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Sivers Function TMD 

Sivers function TMD (D. Sivers. (1990)) is related to the probability to find an unpolarized quark inside a 
transversely polarized nucleon  

It includes the correlation between the quark intrinsic transverse momentum and the transverse spin of the proton 

In some models it is related to the orbital angular momentum of the quarks

T-odd function ; combines with another T-odd effect to give an observable asymmetry 

Gives the distribution of unpolarized quarks/ gluons in a transversely polarized nucleon, which is not left-
right symmetric with respect to the plane formed by the transverse momentum and spin of the nucleon. 

M. Burkardt, Nucl. Phys. A735, 185 (2004)



NON-ZERO SIVERS ASYMMETRY 

The Sivers function introduces an asymmetry, for example, in the azimuthal angle of the observed final state 
hadron in semi-inclusive deep inelastic scattering (SIDIS) and in the azimuthal angle correlations of the lepton pair 
in Drell-Yan process or back-to-back jets in pp collision, called the Sivers asymmetry. 

The first transverse moment of the Sivers function is related to the twist-three Qiu-Sterman function.

Qiu and Sterman, PRL (1991)

Experimental information on a nonzero Sivers function for quarks was first obtained from HERMES and 
COMPASS 

HERMES Collaboration, PRL94, 012002 (2005).

COMPASS Collaboration, PLB 717, 383 (2012)

Parametrization of the Sivers function incorporating the TMD evolution has been obtained

See for example TMD Handbook, 2304.03302 [hep-ph] and references therein 



SIVERS FUNCTION: GAUGE LINK  

Sivers function is a T-odd object and initial and 
final state interactions play an important role in 
Sivers asymmetry. They are resummed into the 
gauge link or Wilson line in the operator 
definition of the Sivers function that is needed for 
color gauge invariance.

Sivers function in Drell-Yan process is same in 
magnitude but opposite in sign compared to 
the Sivers function  probed in semi-inclusive 
DIS 

Collins, PLB (2002); Boer, Mulders, Pijlman, 
Nucl. Phy. B (2003)

However, more complex processes have complex gauge 
link structure, and factorization is not always guaranteed



GLUON SIVERS FUNCTION 

Burkardt’s sum rule, which states that the total transverse momentum of all quarks and  gluon in a transversely 
polarized proton is zero,  still leaves some room for GSF (30 %), moreover d type GSF is not  constrained by it. 

M. Burkardt, Phys. Rev. D 69, 091501 (2004)

Very little is known about GSF apart from a 
positivity bound

Depending on the gauge link in the operator structure there can be two different gluon Sivers function, f-type 
and d-type

P. J. Mulders and J. Rodrigues, 
Phys. Rev. D 63, 094021 (2001).

Gluon TMDs need two gauge links 
for color gauge invariance unlike 
quark TMDs where there is one 
gauge link  in the operator 

Bomhof and Mulders, JHEP 02, 029 (2007),
Buffing, AM, Mulders, PRD 88, 054027 (2013)



GLUON SIVERS FUNCTION  IN J/Ψ PRODUCTION PROCESSES 

Semi-inclusive J/ψ production in eP collision is a good cannel to probe gluon TMDs including gluon Sivers function,  only f 
type gluon TMD contributes

For low transverse momentum region, TMD factorization is   expected to hold and for large transverse momentum collinear 
factorization is applicable. In the intermediate region, results from these two formalisms should match 

TMD factorized description of the process needs smearing effects to be taken into account in the form of TMD shape 
functions. The perturbative tail of the shape function can be obtained through a matching procedure. 

M. G. Echevarria, JHEP (2019), Boer et al, JHEP (2023)  

Also gluon TMDs can be probed in back-to-back production of J/ψ and photon/jet/pion, TMD factorization is expected to be 
valid. The small scale is provided by the transverse momentum  of the pair.  By varying the invariant mass of the pair scale 
evolution of the TMDs can be studied 

Gluon Sivers function in di-jet production at EIC  Echevarria, Garcia, Scimemi; e-Print: 2603.00375 [hep-ph]

U. D’Alesio, F. Murgia, and C. Pisano, Journal of High Energy Physics 2015, 1 (2015);  U. D’Alesio, C. Flore, F. Murgia, C. 
Pisano, and P. Taels, Physical Review D 99, 036013 (2019) 

Gluon Sivers function in pp collision at RHIC 

AM, Rajesh; Eur.Phys.J.C 77 (2017) 12, 854

https://arxiv.org/abs/2603.00375


PRODUCTION OF J/Ψ IN NRQCD

In NRQCD the heavy quark pair is produced in the hard process either in color octet or in color 
singlet configuration 

Then they hadronize to form a color singlet quarkonium  state of given quantum numbers through soft gluon 
emission  

Hard process is calculated perturbatively and soft process is given in terms  of long distance matrix elements 
(LDMEs) that are determined from data

The LDMEs are categorized by 
performing an expansion in terms of 
the relative velocity of the heavy 
quark v in the limit v ≪ 1 

C. E. Carlson and R. Suaya, Phys. Rev. D 14, 3115 (1976). 
E. L. Berger and D. L. Jones, Phys. Rev. D 23, 1521 (1981). 
R. Baier and R. Ruckl, Phys. Lett. B 102B, 364 (1981). 
R. Baier and R. Ruckl, Nucl. Phys. B201, 1 (1982). 
E. Braaten and S. Fleming, Phys. Rev. Lett. 74, 3327 (1995). 
P. L. Cho and A. K. Leibovich, Phys. Rev. D 53, 150 (1996).

The theoretical predictions are 
arranged as double expansions in 
terms of v as well as αs. 



PRODUCTION OF J/Ψ IN NRQCD

J/ψ is a bound state of charm quark and anti-quark (𝑄 #𝑄)

Long distance matrix elements (LDMEs) : Describes 
hadronization of  of 𝑄 "𝑄[𝑛] states into final quarkonium state

G. T. Bodwin et al, PRD51 (1995), 
Lepage 95

Subprocess cross section  for formation of heavy quark pair in  
particular color, angular momentum and spin state “n” : !"#$𝐿%,
calculated by perturbative QCD

Perturbative short distance coefficient

NRQCD factoriza@on



SIVERS ASYMMETRY IN BACK-TO-BACK PHOTOPRODUCTION   
OF J/Ψ AND JET

Consider the limit when 4 momentum of virtual photon 

When the exchanged photon is quasi-real, the interac@on takes 
place through the Weizsäker-Williams distribu@on func@on of 
the electron,  this describes the density of photons inside the 
electron and is given by 

Both CS and CO contributions are
Considered  

Dominant subprocess 



SIVERS ASYMMETRY IN PHOTOPRODUCTION   
OF J/Ψ AND JET

Outgoing J/ψ and jet are almost back

For transversely polarized proton 

Weighted Sivers asymmetry 

Weight factor for Sivers asymmetry 



SIVERS ASYMMETRY 

Some of the subprocess contributions are 
given below : 

Cross section for transversely polarized proton 

Rajesh, Kishore, AM, PRD 98,014007(2018); 
Kishore, AM, Rajesh, PRD 101, 054003 (2020) 



SIVERS FUNCTION PARAMETRIZATION 

Gaussian parametrization 

U. D’Alesio, F. Murgia, and C. Pisano, J. 
High Energy Phys. 
(2015) 119 ; U. D’Alesio, C. Flore, F. 
Murgia, C. Pisano, and P. Taels, Phys. Rev. 
D 99, 036013 (2019). 

Satisfies positivity bound

Best fit parameters for Sivers function are 
obtained from SIDIS and RHIC data



INCORPORATING TMD EVOLUTION  

Renormalization group and Collins-Soper equations are 
obtained  by taking scale evolution with respect to μ and ζ 

light-cone (rapidity) divergences in TMD factorization is 
regulated  by the the rapidity scale ζ J. Collins, Founda@ons of Perturba@ve QCD (Cambridge 

University Press, Cambridge, England, 2013); S. M. 
Aybat, J. C. Collins, J.-W. Qiu, and T. C. Rogers, Phys. Rev. 
D 85, 034043 (2012). 

Perturbative and non-perturbative parts are  given by 

Anomalous dimensions are obtained order by order in perturbative series 

Gluons 

Quarks



TMD EVOLUTION 

Initial scale of TMDs 

<latexit sha1_base64="IrXaCQkIoFzLOsDPnRS83rvNx/8="></latexit>

b⇤(b?) ⇡ bmax as b? ! 1
b⇤(b?) ⇡ b? as b? ! 0

perturbatively calculated process independent coefficient 
function,  different for each type of TMD. 

Unpolarized TMD 

Sivers function 

Derivative of Sivers function follows the same 
evolution equation as (A) 

Derivative of Sivers function related to 
Qiu-Sterman function 

Assumed to be given in 
terms of collinear pdfs 

Echevarria, Idilbi, Kang, and Vitev, Phys. Rev. D 89, 074013 (2014); Kouvaris, Qiu, Vogelsang, Yuan, Phys. Rev. D 74, 114013 (2006). 

Large <latexit sha1_base64="gKeT4T371fpL6yyw5/CA0hjnVv0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME85BkCbOTTjJkdnaYmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1wwZLRKLbETUouMSG5VZgW2mkcSSwFY1vZ37rCbXhiXywE4VhTIeSDzij1kmPUS/rKtRq2iuV/Yo/B1klQU7KkKPeK311+wlLY5SWCWpMJ/CVDTOqLWcCp8VualBRNqZD7DgqaYwmzOYHT8m5U/pkkGhX0pK5+nsio7ExkzhynTG1I7PszcT/vE5qBzdhxqVKLUq2WDRIBbEJmX1P+lwjs2LiCGWau1sJG1FNmXUZFV0IwfLLq6RZrQRXleD+slyr5nEU4BTO4AICuIYa3EEdGsAghmd4hTdPey/eu/exaF3z8pkT+APv8wclDJCW</latexit>

b? region perturbation theory breaks down

b* prescription allows us to use perturbation theory in the region where it is valid, while including nonperturbative 
effects separately. 



SIVERS FUNCTION 

Boer and Vogelsang, Phys. Rev. D 69, 094025 (2004). 

Assuming contributions only from u and d quarks and gluons, we have checked that TMD-(a) 
parametrization satisfies the Burkardt sum rule, and violation is about 1%; TMD-(b) violates the 
sum rule by about 19 %

Upper bound of Sivers asymmetry is obtained by saturating the 
positivity constraint

Sivers function in Trento 
convention 



SIVERS ASYMMETRY IN BACK-TO-BACK 
PHOTOPRODUCTION   OF J/Ψ AND JET 

Kishore, AM, Rajesh, PRD 101, 054003 (2020) 



SIVERS ASYMMETRY IN BACK-TO-BACK 
PHOTOPRODUCTION   OF J/Ψ AND JET 

Kishore, AM, Rajesh, PRD 101, 054003 (2020) 



SIVERS ASYMMETRY  IN J/Ψ AND PHOTON ELECTRO 
PRODUCTION 

We consider the following process where the proton can be unpolarized or transversely polarized 

<latexit sha1_base64="3AK2b8vdckFr4uLhgduppONEISY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUS9CwYvHFu0HtGnZbDft0s0m7G7UEPo/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPC/iTGnb/rZya+sbm1v57cLO7t7+QfHwqKXCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb3Iz89sPVCoWinudRNQN8EgwnxGsjdRv9CvoGj0NPJSgOzQoluyyPQdaJU5GSpChPih+9YYhiQMqNOFYqa5jR9pNsdSMcDot9GJFI0wmeES7hgocUOWm86un6MwoQ+SH0pTQaK7+nkhxoFQSeKYzwHqslr2Z+J/XjbV/5aZMRLGmgiwW+TFHOkSzCNCQSUo0TwzBRDJzKyJjLDHRJqiCCcFZfnmVtCpl56LsNKqlWjWLIw8ncArn4MAl1OAW6tAEAhKe4RXerEfrxXq3PhatOSubOYY/sD5/ANs6kME=</latexit>

Q2 = xbyS
<latexit sha1_base64="AuKPa9L1Kd9aTFjJ1Wa4KzKZG/g=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQEcJuCOpFCHjxGNE8JFnD7GQ2GTIzu8zMCmHJV3jxoIhXP8ebf+PkcdDEgoaiqpvuriDmTBvX/XYyK6tr6xvZzdzW9s7uXn7/oKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLye+M0nqjSL5L0ZxdQXuC9ZyAg2Vnq4uyrWzvjpY7mbL7gldwq0TLw5KcActW7+q9OLSCKoNIRjrdueGxs/xcowwuk410k0jTEZ4j5tWyqxoNpPpweP0YlVeiiMlC1p0FT9PZFiofVIBLZTYDPQi95E/M9rJya89FMm48RQSWaLwoQjE6HJ96jHFCWGjyzBRDF7KyIDrDAxNqOcDcFbfHmZNMol77zk3VYK1co8jiwcwTEUwYMLqMIN1KAOBAQ8wyu8Ocp5cd6dj1lrxpnPHMIfOJ8/7HKPJA==</latexit>

S = (P + l)2

<latexit sha1_base64="bnlEcgYbDSh6XhR4vcFInJv2cVk=">AAACBXicbVDNS8MwHE39nPOr6lEPwSF4Gq0M9SIMvHis4D5gLSNN0y0sTWqSCqXs4sV/xYsHRbz6P3jzvzHbetDNB4GX996P5PfClFGlHefbWlpeWV1br2xUN7e2d3btvf22EpnEpIUFE7IbIkUY5aSlqWakm0qCkpCRTji6nvidByIVFfxO5ykJEjTgNKYYaSP17aP8ChaejyOh4b0vTBR6cHZl475dc+rOFHCRuCWpgRJe3/7yI4GzhHCNGVKq5zqpDgokNcWMjKt+pkiK8AgNSM9QjhKigmK6xRieGCWCsZDmcA2n6u+JAiVK5UlokgnSQzXvTcT/vF6m48ugoDzNNOF49lCcMagFnFQCIyoJ1iw3BGFJzV8hHiKJsDbFVU0J7vzKi6R9VnfP6+5to9ZslHVUwCE4BqfABRegCW6AB1oAg0fwDF7Bm/VkvVjv1scsumSVMwfgD6zPHyKCl6o=</latexit>

y =
P · q
P · l

<latexit sha1_base64="xB9UklIHQJBg4yr7NX3H23V+G+A=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiSlqBuh6MZlC/YBTQyTyaQdOsnEmYlYQldu/BU3LhRx6ze482+ctllo64GBwznncuceP2FUKsv6NgpLyyura8X10sbm1vaOubvXljwVmLQwZ1x0fSQJozFpKaoY6SaCoMhnpOMPryZ+554ISXl8o0YJcSPUj2lIMVJa8szDB+8SXsCseVuFDtdJWIUN6OCAK3g39syyVbGmgIvEzkkZ5Gh45pcTcJxGJFaYISl7tpUoN0NCUczIuOSkkiQID1Gf9DSNUUSkm03PGMNjrQQw5EK/WMGp+nsiQ5GUo8jXyQipgZz3JuJ/Xi9V4bmb0ThJFYnxbFGYMqg4nHQCAyoIVmykCcKC6r9CPEACYaWbK+kS7PmTF0m7WrFPK3azVq7X8jqK4AAcgRNggzNQB9egAVoAg0fwDF7Bm/FkvBjvxscsWjDymX3wB8bnDwOoluU=</latexit>

xB =
Q2

2P · q
Partonic subprocess : virtual photon-
gluon fusion 

J/ψ production in color singlet channel in  virtual photon-photon 
fusion is suppressed due to a larger gluon density 

Use TMD factorization D. Chakrabarti, R. Kishore, AM, S. Rajesh,  
Phys.Rev.D 107 (2023) 1, 014008



TMD EVOLUTION 

TMDs are evolved from initial scale To the final scale 

Perturbative expression for the unpolarized gluon TMD valid in the region 

Echevarria, Idilbi, Kang, and Vitev, Phys. Rev. D 
89, 074013 (2014) 

Collinear pdf Pert Sudakov factor Pert coefficient function 

Boer, D’Alesio, Murgia, Pisano, and  Taels, JHEP 09, 040 (2020), 

NLL : 

Unpolarized gluon TMD 
Perturbative Sudakov factor : 



TMD EVOLUTION 

b* prescription allows us to use perturbation theory in the region where it is valid, while including nonperturbative 
effects separately. 

Fourier integral extends from small to large values of bT . In the large-bTregion, perturbation theory breaks down due 
to the presence of large logarithmic contributions from higher-order terms : nonperturbative large- bTregion cannot 
be described using perturbation theory alone.

Perturbative 
expansion valid for 

At one loop perturbative Sudakov kernel  

And at NLL it can be written as 
Maxia, Boer, and  Bor, Phys. Rev. D 112, 076034 (2025), 



TMD EVOLUTION 

Introduce modified impact parameter  <latexit sha1_base64="vIs/H77cMZA6bsJF4sWf4n8P+Wg="></latexit>

bT << bmax, b⇤ ⇡ bT

bT >> bmax, b
⇤ ! bmax

Remains perturbative 

Prevents scale from 
entering non-
perturbative region 

In small bT region scale may be larger than hard scale, to prevent this introduce a lower cutoff 

Also use a 
regulated scale 

which ensures the scale associated with bT

always remains a physically meaningful 
perturbative range. 

Maxia, Boer, and  Bor, Phys. 
Rev. D 112, 076034 (2025), 

Non-perturbative effects are incorporated 

Echevarria, Idilbi, . Kang,  Vitev, PRD 89, 074013 (2014) 

Best fit parameters in non-pert part from 



SIVERS ASYMMETRY  IN BACK-TO-BACK J/Ψ
AND JET  ELECTRO PRODUCTION 

Use TMD factorization in the kinematics 
where the outgoing J/ψ and (gluon) jet are 
almost back-to back 

Use NRQCD to calculate the  J/ψ production  



BACK-TO-BACK PRODUCTION OF J/Ψ AND JET 

Contribution comes from the color singlet state And color octet states 

In NRQCD, k, the relative momentum of the 
charm quark is small.  Taylor expanded the 
amplitude about k=0. The first term gives the 
S wave contribution and second term the p 
wave contribution. Results depend on LDME 
set chosen  

Phys.Rev.D 100 (2019) 9, 094016U. D’Alesio, F. Murgia, C. Pisano, and P. Taels

Raj Kishore, AM, Amol Pawar, M. Siddiqah Phys.Rev.D 106 (2022) 3, 034009



UNPOLARIZED CROSS SECTION  IN BACK-TO-BACK 
ELECTROPRODUCTION   OF J/Ψ AND PHOTON 

M. Butenschoen and B. A. Kniehl, Physical 
Review D—Particles, Fields, Gravitation, 
and Cosmology 84, 051501 (2011) 

R. Sharma and I. Vitev, Physical Review C
87, 044905 (2013) 

Arghya Jana, AM, Sangem Rajesh, in 
preparation 

Only the CO       state contributes.  LDME 
value of this state in the BK11 set is 1.73 times 
larger than that of SV13. 

<latexit sha1_base64="UHC5sMFuatiiKTQvM/3ur/tO8bc=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFVSEDBWYmEsgj6kNooc122tOoll3yCqKAu/wsIAQqx8Bht/g9NmgJYjWTo651xd3xNIwTU4zre1tLyyurZe2ihvbm3v7Np7+y0dJ4qyJo1FrDoB0UzwiDWBg2AdqRgJA8Hawfg699sPTGkeR/cwkcwLyTDiA04JGMm3D3vAHkEn0mSo4hLSs+zOd8u+XXGqzhR4kbgFqaACDd/+6vVjmoQsAiqI1l3XkeClRAGngmXlXqKZJHRMhqxraERCpr10ekCGT4zSx4NYmRcBnqq/J1ISaj0JA5MMCYz0vJeL/3ndBAZXXsojmQCL6GzRIBEYYpy3gftcMQpiYggx55u/YjoiilAwfeQluPMnL5JWrepeVN3b80q9VtRRQkfoGJ0iF12iOrpBDdREFGXoGb2iN+vJerHerY9ZdMkqZg7QH1ifP99tloQ=</latexit>
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UNPOLARIZED CROSS SECTION  IN BACK-TO-BACK 
ELECTROPRODUCTION   OF J/Ψ AND JET 

M. Butenschoen and B. A. Kniehl, Physical 
Review D—Particles, Fields, Gravitation, 
and Cosmology 84, 051501 (2011) 

R. Sharma and I. Vitev, Physical Review C
87, 044905 (2013) 

CS and CO contributions are included, 
also both quark and gluon channels  

Gluon channel contribution dominates 
over quark channel : ideal to probe 
gluon TMD  

Bound on z eliminates fragmentation 
contribution at low z as well keeping 
the outgoing gluon hard.

Arghya Jana, AM, Sangem Rajesh, in preparation 



SIVERS ASYMMETRY 

J/ψ and jet 

J/ψ and photon 

Arghya Jana, AM, Sangem Rajesh, in 
preparation 

TMD-a : Ng(x) is defined by averaging the 
Nu(x) and Nd(x) of up-quark and down-
quark Sivers functions.  Best fit value 
Nd(x) for the down-quark Sivers function 
is negative; Nu(x) is positive for the up-
quark : smaller value of Ng(x) for GSF in 
TMD-a parametrization. As a result, the 
Sivers asymmetry is maximum for the 
TMD-b parametrization compared to the 
TMD-a parametrization in all the figures. 



SIVERS ASYMMETRY

J/ψ and photon 

J/ψ and jet 

Arghya Jana, AM, Sangem Rajesh, in 
preparation 

Asymmetry rises at 
intermediate y, reaches a peak, 
and then decreases. The cm 
energy s strongly affects the 
position of this peak. For larger 
s peak appears at smaller y and 
is clearly visible. For smaller s, 
he peak may not be visible 
within the kinematic range, 
resulting in an asymmetry that 
appears to increase. 



SUMMARY AND CONCLUSION 

J/ψ production processes at the upcoming EIC are useful tools to probe gluon TMDs including gluon Sivers
function. In particular, almost back-to-back production of J/ψ and jet(photon) are important as in this kinematics 
TMD factorization is expected to hold

We presented a study of the effect of TMD evolution in CSS framework on the unpolarized cross section 
and Sivers asymmetry in almost back-to back production of J/ψ and jet and J/ψ and photon production.  J/ψ
production is calculated in NRQCD 

Cross section is rather small for and J/ψ and photon production; but larger for J/ψ and jets Sivers
asymmetry is sizable even after incorporating TMD evolution. 

For J/ψ –photon production, cross section depends only on one LDME; asymmetry is independent of 
LDME and a robust probe of gluon TMD

Further study would involve TMD evolution scheme dependence and choice of specific non-perturbative kernel


