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e Brief summary of our theoretical
achievements in high energy DIS.

« Multiplicity distribution of the produced
gluons in high energy DIS:

o The linear but with complicated kernel and non-
homogeneous evolution equations for the cross sections
of n-cut BFKL Pomeron production in the final states.

« Approximate analytical solution to the equation
(homotopy and large n solution)

o Calculation of the multiplicity distribution and related
quantities

e Future work

Based on arXiv:2603.21775 [hep-ph]
In collaboration with G. Levin and C. Contreras


https://arxiv.org/abs/2603.21775
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Dipole picture of DIS 2
« We consider DIS for Q221 GeV2 and in the region of small x.

e For x<0.01, the quark loop diagram dominates over the

handbag diagram and we have a dipole-nucleus scattering.
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e For DIS with
nucleus the
impact parameter
fixes the number
of nucleons that
interact.




The scattering amplitude 3

« The basics of the scattering theory: the final and initial
states are related by the S-matrix operator

P5) = S |15

« The high energy scattering amplitudes must satisfy
Lorentz-invariance, unitarity of S-matrix and analyticity.

e For S=I+iT, the unitarity of the S-matrix, SS7=I, leads to:
W e
where T is the forward scattering amplitude.

e Define the dipole amplitude N as the imaginary part of the
dipole T-matrix, to rewrite the unitarity conditions as:

9N (Yixoy, blii= | N{Y %, b7 4 Gl %51, b)

where Gi, stands for the contribution of all inelastic processes



The scattering amphitude

« The previous constraint has a general solution if we
assume that the scattering amplitude is pure imaginary at
high energy, namely:

NG xor, b= 1 % 6_Q(Y;X01’b)

_E, k—l—l

Here () is the Pomeron exchange
« We can rewrite the s-channel unitarity constrains as

2N(Y;x01,b) = 05p(Y;%01,b) + 04, (Y;%01,b)

where o4 and oi, are the single diffraction and inelastic
cross sections at fixed dipole size and impact parameter b.



The scattering amphitude
In QCD the interaction with the target occurs due two
gluon exchange.
The t-channel unitarity is the same as s-channel but for the
t-channel reaction. In framework of QCD the reggeization
of the gluon provides the t-channel unitarity for the
effective theory based on BFKL Pomeron calculus.

Bound state of

two reggeized

gluons (due to §oog
evolution
equation)
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two gluons (no
energy)

« The reggeized gluon has spin different from one.



The Cut Pomeron 6

e In the single-Pomeron approximation, the scattering
amplitude is small, N<<1. If N <<1, then the elastic

contribution N2 << N can be neglected:

M S RERCT,
2|Im G = 0 5

A

2 Im

o it gives the “cut pomeron”, and, hence, particle production
with average multiplicity "lgrk1, = ABFKL Ye.



The scattering amplitude  *

« The scattering amplitude, can also be calculated as the
sum of the “fan” diagrams of the BFKL Pomeron calculus.

e This series we do not
known except for the
initial conditions

For the initial condition
S 5 k
Fi: the contribution P NN, [ (Y, %0, b) = & (fﬂglfio)

of the exchange of gy Aoy,

k-Pomerons to the 77 Sk
cross section
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The scattering amphitude

e In QCD in the LLA, there is an equivalence between the
pomeron theory of high energy strong interactions and
the dipole approach to QCD (almost always work).

Multiple Pomerons <-> Non-linear evolution

« We learned how to write nonlinear corrections only
when the amplitude is the sum of ‘fan’ diagrams, in
which we have P-> 2 P vertex.

e In our treatment of the multiplicity distributions, we are
going to explore again this equivalence.



The scattering amplitude  °

« For the calculation of the qq propagator through the
nucleus, we make use of the quasi-classical approximation
(the standard GGM/MV model):
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where Qs(b) is the initial saturation scale.
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The scattering amplitude 1Y
e To include the quantum evolution corrections to the
quasi-classical scattering amplitude, we consider only
long-lived gluons emissions and virtual gluons (as gluons
emitted inside the shockwave are suppressed):
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« The gluon cascade includes all possible emissions, both

from the quark and the antiquark. Further, gluons emit
gluons (recombination), etc.

« We can resume the cascade but only can do it at leading-
log (and next-to-leading log), we cannot sum it exactly.



The scattering amphlitude 11
« To further simplify it, we employ the 't Hooft’s large-N
limit, where only the planar diagrams survive and our
gluon cascade turns into a cascade of color dipoles:
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« Each dipole, that was developed through the QCD
evolution, later interacts with the nucleus by a series of

Glauber-type multiple rescatterings on the nucleons.
« Resuming this cascade, we arrive at the following

evolution equation for the dipole S-matrix:



The scattering amplitude 14

8% S(Y X017b> 24 ;75; d2:lj2 237012 [S (Y X12,b) S(Y X()Q,b) o S(Y;X()l,b)]

L12 Lo2
where ¥ = Inl/x ~ Ins, ag

= ag N./7. For N=1-S:

a 2
- N (¥,xo1,b) = ;‘i 42 xf“; [N (Y;X19,b) + N (Y:Xgo,b)
hoady Balitsky and Kovchegov
3] N(Y;X()l,b) =7 N(Y;Xlg,b) N(Y'Xog,b)] (BK), 1999

CN) S5 =+ <N> o *C@

with initial condition (¥ = Ya:xo1,b) = 1 = exp (7‘7301 QQ(YA’ )>

« the nonlinear BK evolution equation describe the transition
into the saturation region, along with the physics inside
that region. To date, there is no exact solution (but we have
a number of known approximate analytical solutions).



The scattering amplitude  1°

Color Glass Condensate/Saturation region
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Scaling region Scaling region |, Scaling region
Y=Inl/x}
7

-
-
-

Non-Perturbative
region

 Three regions: pQCD ( =2, Q2 < 1), vicinity of saturation
region (z2, Q? ~ 1) and the saturation region (=3, QZ > 1)



The AGK cutting rules

« The Abramovsky-Gribov-Kancheli (AGK) cutting rules
allows us to calculate the cross sections for production of
n-cut Pomerons if we know Fy: the contribution of the
exchange of k-Pomerons to the cross section
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The AGK cutting rules 1o
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The AGK cutting rules

o AGK cutting rules give the answer for the square of the amplitude. 0
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Produced particles L7

« To find the multiplicity distribution of particles in the final
states one needs to convolute ok with the distribution of
particles inside k-cut Pomerons

0'5’8' (Y§ X01, D Z UAGK Y; X01; b) Pf(k ABFKLY>
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The AGK cutting rules 18

« We don’t know how to sum this series except for the initial
condition:
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The particle production S-matrix'’
 Note that in the saturation region |A¢ |22 \sim o,

« We can give a more simple derivation of the equations of
o, from the s-channel unitarity (for an alternative

derivation, see arXiv:0807.3413 [hep-ph])

s N(Y, X01 b) = O'SD(Y; X01 b) —+- O'in(Y; X01 b)
« We define a new quantity — the particle production S-

matrix “S, ”: it includes o, along with the no-interaction

term (=1) and all the interaction terms (N and o ) on

either side (or both sides) of the final state cut:
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https://arxiv.org/abs/0807.3413

The particle production S-matrix*’

« The evolution equation for S, . is

2

0 ag 2 Lo1
Y (Y5 Xo01 ) on | ¢ 212,22, Sin(¥i %12, b) Sin X02, b) (V3 X01, b))
= ) select fixed multiplicity terms

select fixed multiplicity terms

« Replacing S, =1-2N+0sp+2,0, in the equation for the S, -
matrix, we obtain the BK, the KL and the AGK/KLP
evolution equations:
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8YJ (Y;x01,b) S L 22, 72,
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n—1
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— 20, (Yix12,b) N (Yix02,b) — 20, (Y;%02,b) N (Y;x12,b)



Evolution of onat large N
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« We can see the equation is linear but with complicated
kernel (KsrxL + 2 - 4 N) and non-homogeneous




FEvolution of onat large N,

e Lets note that
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Evolution of onat large N,

« Now we take the evolution kernel with leading

. 2 Xo1 = Too > X112 > 1/0Q
Iogarlthmlc termsonly ( ;= < T > 102 > 1?@ )
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e The equations for o, for the Ieadmg tW|st BFKL
kernel take the form:

0
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Evolution of onat large N,

e Defining the geometric scaling variables

2T In (56(2)1 Qi (Ya b)) ; Z/ = In (x(Q)Q Qg (Ya b))
and the rescaled variable §Y = ag (Y — Y4),we have
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« The minimum z is at Y=Ya (6Y=0), i.e.
oY — 0

> = kY + f; == gorforGScaseZ’:fg1

X (Yer)
1 — Yer










g, regionl (GS)

« We have divided the equation in two parts

yido s = /ﬁzdaallz(z) ORI N R % i e DA

Nelon] = A(z) 21 (2)

e As a solution, we introduce

= (O) =F p()‘%l) =P 0%2) v A

suchthat |0 (p)] + pN¢ilo (p>] — 0
o The Oth iteration is
do}” (2)

0
Llos Tk -

= —T(2)0{”(2) + 601 A(2)



g, regionl (GS)
« The solution is a sum of the solution to the homogeneous

part of the equation and the particular solution of the
non-homogeneous one. We obtain

/
z Z z

01" (2) = exp (i / dZ’T(z’)) {021 / dz' A (2') exp (i / d/T(/)) i Cfﬁ}
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1 1
where C{" = e exp <—2€£64)

2
e For the next homotopy iteration we need to account for
the linear terms in p: £[0§O> . p0§ )] 5 pNg[ago)] =40
« The equation takes the form

0(1I> 1,1 (0
LW L ) s - AR D




oy region I (GS)

where 21" (z) = /dz’ (). The general solution is

z

1 P [ : b
O_;l,]) (Z) — ——exp (/dZ/T<Z/)) /dZ/A (Z/) Zgo) (z/) exp (/dz’/T(z//))
K K 5

39 £ 33
« In general, the equation for the p-iteration (p21) in
region | takes the form

J(p,) 5 S
LB L el ) A BED ()

with solution

oD () = — lexp (1 /dz’T(z’)) /dz’A(z’) S8 (1) exp (1 /dz"T(z”))
K K K




o region Il (no GS)
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o,: regionll (no GS)
 In this case, the solution is more complex. After some
algebra, the general solution takes the form

050’”) ((5{/,2) = O, (—/15}7 + z) (7(1)/ (517,,2) + 0(1)/ (5)7,,2) 5?/ (537,7;)
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» For other iterations, we just modify our definition of the
non-homogeneous term by adding the contribution from N,



On
« Now we need to add to our definition of L[o1] the non-

homogeneous term

flow) = #2228 L 1G)0,(2) = 000 A() = T Buck (2) 01 (2

e SN e e
= Upiz)

« We solve the equation in a similar way to o3, yielding
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Numenrical estimmates

« Ratios of 01, 02 03 and os for \xi_A=0, \alpha_S=0.2, z_0=2.
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Numenrical estimates

« Ratios of 01, 02 03 and os for \xi_A=0, \alpha_S=0.2, z 0=2.
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Numenrical estimates

e One can see that the first iteration turns out to be rather
large in the small-z region which corresponds to region |I.

e Despite the fact that after an appropriate number of
iterations the corrections become small, the approach
may break down for a sufficiently large n. For this reason,
we use this method only for small values of n.

« We solve the equation in the large-n limit, and study the
possible matching with this solution.



The large n=N Solution

« We start with our equation

Kdaggz) = —(z — Ya(2)on(z) + A(z)Xn(2) + Z BT

where X, (2) = /Z dz'o,(z") and YA (z) = / dz' A(2")
« We suggest that the solution has the following form
Yn(2) = ¢(2) exp(—n ®(2))

e Functions @ (z) and ¢ (z) we will find from the equation.
Noticing that

nfliz Gl 1“21:2 B i D)
n— 73 n— N <) CXP \—
T k 2dz k 2 dz MR

 The equation can be rewritten as

o2 =L SAM)EA() + Bale) & T T (4(2)5 ()




The large n=N Solution

e Introducing
8. (5)i= / 7 %, ()

and assuming that all functions decreases at large z, we have

o (e BB 80 + () Ba()

di” — (¢'(2) — né(2)®'(2)) exp(—n D(2))

we can find now all unknown functions @, ¢ and S.

« Taking the large z and n limit, we find for DIS:

By 4 ) —MN < : < eXxp{—n < nZN(Z>> z 22 = i
on(2) = <¢<> ¢<><1><>> p(-n® () st (e - 75)
where (g) — ge_f and N (z) = 2—26(2_2?)
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Matching of the solutions
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Matching of the solutions

 From the previous plot, we can invert n to obtain the matching z

o o e = Tlarge n(z)@(zm —z) + Oomall n(z)@(z — Zm)
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Entropy of produced ghions

e The probability to have n-cut BFKL Pomerons in the
final sate is equal to

piekly = S Ll (R )

mn
« The entropy content of multiplicity distributions is
defined by
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Conclusions and outlook
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