) the first index n can be any integer, while the second index m is the index of the TMD f̃ from Eqs. (14) in
b-space, that corresponds to the TMD f . Notice that without the upper cut-o↵, one recovers the usual n-th moment
of the TMD, as given by Eq. (15). With this notation and using Eq. (16) we obtain the following properties:

Gm,m[f ](x, µ) / log(µ) ,

Gm+l,m[f ](x, µ) / µ
2l for m+ l � 0 . (33)

That is, for any TMD in b-space of index m, the operation Gm,m exhibits logarithmic divergence, the operation Gm+l,m

has power like divergence of order l if l > 0, and Gm+l,m is convergent if l < 0. In what follows for the zeroth moment,
where indices are (0, 0), the index n is not a free parameter but is defined by the index m of the TMD. For simplicity,
we use a single subscript in the case where n = m, so that Gn,n ⌘ Gn. Hence, we have

Gn[f ](x, µ) =

Z
µ

d
2kT

✓
k2

T

2M2

◆n

f(x, kT ) =
1

n!

Z
1

0

db µ

✓
µb

2

◆n

Jn+1(µb) ef (n)(x, b), (34)

where Jn+1 is the Bessel function of the first kind. In this notation, Eqs. (31) turns into

M
[�

+
](x, µ) = G0[f1](x, µ), (35)

<latexit sha1_base64="lkkmFjTTyktxw1l+dKgB5iUXf2o="></latexit>

F (x, b;µ, ⇣) =

✓
⇣

⇣µ(b)

◆�D(b,µ)

F (x, b)
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Figure 2. The illustration of evolution flow field E at different values of b. The blue point is
the stable point. Gray curves are the equipotential lines (null-evolution curves). Red curves are
special null-evolution curves. Special curves split the plane into quadrants with preserved sign of
field components, which is shown by bold font. At large b the stable point moves to the values of
smaller µ, and crosses the Landau pole. The line of Landau pole in not presented and it is located
at smaller values of µ.

In this form the evolution kernel is explicitly path-independent and obeys the transitivity

property in eq. (2.9). The explicit form of the scalar potential can be found by integrating

eq. (2.23), namely

U(ν, b) =

∫ ν1 Γ(s)s− γV (s)

2
ds−D(ν, b)ν2 + const.(b), (2.25)

where ν1,2 are the components of the vector ν in eq. (2.17), and the last term is an arbitrary

b-dependent function.

2.4 Singularities on evolution plane

The evolution flow and the scalar potential have a non-trivial structure which is discussed

in the present and in the following sections. The graphical representation of the evolution

flow is shown in figure 2.

It is of great importance to classify the singularities of the scalar potential and the

evolution flow. In particular we are interested in the singularities that are located at finite

values of parameters. There are two of them. First, there is the line µ = Λ (where Λ is

the position of the Landau pole) at which both components of E turn to infinity. On top

of this line, and for smaller µ the scalar potential is undefined. In figure 2 this line is not

shown and it is located on the left side of the plotted region. Second, there is a saddle

point where both components of E turn to zero. In figure 2 the saddle point is depicted

by a blue dot. The position of the saddle point is dictated by the equation

E(νsaddle, b) = 0. (2.26)

In the standard notation this equation reads

D(µsaddle, b) = 0, ζsaddle = µ2
saddle exp

(
−γV (µsaddle)

Γ(µsaddle)

)
. (2.27)
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