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Intro and Motivation



Introduction and Background
● The gluon parton distribution function (PDF) in the pion describes the probability of 

finding a gluon, carrying a momentum fraction 𝑥 of the pion’s total momentum

● The pion is interesting at low energy due to its role in nuclear binding forces and at 
high energies, which can illuminate its internal structure 

● Phenomenological (pheno.) studies of the pion gluon PDF are very limited due to the 
pion’s short lifetime

○ Future experiments such as EIC, EicC, COMPASS++, and AMBER will 
help reveal more information about the gluon PDFs

● Lattice QCD provides an ab initio method to calculate gluon 
PDFs, and the pseudo-PDF method in particular merges well 
with JAM’s existing global analysis framework

● I will present MSULat and JAM’s recent work in constraining 
the gluonic structure of the pion 

Amaroso, et al. (Snowmass) Acta Physica Polonica. B, 53, 12 (2023)
Aguilar, et al. Eur. Phys. J. A 55, 190 (2019).
Achenbach, et al. (LRP) Nucl. Phys. A 1047:122874 (2024) 
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Motivation: Experimental Data
J. Conway, et al. PRD,  39, p. 92–122, 1989.
B. Betev, et al. Z. Phys. C, 28, p. 9-14, 1985
S. Chekanov, et al.  NPB,  637, p. 3–56, 2002.
F. Aaron, et al. Eur. Phys. J. C, 68, p. 381–399, 2010.

The experimental data in the 
JAM fit of pion PDFs consists of 
leading neutron (LN) (x’s) 

N. Y. Cao, et al. PRD 103:114014 2021
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leading neutron (LN) (x’s) and 
Drell-Yan (DY) (circles)

DY mostly constrains the 
valence quark PDFs and LN 
mostly constrains the gluon and 
sea quark PDFs

Lattice should compliment the 
LN data well because it has 
more constraining power on the 
intermediate-x range!N. Y. Cao, et al. PRD 103:114014 2021
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Framework and Methodology



Lattice QCD
● LQCD is just QCD in discrete 4D Euclidean space-time

○ Quarks exist on vertices and gluons are links between 
the vertices

○ Measure Euclidean observables on many Monte Carlo 
samples of the QCD vacuum

● We control pion mass, lattice spacing, and volume
○ These are the main sources of systematic uncertainties
○ We vary these parameters to extrapolate to the physical-continuum 

limit values of our calculations
● Over the past decade two new theoretical approaches to obtaining PDFs from 

the lattice have been developed and implemented successfully
○ Large momentum Effective Theory (LaMET or quasi-PDF) and the pseudo-PDF approach
○ Because of limited signal at long distances, the pseudo-PDF approach has been applied more 

widely to gluon PDFs than LaMET, and we focus on the 
pseudo-PDF approach, as it allows the lattice data to be treated 
just like experimental data
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Pseudo-PDF for Global Fitting

● The pseudo-PDF method centers around a matching relationship between 
lattice data, called the reduced pseudo-Ioffe time distribution (RpITD) and the 
PDFs:

A. V. Radyushkin, PRD 96:034025, 2017.
Balitsky, et al., PLB 808:135621 (2020) 4/14
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Pseudo-PDF for Global Fitting

● The pseudo-PDF method centers around a matching relationship between 
lattice data, called the reduced pseudo-Ioffe time distribution (RpITD) and the 
PDFs:

● Although it is a little jumbled up, we have a 
perfect relationship to use for global fitting, 
which is sensitive to the gluon and sea 
quark PDFs!

Lattice data

Perturbative 
matching kernels

Non-perturbative PDFs 
and moments

Higher twist 
effects

A. V. Radyushkin, PRD 96:034025, 2017.
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Systematic Effects Are Important
● We control finite lattice spacing and higher twist effects, with systematic terms

● The shifts are parameterized by integrals of Jacobi polynomials, which form a 
complete basis in Ioffe time. Note: a and b have nothing to do with PDFs

● We truncate at n = 2

Free parameters

Same form as in: P. C. Barry, et al., PRD 
105:114051 (2022)
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Correlations Are Important
● Lattice data are HIGHLY correlated across different kinematics, so we must 

ensure that we take this into consideration. 
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Correlations Are Important
● Lattice data are HIGHLY correlated across different kinematics, so we must 

ensure that we take this into consideration. Luckily, we can compute the 
entire covariance matrix to calculate the          and do appropriate resampling 
for the Monte Carlo replicas 

Correlation matrix of 
all the lattice data
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JAM Framework
● We use prior PDFs and fit framework from P. C. Barry, et al., PRL 

127:232001 (2021) 
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● The JAM framework uses Monte Carlo fitting method

● We use the PDF forms:
with                                     and 

● We assume charge symmetry and a flavor symmetric sea and constrain the 
normalizations with valence quark number conservation and the momentum 
sum rule:

● We minimize the sum:
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Lattice Details
● Used lattices with             highly improved 

staggered quarks generated by the MILC 
collaboration with Wilson-clover fermions used in 
the valence sector

● We measured over 1.2M two-point (2pt) 
correlators across 1013 configurations, and 
contracted with the gluon pseudo-PDF operator 
to get the three-point (3pt) correlators

● The 2pt and 3pt correlators can be analyzed to 
extract the bare matrix elements of the gluon 
operator:

Follana et al. PRD 75:054502, 2007.
Bazavov, et al. [MILC], PRD 82:074501 2010.
Bazavov, et al. [MILC], PRD 87:054505 2013. 
Bazavov, et al. [F Lattice and MILC] PRD 98:074512 
2018
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Lattice and Experimental Data Fits

● We take the             replicas of original experiment only PDF fits, resample 
the experimental and lattice data and minimize                      with and without 
the systematic terms:

● We define the reduced 

● With or without lattice data (with or without systematic terms), agreement with 
the experiment remains very stable, with                     

● We find that the systematic terms are highly important, with       around 1.8 for 
the fit without systematics and 1.25 with systematics, corresponding to 
Z-Scores of ~3 and ~1 respectively

● We consider only the fit with systematic terms, moving forward
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● We plot the reconstructed RpITDs against the lattice data before and after the 
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RpITD Results

● We plot the reconstructed RpITDs against the lattice data before and after the 
inclusion of lattice data

●
● This is a correlated fit, so we have to look at 

agreement in another light…

The prior PDFs roughly predicted the RpITDs beforehand, but the 
inclusion of lattice data made the agreement much more precise

Why “disagreement” at small-𝜈?
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A Different Perspective

● Qualitative agreement(or disagreement) in the space of the physical variables 
z and 𝜈 doesn’t tell us anything about what the fit is doing quantitatively

● Instead, we consider the eigenspace 
of the lattice correlation matrix

● The inclusion of the lattice data into 
the fit significantly improved 
agreement in the eigenspace
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A Different Perspective

● Qualitative agreement(or disagreement) in the space of the physical variables 
z and 𝜈 doesn’t tell us anything about what the fit is doing quantitatively

● Instead, we consider the eigenspace 
of the lattice correlation matrix

● The inclusion of the lattice data into 
the fit significantly improved 
agreement in the eigenspace

Note: The physical kinematics are so evenly distributed across the eigendirections that we have not 
found any way to interpret what agreement and disagreement in the eigenspace means physically
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As expected, the lattice data has strong 
constraints on the gluon PDF, of the pion, 
especially in the intermediate and large-x!
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As expected, the lattice data has strong 
constraints on the gluon PDF, of the pion, 
especially in the intermediate and large-x!

Again, the quarks are not 
changed very much (lighter 
color is expt. only, darker is 
expt + lat)
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Gluon Behavior in the Pion vs the Proton
● We compare the gluon PDF of the pion and several proton studies

● Lattice data allows us to definitively 
say that the pion has a higher gluon 
density in the large-x than the proton

● The proton hower has larger density 
in the x ~ 10-3-10-1 range, which 
leads to the gluon momentum 
fractions coinciding:

● Ji’s mass relations suggest that, 
despite the huge mass difference 
between the pion and proton, gluons 
make up about 30% of their masses. 

Anderson, et al. arXiv 2501.00665 (2024)
Hou, et al. (CTEQ) PRD 103(1):014013 (2021)
Cerutti, et al. PRD 111:094013 (2025)

Ji, PRL 74:1071 (1995) 13/14
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Gluon Behavior in the Pion vs the Proton
● We compare the gluon PDF of the pion and several proton studies

● Lattice data allows us to definitively 
say that the pion has a higher gluon 
density in the large-x than the proton

● The proton hower has larger density 
in the x ~ 10-3-10-1 range, which 
leads to the gluon momentum 
fractions coinciding:

● Ji’s mass relations suggest that, 
despite the huge mass difference 
between the pion and proton, gluons 
make up about 30% of their masses. 
Coincidence or deeper physics?
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Conclusion and Future Work
● We used lattice gluon data through pseudo-PDF matching to strongly 

constrain the intermediate- to large-x behavior of the pion gluon PDF

● We found that lattice data, with discretization and higher twist systematics 
produce a PDF in good agreement with the experimental PDFs only, but 
much better constraints

● With the lattice data, we can say strongly that the gluon PDF of the pion is 
much larger in x > 0.2 than the proton gluon PDF, while the momentum 
fractions remain similar

● It would be interesting to understand this from the underlying physics

● Lattice systematics like pion mass and lattice spacing should be controlled 
further in future studies
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Backup



Z-Score

● The chi^2/dof distribution changes width as the dof changes, so chi^2/dof is 
not necessarily the full picture

● The Z-score gives the number of standard 
deviations, your value of chi^2/dof is away 
from 1

● Ex. A chi^2/dof of 1.5 is reasonable with 10 
points, but not so much 100 points



PDFs from the Lattice
PDFs are formally defined by light-cone correlations of quarks 
(or gluons):

Ji, PRL 110:262002 (2013)
Ji, Sci. China Phys. Mech. Astron. 57:1407 (2014)
Radyushkin, PRD 96:034025 (2017)

where the Wilson line is required in order to maintain gauge 
invariance, 

We can only compute Euclidean correlations on the lattice, but loosely speaking, the 
Euclidean correlators approach the light cone at short distances or large momenta

● This observation forms the foundation for two related frameworks: Large Momentum Effective 
Theory (LaMET), which uses the large-momentum limit, and the pseudo-PDF method, which is 
based on a short-distance expansion.



Quasi-PDF Long Distance Signal Challenge

● We define the bare gluon PDF matrix elements measured at a lattice spacing  
a  as 

● The Wilson line,            , on the lattice has the effect of introducing an 
exponential decay to the bare matrix elements              , where       is a 
scheme dependent mass renormalization factor

● What this means is that the signal to noise 
ratio of the bare matrix elements decays 
exponentially. When we renormalize, 
especially in the gluon case, we get very 
large errors in the long distance

● We rely heavily on trusting theoretically 
motivated long distance extrapolations:

Gao, et al. PRD 109(0):094506 (2024)
Ji, et al. NPB. 964:115311 (2021)
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Pseudo- and Quasi-PDF Methods
Spatially separated 

matrix elements (MEs)

from the lattice

Renormalized MEs

Typically reliable around

● PDFs are defined as the 
Fourier transform of 
light-front correlators 
which can’t be measured 
on a Euclidean lattice

● Both methods give ways to connect 
spatially separated correlators to 
the light-cone PDFs 

Some choice of 
renormalization

Short distance 
(small-    ) 
matching

Fit PDF model

Ji, PRL 110:262002 (2013).
Ji, Sci. China Phys. Mech. Astron. 57:1407 (2014).
Radyushkin PRD 96:034025 (2017)

Balitsky et al., PLB 808:135621, 2020. 

Quasi-PDF

Fourier transform

Large momentum 
matching

Pseudo-PDF Method

Quasi-PDF Method

z



High-z Validity

● We can plot the leading 
coefficient in the matching 
kernel expansion, which 
grows with z

● The term that multiplies this 
coefficient is O(1)

● This supports that we need 
the higher twist effects, but 
we aren’t breaking our 
perturbative expansion

96



z-Cut Justification

97

● Attempting a fit with z = 1a and 2a results in a large              with a very large 
spread: 5.2(17) 

● The small-z have large 
discretization effects!


