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respond to the collinear PDFs: the longitudi-
nal polarized structure function discussed in
the previous section and the quark transver-
sity distribution. The latter is related to the
tensor charge of the nucleon. These three
distributions can be regarded as a simple
transverse momentum extension of the asso-
ciated integrated quark distributions. More
importantly, the power and rich possibilities
of the TMD approach arise from the sim-
ple fact that kT is a vector, which allows
for various correlations with the other vec-
tors involved: the nucleon momentum P , the
nucleon spin S, and the parton spin (say a
quark, sq). Accordingly, there are eight inde-
pendent TMD quark distributions as shown
in Fig. 2.12. Apart from the straightfor-
ward extension of the normal PDFs to the
TMDs, there are five TMD quark distribu-
tions, which are sensitive to the direction of
kT , and will vanish with a simple kT integral.

Because of the correlations between the
quark transverse momentum and the nucleon
spin, the TMDs naturally provide impor-
tant information on the dynamics of par-
tons in the transverse plane in momentum
space, as compared to the GPDs which de-
scribe the dynamics of partons in the trans-
verse plane in position space. Measurements
of the TMD quark distributions provide in-
formation about the correlation between the
quark orbital angular momentum and the nu-
cleon/quark spin because they require wave
function components with nonzero orbital
angular momentum. Combining the wealth
of information from all of these functions
could thus be invaluable for disentangling
spin-orbit correlations in the nucleon wave
function, and providing important informa-
tion about the quark orbital angular momen-
tum.
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Figure 2.13: The density in the transverse-momentum plane for unpolarized quarks with x = 0.1
in a nucleon polarized along the ŷ direction. The anisotropy due to the proton polarization is
described by the Sivers function, for which the model of [77] is used. The deep red (blue)
indicates large negative (positive) values for the Sivers function.

One particular example is the quark
Sivers function f

?q
1T which describes the

transverse momentum distribution corre-
lated with the transverse polarization vector
of the nucleon. As a result, the quark distri-

bution will be azimuthally asymmetric in the
transverse momentum space in a transversely
polarized nucleon. Figure 2.13 demonstrates
the deformations of the up and down quark
distributions. There is strong evidence of the

34

[ EIC White Paper ]

⇒ presence of a non-zero Sivers function    induces a dipole deformation of  f⊥
1T f1

Phenomenology of polarized TMDs



Extraction of Sivers Function
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Determined through its contributions to  

the cross section of polarized SIDIS (and DY)
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with q̂ = q/|q|, where all vectors refer to the target rest frame (or to any frame reached from the target rest frame
by a boost along q̂). Writing the right-hand sides of (16) in a Lorentz invariant form, one has

cosφh = −
gµν
→ lµPhν

|l→| |Ph→|
,

sin φh = −
εµν
→ lµPhν

|l→| |Ph→|

(17)

with |l→| =
√

−gµν
→ lµlν and |Ph→| =

√

−gµν
→ PhµPhν . Here we introduced perpendicular projection tensors

gµν
→ = gµν −

qµP ν + Pµqν

P · q (1 + γ2)
+

γ2

1 + γ2

(

qµqν

Q2
−

PµP ν

M2

)

,

ερσ
→ = εµνρσ Pµqν

P · q
√

1 + γ2

(18)

with γ = 2xM/Q, where x is the Bjorken variable and M again the target mass. Evaluating the right-hand sides of (17)
in the target rest frame, one recovers (16). The azimuthal angle φS relevant for specifying the target polarization is
defined in analogy to (16) and (17), with Ph replaced by the covariant spin vector S of the target. The definitions
of φh and φS are illustrated in Fig. 1. We emphasize that (16), (17), (18) do not depend on the choice of coordinate
axes. For definiteness we show in Fig. 1 one frequently used coordinate system. In this system the tensors defined
in Eq. (18) have nonzero components g11

→ = g22
→ = −1 and ε12→ = −ε21→ = −1. Note that two different conventions for

drawing angles and interpreting their sign in figures are in general use in the literature:

A. The z axis is specified and angles are drawn as arcs with one arrowhead. If an angle is oriented according to
the right-hand rule it is positive, otherwise it is negative. Fig. 1 illustrates the application of this convention.

B. Illustrated angles are always assumed to be positive. Only the location of the arc affects the definition of the
angle. No orientation should be assigned to the arc, and any z axis that may be present does not affect the
angle definition.

It is strongly recommended that authors avoid placing single arrowheads on arcs when using convention B. When
using convention A, an explicit remark in the caption may be useful when the figure illustrates a situation in which
an angle has a negative value.
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FIG. 1: Definition of azimuthal angles for the process (15) in the target rest frame. Ph⊥ and S⊥ are the components of Ph and
S transverse to the photon momentum.

Theorists often prefer a coordinate system with the same x axis but with y and z axes opposite to those shown
in Fig. 1, so that in the γ∗p center of mass the target moves in the positive z direction (cf. Sect. I). When working

transverse polarization 

azymuthal angle of 

the produced hadron

azymuthal angle of the 
polarization vector



azimuthal angle of 
the produced hadron

azimuthal angle of 
the polarization vector

4

with q̂ = q/|q|, where all vectors refer to the target rest frame (or to any frame reached from the target rest frame
by a boost along q̂). Writing the right-hand sides of (16) in a Lorentz invariant form, one has

cosφh = −
gµν
→ lµPhν

|l→| |Ph→|
,

sin φh = −
εµν
→ lµPhν

|l→| |Ph→|

(17)

with |l→| =
√

−gµν
→ lµlν and |Ph→| =

√

−gµν
→ PhµPhν . Here we introduced perpendicular projection tensors

gµν
→ = gµν −

qµP ν + Pµqν

P · q (1 + γ2)
+

γ2

1 + γ2

(

qµqν

Q2
−

PµP ν

M2

)

,

ερσ
→ = εµνρσ Pµqν

P · q
√

1 + γ2

(18)

with γ = 2xM/Q, where x is the Bjorken variable and M again the target mass. Evaluating the right-hand sides of (17)
in the target rest frame, one recovers (16). The azimuthal angle φS relevant for specifying the target polarization is
defined in analogy to (16) and (17), with Ph replaced by the covariant spin vector S of the target. The definitions
of φh and φS are illustrated in Fig. 1. We emphasize that (16), (17), (18) do not depend on the choice of coordinate
axes. For definiteness we show in Fig. 1 one frequently used coordinate system. In this system the tensors defined
in Eq. (18) have nonzero components g11

→ = g22
→ = −1 and ε12→ = −ε21→ = −1. Note that two different conventions for

drawing angles and interpreting their sign in figures are in general use in the literature:

A. The z axis is specified and angles are drawn as arcs with one arrowhead. If an angle is oriented according to
the right-hand rule it is positive, otherwise it is negative. Fig. 1 illustrates the application of this convention.

B. Illustrated angles are always assumed to be positive. Only the location of the arc affects the definition of the
angle. No orientation should be assigned to the arc, and any z axis that may be present does not affect the
angle definition.

It is strongly recommended that authors avoid placing single arrowheads on arcs when using convention B. When
using convention A, an explicit remark in the caption may be useful when the figure illustrates a situation in which
an angle has a negative value.

y

z

x

hadron plane

lepton plane

l
l S

Ph

Ph
φh

φS

FIG. 1: Definition of azimuthal angles for the process (15) in the target rest frame. Ph⊥ and S⊥ are the components of Ph and
S transverse to the photon momentum.

Theorists often prefer a coordinate system with the same x axis but with y and z axes opposite to those shown
in Fig. 1, so that in the γ∗p center of mass the target moves in the positive z direction (cf. Sect. I). When working

SIDIS

Extraction of Sivers Function

6
universality

LO - NLL

Determined through its contributions  
to the cross section of polarized SIDIS 

Asin(ϕh−ϕS)
UT ≡ ⟨sin(ϕh − ϕS)⟩ ∼

f⊥,a
1T ⊗ Da→h

1

fa
1 ⊗ Da→h

1



Parametrization of Sivers function

Sivers function parametrized in terms of its first moment

At NLL proportional to the Qiu–Sterman (ETQS) quark–gluon correlator 

f⊥(1)
1T (x) ≡ ∫ d2kT

k2
T

2M2
f⊥q
1T (x, k2

T) = −
1

2M
Tq

F(x, x)

f⊥
1T(x, k2

⊥) = f⊥(1)
1T (x) f⊥

1TNP(x, k2
⊥)



Parametrization of Sivers function
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Sivers function parametrized in terms of its first moment

f⊥
1T(x, k2

⊥) = f⊥(1)
1T (x) f⊥

1TNP(x, k2
⊥)

Its nonperturbative part is arbitrary, but constrained by the positivity bound.

f⊥
1TNP(x, k2

⊥) =
1

πKf

(1 + λSk2
⊥)

M1
2 + λSM1

4)
e−k2

⊥/M1
2 f1NP(x, k2

⊥)

following the definition to the nonperturbative part of the unpolarized TMD distribution 

f1,NP(x, b2
T) ∝  F.T of  (e

k2
⊥

g1,A + λB e
k2

⊥
g1,B + λC e

k2
⊥

g1,C)



Parametrization of Sivers function
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Sivers function parametrized in terms of its first moment

f⊥
1T(x, k2

⊥) = f⊥(1)
1T (x) f⊥

1TNP(x, k2
⊥)

f⊥
1TNP(x, k2

⊥) =
1

πKf

(1+λS k2
⊥)

(M1
2+λS M1

4)
e−k2

⊥/M1
2 f1NP(x, k2

⊥)

following the definition to the nonperturbative part of the unpolarized TMD distribution 

Free parameters λS , M1

f1,NP(x, b2
T) ∝  F.T of  (e

k2
⊥

g1,A+λB e
k2

⊥
g1,B+λC e

k2
⊥

g1,C)
from MAP22 TMD extraction



Parametrization of Sivers function
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Sivers function parametrized in terms of its first moment

f⊥
1T(x, k2

⊥) = f⊥(1)
1T (x) f⊥

1TNP(x, k2
⊥)

Its nonperturbative part is arbitrary, but constrained by the positivity bound.

f⊥
1TNP(x, k2

⊥) =
1

πKf

(1 + λSk2
⊥)

(M2
1 + λSM4

1)
e−k2

⊥/M2
1 f1NP(x, k2

⊥)

normalization factor
to guarantee that 
the weighted
integral is unitary

Kf ≡ ∫ d2k⊥
k2

⊥

2M2
f⊥
1TNP

Kf



Parametrization of Sivers function
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f⊥(1)
1T (x) =

Na
Siv

Ga
max

xαa(1 − x)βa(1 + AaT1(x) + BaT2(x)) f1(x, Q2)

normalization  
( |NSiv | ≤ 1)

maximum value of the  
x polynomial function 

  Chebyshev polynomialsTn(x)

Free parameters Na
Siv , αa , βa , Aa , Ba

Flavor dependent: distinct for up, down, sea

Positivity bound

[ k2
T

2M2
f1T(x, k2

T)]
2

≤
k2

T

4M2
f 2

1(x, k2
T)
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evolved Sivers function first moment

f̃⊥(1)a
1T (x, b2

T; Q2) =

= ∑
i

(C̃a/i ⊗ f i
1) (x, b*; μb) eS̃(b*; μb, μ)egK(bT) ln(μ/μ0) ̂f⊥(1)a

1TNP (x, bT)

Evolution of Sivers function first moment

At NLL we approximate its evolution,  
through OPE, to DGLAP 
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evolved Sivers function first moment

f̃⊥(1)a
1T (x, b2

T; Q2) =

collinear PDF

pQCD

(Sudakov  
form factor)

(Wilson  
Coefficient)

nonperturbative part of 
TMD

nonperturbative part 
 of evolution

= ∑
i

(C̃a/i ⊗ f i
1) (x, b*; μb) eS̃(b*; μb, μ)egK(bT) ln(μ/μ0) ̂f⊥(1)a

1TNP (x, bT)

Evolution of Sivers function first moment

g2 taken from MAP22 TMD extraction
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The renormalization group evolution of TMDs is encoded in the Sudakov form factor S.  
Here the resummation of large logarithm contributions is performed at NLL

f̃⊥(1)a
1T (x, b2

T; Q2) = ∑
i

(C̃a/i ⊗ f i
1) (x, b*; μb) eS̃(b*; μb, μ)egK(bT) ln(μ/μ0) ̂f⊥(1)a

1TNP (x, bT)

μb = 2e−γE /bT

at large bT: TMD evolution runs into a nonperturbative region and becomes unreliable.

Evolution of Sivers function first moment

cured by b∗-prescription

b* (bT) = bbmax ( 1 − e−b4
T /b4

max

1 − e−b4
T /b4

min )
1
4 bbmax = 2e−γE GeV−1

bmin = 2e−γE /Q
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Evolution of Sivers function first moment

b* (bT) = bbmax ( 1 − e−b4
T /b4

max

1 − e−b4
T /b4

min )
1
4 bbmax = 2e−γE GeV−1

bmin = 2e−γE /Q

at large  the function  saturates to  ,  frozen at 1 GeV.  
the perturbative contributions to the TMD merge into the nonperturbative region

bT b*(bT) bmax μb

limbT→0 f̃⊥(1)a
1T (x, b2

T; Q2) = ∫ d2kT
k 2

T

2M2 f⊥a
1T (x, k2

T; Q2) = f⊥(1)a
1T (x; Q2)

At small , the TMD formalism is not valid and must match onto the fixed-order formalism.bT

Approximation at NLL: the first moment is evolved with collinear evolution

μb = 2e−γE /bT



Starting point: PV20Sivers Polarized TMDs
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χ2 = 1.12125 data points from SIDIS, DY LO-NLL
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PV20Sivers

PV17

polarized

unpolarized

TMDs
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Updated Sivers extraction
Additional data

hermes 2020

[JHEP12(2020)010]
Multidimensional 


x, PhT, z

SIDIS

SIDIS2022

2015-2018

[PRL133]

pion-induced


DY
projected in x

DY
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Updated Sivers extraction
included datasets

hermes
2020

[JHEP12(2020)010]

SIDIS

2022

[PRL133]

π+, π−, K+, K−
final state hadron

[PLB673,127(2009)]
[PLB770,138(2017)]

2017

2009

target: proton [H] 

t: deuteron [6LiD] 
t: Proton [NH3] 
t: deuteron [6LiD] 

h+, h−
f.s.h

250 data points t: neutron [3He] 
6 data points

98 data points

DY

2015-2018

[PRL133]

[PRL107,072003(2011)]

pion-induced DY
t: Proton [NH3] 

W-Z production 
2016

[PRL116,132301(2016)]

7 data points

3 data points

Total number of data
364
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Updated Sivers extraction

Additional data hermes
2020

[JHEP12(2020)010]

2022

2015-2018

[PRL133]

More accurate unpolarized TMDs 
for a self-consistent global extraction

MAPTMD22

pionMAPTMD

[JHEP10(2022)127]

[PRD.107.014014]
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Updated Sivers extraction

Additional data hermes
2020

[JHEP12(2020)010]

2022

2015-2018

[PRL133]

Accurate unpolarized TMDs MAPTMD22 pionMAPTMD

Revised fitting framework NangaParbat

[JHEP10(2022)127] [PRD.107.014014]



Pion TMD extraction: MAP22Pion

accuracy 

N3LL

22

[PRD 107 (2023) 1, 014014]
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Total number of data 364

global fit from  
• semi-inclusive DIS, 
• pion-induced Drell-Yan 
• W-Z boson production 

Accuracy: NLL-LO

< χ2 > = 1.09

Bootstrap method: 
200 replicas
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Preliminary

Preliminary

Selected results: COMPASS 2022
SIDIS D − h+ μ beam
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Pion-induced DY
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Selected results: COMPASS DY 2015
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Preliminary

Selected results: HERMES 2020
HERMES p − π− 0.36 < PhT < 0.54, 0.28 < z < 0.37
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Preliminary

Selected results: HERMES 2020
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Results on 
Sivers TMD 
first moment

Q2 = 4 GeV2

down quark

Preliminary

MAP26Siv
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Results on 
Sivers TMD 
first moment

Q2 = 4 GeV2

up quark

Preliminary

MAP26Siv
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Preliminary

Results on 
Sivers TMD 
first moment

Q2 = 4 GeV2

sea quark



Testing evolution frameworks: EKT

33
Changes to splitting functions in apfel++ 

[2009.10710] 
M.G. Echevarria, Z-B. Kang, J. Terry

> Modified evolution applied to the Sivers first moment 
> Kept the standard DGLAP evolution for collinear PDFs 

standard quark to quark  
splitting kernel for unpolarized PDFs,PT

q←q (x) = Pq←q − NC δ(1 − x)

Pq←q (x) = CF [ 1 + x2

(1 − x)+
+

3
2

δ(1 − x)]

At large x, transverse spin dynamics leads to a modification  
to the quark to quark splitting kernel
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Conclusions

๏ Updated MAP global extraction of Sivers function with a fully consistent 

TMD framework, connecting different datasets, energies, processes 

๏ New data from COMPASS, Hermes, STAR help explore new 
phenomenological aspects of polarized TMDs (multi dim., DY) 

๏ New datasets confirm previous works, allowing more flexibility
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