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Outline
• Brief summary of our theoretical 

achievements in high energy DIS. 
• Multiplicity distribution of the produced 

gluons in high energy DIS:  
• The linear but with complicated kernel and non-

homogeneous evolution equations for the cross sections 
of n-cut BFKL Pomeron production in the final states. 

• Approximate analytical solution to the equation 
(homotopy and large n solution) 

• Calculation of the multiplicity distribution and related 
quantities  

• Future work
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Deep inelastic scattering
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Dipole picture of DIS
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• We consider DIS for Q2≥1 GeV2 and in the region of small x.  

• For x<0.01, the quark loop diagram dominates over the 
handbag diagram and we have a dipole-nucleus scattering.
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• For DIS with 
nucleus the 
impact parameter 
fixes the number 
of nucleons that 
interact.



• The basics of the scattering theory: the final and initial 
states are related by the S-matrix operator

where T is the forward scattering amplitude.

• The high energy scattering amplitudes must satisfy 
Lorentz-invariance, unitarity of S-matrix and analyticity.
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|ωf = Ŝ |ωi

• For S=I+iT, the unitarity of the S-matrix, SS†=I, leads to:

where Gin stands for the contribution of all inelastic processes

The scattering amplitude
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i(T † → T ) = T † T

• Define the dipole amplitude N as the imaginary part of the 
dipole T-matrix, to rewrite the unitarity conditions as:
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2N(Y ;x01,b) = |N(Y ;x01,b)|2 + Gin(Y ;x01,b)
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The scattering amplitude
• The previous constraint has a general solution if we 

assume that the scattering amplitude is pure imaginary at 
high energy, namely:
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N(Y ;x01,b) = 1 → e→!(Y ;x01,b)
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=
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k=1

(→1)k+1 1

k!
!k

Here       is the Pomeron exchange.
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!
• We can rewrite the s-channel unitarity constrains as 
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2N(Y ;x01,b) = ωSD(Y ;x01,b) + ωin(Y ;x01,b)

where σsd and σin are the single diffraction and inelastic
cross sections at fixed dipole size and impact parameter b.

<latexit sha1_base64="j7wS8F7tKFAwj8Nbw54mK7S7CAI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva369Vq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxg5i5k=</latexit>
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The scattering amplitude
• In QCD the interaction with the target occurs due two 

gluon exchange. 
• The t-channel unitarity is the same as s-channel but for the 

t-channel reaction. In framework of QCD the reggeization 
of the gluon provides the t-channel unitarity for the 
effective theory based on BFKL Pomeron calculus.

two gluons (no 
energy) 

Bound state of 
two reggeized 
gluons (due to 

evolution 
equation)

hadron/nucleus hadron/nucleus

• The reggeized gluon has spin different from one.

<latexit sha1_base64="B7mI6civTK5iDPdCLQnokqvvyww=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftUrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIQ/jMQ=</latexit>
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2 Im G

hadron/nucleus

2

hadron/nucleus

The Cut Pomeron

• it gives the “cut pomeron”, and, hence, particle production 
with average multiplicity                                            .

• In the single-Pomeron approximation, the scattering 
amplitude is small, N<<1. If N <<1, then the elastic 
contribution N^2 << N can be neglected:

<latexit sha1_base64="QofYunxSQeqotkQbFH/3C/w9gcQ="></latexit>

2 ImGBFKL = ωBFKL
in

<latexit sha1_base64="v7QdX3wCxKAv8RtX6oCzxuzfHUg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDhcOMxQ==</latexit>

6

<latexit sha1_base64="oDUS2pmWiu/K3UK3pLYt8tnXX4g=">AAACInicdVDLSgNBEJz1GeMr6tHLYBA8hLArEvUghCgi6CGCeUg2hNnJJBkyO7vM9Iphybd48Ve8eFDUk+DHOHkcNNGChqKqm+4uLxRcg21/WjOzc/MLi4ml5PLK6tp6amOzrINIUVaigQhU1SOaCS5ZCTgIVg0VI74nWMXrng78yh1TmgfyBnohq/ukLXmLUwJGaqSOZSN2fS+4j13gsocL55dX/WTfzZy4GfeMCSD/+LeNVNrO2kPgaeKMSRqNUWyk3t1mQCOfSaCCaF1z7BDqMVHAqWD9pBtpFhLaJW1WM1QSn+l6PHyxj3eN0sStQJmSgIfqz4mY+Fr3fM90+gQ6etIbiH95tQhaR/WYyzACJuloUSsSGAI8yAs3uWIURM8QQhU3t2LaIYpQMKkmTQjO5MvTpLyfdXLZ3PVBOl8Yx5FA22gH7SEHHaI8ukBFVEIUPaAn9IJerUfr2XqzPkatM9Z4Zgv9gvX1DSHLo2Y=</latexit>

nBFKL = !BFKL Y



The scattering amplitude

N =

Nucleus nucleons

Σ
k=1

∞
(-1)k+1 Ck (Im GBFKL )k  =

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

Fk

• This series we do not 
known except for the 
initial conditions

• Fk: the contribution 
of the exchange of 
k-Pomerons to the 
cross section

• For the initial condition
<latexit sha1_base64="G6XyLJ15GCmrXCe1KAcomUDr5Og="></latexit>

Fk(YA,x01,b) =
1

k!

(
x2
01 Q

2
s0

4

)k

• The scattering amplitude, can also be calculated as the 
sum of the “fan” diagrams of the BFKL Pomeron calculus.

<latexit sha1_base64="zzrNYPpBWIKHbYwMLxYOn/tndMQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNAY9ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlRrVfLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO88VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtdssjjycwTlcggdVqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIdHjMY=</latexit>
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• In QCD in the LLA, there is an equivalence between the 
pomeron theory of high energy strong interactions and 
the dipole approach to QCD (almost always work).

Multiple Pomerons <-> Non-linear evolution
• We learned how to write nonlinear corrections only 

when the amplitude is the sum of ‘fan’ diagrams, in 
which we have P-> 2 P vertex.

• In our treatment of the multiplicity distributions, we are 
going to explore again this equivalence.

<latexit sha1_base64="HdYaPsUbM4jt6p6aiglfRV7CsYw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlRrVfLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzOs+imXcWJQsuWiYSKIicj8azLgCpkRU0soU9zeStiYKsqMzaZgQ/BWX14nrauyVylXGtel2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIjLjMc=</latexit>

8The scattering amplitude



The scattering amplitude
• For the calculation of the       propagator through the 

nucleus, we make use of the quasi-classical approximation 
(the standard GGM/MV model):

<latexit sha1_base64="CS0F1puWOkhE+bt7Ss8ZKfUz6LQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVab0IRS8eK9gPaZeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxmfueJKs0i+WCmMfUFHkkWMoKNlR6vSzkG5YpbdedAq8TLSQVyNAflr/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nR88Q2dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x45adMxomhkiwWhQlHJkLZ92jIFCWGTy3BRDF7KyJjrDAxNqMsBG/55VXSvqh6tWrt/rLSuMnjKMIJnMI5eFCHBtxBE1pAQMAzvMKbo5wX5935WLQWnHzmGP7A+fwBNBWNbA==</latexit>=

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0<latexit sha1_base64="esvArnCKkVkAzlC6fwbSt4+7Hxw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR6LXjxWsB/QhrLZbtqlm03YnQih9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEbOE+xEdKhEKRtFK7YueUCFm/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBf0I1Cib5tNRLDU8oG9Mh71qqaMSNP5mfOyVnVhmQMNa2FJK5+ntiQiNjsiiwnRHFkVn2ZuJ/XjfF8MafCJWkyBVbLApTSTAms9/JQGjOUGaWUKaFvZWwEdWUoU2oZEPwll9eJa3Lqler1h6uKvXbPI4inMApnIMH11CHe2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AEwAI9+</latexit>→↑ <latexit sha1_base64="bF/NP/OHOrpLPjZtD9cibHjZtzk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMXBj0c=</latexit>→

<latexit sha1_base64="P8dVoIlWRdV1369Ub2t5PPBVNjM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZFosegF48RzQOSNcxOZpMhs7PLTK8YlnyCFw+KePWLvPk3Th4HTSxoKKq66e4KEikMuu63s7S8srq2ntvIb25t7+wW9vbrJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LB9dhvPHJtRKzucZhwP6I9JULBKFrp7unhtFMouiV3ArJIvBkpwgzVTuGr3Y1ZGnGFTFJjWp6boJ9RjYJJPsq3U8MTyga0x1uWKhpx42eTU0fk2CpdEsbalkIyUX9PZDQyZhgFtjOi2Dfz3lj8z2ulGF76mVBJilyx6aIwlQRjMv6bdIXmDOXQEsq0sLcS1qeaMrTp5G0I3vzLi6R+VvLKpfLtebFyNYsjB4dwBCfgwQVU4AaqUAMGPXiGV3hzpPPivDsf09YlZzZzAH/gfP4AB62Npg==</latexit>

x→
<latexit sha1_base64="EQA6jXMk0scyMtvciSGo79Pa6Rw=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx6RyCMBQmaHWZgwO7uZ6TUhG/7AiweN8eofefNvHGAPClbSSaWqO91dfiyFQdf9dnIbm1vbO/ndwt7+weFR8fikZaJEM95kkYx0x6eGS6F4EwVK3ok1p6Eveduf3M399hPXRkTqEacx74d0pEQgGEUrNSqNQbHklt0FyDrxMlKCDPVB8as3jFgScoVMUmO6nhtjP6UaBZN8VuglhseUTeiIdy1VNOSmny4unZELqwxJEGlbCslC/T2R0tCYaejbzpDi2Kx6c/E/r5tgcNNPhYoT5IotFwWJJBiR+dtkKDRnKKeWUKaFvZWwMdWUoQ2nYEPwVl9eJ61K2auWqw9XpdptFkcezuAcLsGDa6jBPdShCQwCeIZXeHMmzovz7nwsW3NONnMKf+B8/gAhII0d</latexit>

2R
nucleons

Nucleus

<latexit sha1_base64="DMnZLADLL+HcPdp7d82ObROWsTA=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1WPRi8cK9gPatWTTbBuaZLdJVilL/4cXD4p49b9489+YbfegrQ8GHu/NMDMviDnTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1FGiCG2QiEeqHWBNOZO0YZjhtB0rikXAaSsY3WR+65EqzSJ5byYx9QUeSBYygo2VHsbdACs0Ls7RK5XdijsDWiZeTsqQo94rfXX7EUkElYZwrHXHc2Pjp1gZRjidFruJpjEmIzygHUslFlT76ezqKTq1Sh+FkbIlDZqpvydSLLSeiMB2CmyGetHLxP+8TmLCKz9lMk4MlWS+KEw4MhHKIkB9pigxfGIJJorZWxEZYoWJsUFlIXiLLy+T5nnFq1aqdxfl2nUeRwGO4QTOwINLqMEt1KEBBBQ8wyu8OU/Oi/PufMxbV5x85gj+wPn8AYBRj+o=</latexit>

qq̄

<latexit sha1_base64="O1UyDi4XXnc3UyA7tzxc+H4evqc=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KolIdVl047KCfUAbwmQ6aYdOJmFmopbYT3HjQhG3fok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva2V1bX1js7RV3t7Z3du3KwdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTj69zv3FOpWCzu9CShXoSHgoWMYG0k3670I6xHQZg9Tn23nMO3q07NmQEtE7cgVSjQ9O2v/iAmaUSFJhwr1XOdRHsZlpoRTqflfqpogskYD2nPUIEjqrxsFn2KTowyQGEszRMazdTfGxmOlJpEgZnMg6pFLxf/83qpDi+9jIkk1VSQ+aEw5UjHKO8BDZikRPOJIZhIZrIiMsISE23ayktwF7+8TNpnNbdeq9+eVxtXRR0lOIJjOAUXLqABN9CEFhB4gGd4hTfryXqx3q2P+eiKVewcwh9Ynz/DHJJg</latexit>x1

<latexit sha1_base64="YDOC3hbHcnrtMtBxjPur6Rj1/34=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KolIdVl047KCfUAbwmQ6aYdOJmFmopbYT3HjQhG3fok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva2V1bX1js7RV3t7Z3du3KwdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTj69zv3FOpWCzu9CShXoSHgoWMYG0k3670I6xHQZg9Tn2nnMO3q07NmQEtE7cgVSjQ9O2v/iAmaUSFJhwr1XOdRHsZlpoRTqflfqpogskYD2nPUIEjqrxsFn2KTowyQGEszRMazdTfGxmOlJpEgZnMg6pFLxf/83qpDi+9jIkk1VSQ+aEw5UjHKO8BDZikRPOJIZhIZrIiMsISE23ayktwF7+8TNpnNbdeq9+eVxtXRR0lOIJjOAUXLqABN9CEFhB4gGd4hTfryXqx3q2P+eiKVewcwh9Ynz/Bk5Jf</latexit>x0

<latexit sha1_base64="XUkfBFw5UYC344jchRbPxNTlo6A=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQi1WXRjcsK9gFtCJPppB06mYSZiVhD8FfcuFDErf/hzr9x0nahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0XXht++pVCwWd3qcUC/CA8FCRrA2km8f9iKsh0GYPeR+5rh5uYBvV5yqMwFaJO6MVGCGhm9/9foxSSMqNOFYqa7rJNrLsNSMcJqXe6miCSYjPKBdQwWOqPKySfocnRilj8JYmic0mqi/NzIcKTWOAjNZZFXzXiH+53VTHV56GRNJqqkg00NhypGOUVEF6jNJieZjQzCRzGRFZIglJtoUVpTgzn95kbTOqm6tWrs9r9SvZnWU4AiO4RRcuIA63EADmkDgEZ7hFd6sJ+vFerc+pqNL1mznAP7A+vwBCPmTpg==</latexit>x01
<latexit sha1_base64="msj/OxC4MIsXCqBHBTU4qQ+twiY=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5CRbBVUlEqhuh6MZlBfuAJobJdNIOnZmEmYkQQ/FX3LhQxK3/4c6/cdJmoa0HLhzOuZd77wkTSqRynG+jsrS8srpWXTc3Nre2d6zdvY6MU4FwG8U0Fr0QSkwJx21FFMW9RGDIQoq74fi68LsPWEgS8zuVJdhncMhJRBBUWgqsA0+mLMjHl+7k3iM8UplpmoFVc+rOFPYicUtSAyVagfXlDWKUMswVolDKvuskys+hUARRPDG9VOIEojEc4r6mHDIs/Xx6/cQ+1srAjmKhiyt7qv6eyCGTMmOh7mRQjeS8V4j/ef1URRd+TniSKszRbFGUUlvFdhGFPSACI0UzTSASRN9qoxEUECkdWBGCO//yIumc1t1GvXF7VmtelXFUwSE4AifABeegCW5AC7QBAo/gGbyCN+PJeDHejY9Za8UoZ/bBHxifPyVllGE=</latexit> →∑

k=1

<latexit sha1_base64="AH63+VTyNSvqbS6ntokvZM1YE2M=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBahXkoiUj0WvXiSCvYD21g22027dLMJuxuhhP4LLx4U8eq/8ea/cdPmoK0PBh7vzTAzz485U9pxvq3Cyura+kZx097a3tndK+0ftFSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj68zv/1EpWKRuNeTmHohHgoWMIK1kR5uH9OKczq1bbtfKjtVZwa0TNyclCFHo1/66g0ikoRUaMKxUl3XibWXYqkZ4XRq9xJFY0zGeEi7hgocUuWls4un6MQoAxRE0pTQaKb+nkhxqNQk9E1niPVILXqZ+J/XTXRw6aVMxImmgswXBQlHOkLZ+2jAJCWaTwzBRDJzKyIjLDHRJqQsBHfx5WXSOqu6tWrt7rxcv8rjKMIRHEMFXLiAOtxAA5pAQMAzvMKbpawX6936mLcWrHzmEP7A+vwB+yOPLA==</latexit>

N (0)

<latexit sha1_base64="WdmVyR1B9eyRtUh1oSEK8A6Pc9I="></latexit>

N (Y = YA,x01,b) =
→∑

k=1

(→1)k+1 1

k!

(
x2
01 Q

2
s(YA,b)

4

)k

= 1 → exp

(
→1

4
x2
01 Q

2
s(YA,b)

)

where Qs(b) is the initial saturation scale.  

<latexit sha1_base64="QxbklJp5hXu0N2VcsvvtRUjyHS0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRL0FvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+k2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A4pPjMg=</latexit>
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The scattering amplitude
• To include the quantum evolution corrections to the 

quasi-classical scattering amplitude, we consider only 
long-lived gluons emissions and virtual gluons (as gluons 
emitted inside the shockwave are suppressed): 

• The gluon cascade includes all possible emissions, both 
from the quark and the antiquark. Further, gluons emit 
gluons (recombination), etc. 

• We can resume the cascade but only can do it at leading-
log (and next-to-leading log), we cannot sum it exactly.

<latexit sha1_base64="inzc1133EATWwBwtvDu6FKMcv2U=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOqx6MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5DbzO09UaSbFg5nG1I/wSLCQEWys1L4oZRiUK27VnQOtEi8nFcjRHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepQJHVPvp/NoZOrPKEIVS2RIGzdXfEymOtJ5Gge2MsBnrZS8T//N6iQmv/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjA8pC8JZfXiXty6pXr9bva5XGTR5HEU7gFM7BgytowB00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4AerGNHg==</latexit>

+
<latexit sha1_base64="inzc1133EATWwBwtvDu6FKMcv2U=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOqx6MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5DbzO09UaSbFg5nG1I/wSLCQEWys1L4oZRiUK27VnQOtEi8nFcjRHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepQJHVPvp/NoZOrPKEIVS2RIGzdXfEymOtJ5Gge2MsBnrZS8T//N6iQmv/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjA8pC8JZfXiXty6pXr9bva5XGTR5HEU7gFM7BgytowB00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4AerGNHg==</latexit>

+

<latexit sha1_base64="N0jF13yyogdjvRGvz3GC6BJJ50U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB8/tlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+wEjPo=</latexit>
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The scattering amplitude
• To further simplify it, we employ the ’t Hooft’s large-Nc 

limit, where only the planar diagrams survive and our 
gluon cascade turns into a cascade of color dipoles:

• Each dipole, that was developed through the QCD 
evolution, later interacts with the nucleus by a series of 
Glauber-type multiple rescatterings on the nucleons.

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

<latexit sha1_base64="efPLTlPYTkzEPG+9HyhANKK7GHw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0sxt2J0Ip/RtePCji1T/jzX/jps1Bqw8GHu/NMDMvSgU36HlfTmltfWNzq7xd2dnd2z+oHh51jMo0ZW2qhNK9iBgmuGRt5ChYL9WMJJFg3Whym/vdR6YNV/IBpykLEzKSPOaUoJWCQCFPmKnkGFRrXt1bwP1L/ILUoEBrUP0MhopmCZNIBTGm73sphjOikVPB5pUgMywldEJGrG+pJHZTOFvcPHfPrDJ0Y6VtSXQX6s+JGUmMmSaR7UwIjs2ql4v/ef0M4+twxmWaIZN0uSjOhIvKzQNwh1wzimJqCaGa21tdOiaaULQx5SH4qy//JZ2Lut+oN+4va82bIo4ynMApnIMPV9CEO2hBGyik8AQv8OpkzrPz5rwvW0tOMXMMv+B8fAOdHZAc</latexit>→

• Resuming this cascade, we arrive at the following 
evolution equation for the dipole S-matrix:

<latexit sha1_base64="qlClGe4gEiwbkVSPpYamFAXt9l8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB8/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+2IjPs=</latexit>

11



The scattering amplitude

• the nonlinear BK evolution equation describe the transition 
into the saturation region, along with the physics inside 
that region. To date, there is no exact solution (but we have 
a number of known approximate analytical solutions).

<latexit sha1_base64="u1ziWMifrByvysamhwKVz0RZ910="></latexit>

ω

ωY
N (Y,x01,b) =

ε̄S

2ϑ

∫
d2x2

x2
01

x2
12 x

2
02

[N (Y ;x12,b) + N (Y ;x02,b) → N (Y ;x01,b) → N (Y ;x12,b) N (Y ;x02,b)]

<latexit sha1_base64="7QfChkSbGrfc92+L7KBrYB2hEek="></latexit>

→ N (Y ;x01,b) → N (Y ;x12,b) N (Y ;x02,b)]

<latexit sha1_base64="I78wDeglbdG5y/bPX4TQZoQiXz0=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaL4KokItVl0Y3LCvYiTSiT6aQdOrkwMxFKyMaNr+LGhSJufQd3vo2TNoi2/jDw8Z9zZub8XsyZVJb1ZZSWlldW18rrlY3Nre0dc3evLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+Cqvd+6pkCwKb9Ukpm6AhyHzGcFKW33z0PEFJqkTY6EY5tkPobus0jerVs2aCi2CXUAVCjX75qcziEgS0FARjqXs2Vas3DS/kXCaVZxE0hiTMR7SnsYQB1S66XSLDB1rZ4D8SOgTKjR1f0+kOJByEni6M8BqJOdruflfrZco/8JNWRgnioZk9pCfcKQilEeCBkxQovhEAyaC6b8iMsI6FqWDy0Ow51dehPZpza7X6jdn1cZlEUcZDuAITsCGc2jANTShBQQe4Ale4NV4NJ6NN+N91loyipl9+CPj4xvX+5jL</latexit>

ω

ωY
<latexit sha1_base64="HERR7CZd5UiRbmFU0zO5zUyjkDU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjFfsBbSib7aZdutmE3YlQSv+BFw+KePUfefPfuGlz0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Cbz249cGxGrB5wk3I/oUIlQMIpWur8q9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On80hk5scqAhLG2pZDM1Z8TUxoZM4kC2xlRHJllLxP/87ophpf+VKgkRa7YYlGYSoIxyd4mA6E5QzmxhDIt7K2EjaimDG04WQje8st/Seus6tWqtbvzSv06j6MIR3AMp+DBBdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgHEqIzg</latexit>=

<latexit sha1_base64="oXgJ6BNsunNbX5/py32V6+bx9Zw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRbea3nlBpHstHM07Qj+hA8pAzaqz0cF7slcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxJ1QZzgROi91UY0LZiA6wY6mkEWp/Mrt0Sk6t0idhrGxJQ2bq74kJjbQeR4HtjKgZ6kUvE//zOqkJr/0Jl0lqULL5ojAVxMQke5v0uUJmxNgSyhS3txI2pIoyY8PJQvAWX14mzYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5A6lOjM4=</latexit>

+ <latexit sha1_base64="c7Vo/hhePpLpJVBfU8zlVVfmFZU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GU/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoNvNbT6g0j+WjGSfoR3QgecgZNVZ6OC/2SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4E6oMZwKnxW6qMaFsRAfYsVTSCLU/mV06JadW6ZMwVrakITP198SERlqPo8B2RtQM9aKXif95ndSE1/6EyyQ1KNl8UZgKYmKSvU36XCEzYmwJZYrbWwkbUkWZseFkIXiLLy+T5kXFq1aq95fl2k0eRwGO4QTOwIMrqMEd1KEBDEJ4hld4c0bOi/PufMxbV5x85gj+wPn8AaxYjNA=</latexit>→ <latexit sha1_base64="c7Vo/hhePpLpJVBfU8zlVVfmFZU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPRi8cq9gPaUDbbSbt0swm7G6GU/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoNvNbT6g0j+WjGSfoR3QgecgZNVZ6OC/2SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4E6oMZwKnxW6qMaFsRAfYsVTSCLU/mV06JadW6ZMwVrakITP198SERlqPo8B2RtQM9aKXif95ndSE1/6EyyQ1KNl8UZgKYmKSvU36XCEzYmwJZYrbWwkbUkWZseFkIXiLLy+T5kXFq1aq95fl2k0eRwGO4QTOwIMrqMEd1KEBDEJ4hld4c0bOi/PufMxbV5x85gj+wPn8AaxYjNA=</latexit>→

with initial condition 
<latexit sha1_base64="payvOMuJwUKP5fyyf18m4te36kI="></latexit>

N (Y = YA,x01,b) = 1 → exp

(
→1

4
x2
01 Q

2
s(YA,b)

)

<latexit sha1_base64="4e93oHLAy4A0IBfr6kDdzsePeSE="></latexit>

ω

ωY
S (Y,x01,b) =

ε̄S

2ϑ

∫
d2x2

x2
01

x2
12 x

2
02

[
S (Y ;x12,b) S (Y ;x02,b) → S (Y ;x01,b)

]

where

Balitsky and Kovchegov 
(BK), 1999

<latexit sha1_base64="bz25O5F6g0BiD8zO9tDSA9sdnvw=">AAACCXicbZC7TsMwFIYdrqXcAowsFhUSQ1UShAoLUgULY5HoBTVR5bhOa9V2IttBVFVXFl6FhQGEWHkDNt4GJ80ALb9k6fN/zpF9/iBmVGnH+bYWFpeWV1YLa8X1jc2tbXtnt6miRGLSwBGLZDtAijAqSENTzUg7lgTxgJFWMLxK6617IhWNxK0excTnqC9oSDHSxura8M4rX3hljwnoHj8YUJRPr6qYqWuXnIqTCc6Dm0MJ5Kp37S+vF+GEE6ExQ0p1XCfW/hhJTTEjk6KXKBIjPER90jEoECfKH2ebTOChcXowjKQ5QsPM/T0xRlypEQ9MJ0d6oGZrqflfrZPo8NwfUxEnmgg8fShMGNQRTGOBPSoJ1mxkAGFJzV8hHiCJsDbhpSG4syvPQ/Ok4lYr1ZvTUu0yj6MA9sEBOAIuOAM1cA3qoAEweATP4BW8WU/Wi/VufUxbF6x8Zg/8kfX5A7dFloQ=</latexit>

Y = ln 1/x → ln s ,
<latexit sha1_base64="mXPZnon/BU0aJ5jOfF8IkXROlRo=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSK4KDURqW6EohtXUtE+oAnhZjpph04ezEyEUvoTbvwVNy4UcSu482+cpAG19cC9HM65l5l7vJhRIU3zSyssLC4trxRXS2vrG5tb+vZOS0QJx6SJIxbxjgeCMBqSpqSSkU7MCQQeI21veJn67XvCBY3COzmKiRNAP6Q+xSCV5OoV2wNuA4sH4N7aFbtynrYf4drFR3ZMSxlcvWxWzQzGPLFyUkY5Gq7+afcinAQklJiBEF3LjKUzBi4pZmRSshNBYsBD6JOuoiEERDjj7KqJcaCUnuFHXFUojUz9vTGGQIhR4KnJAORAzHqp+J/XTaR/5oxpGCeShHj6kJ8wQ0ZGGpHRo5xgyUaKAOZU/dXAA+CApQoyDcGaPXmetI6rVq1auzkp1y/yOIpoD+2jQ2ShU1RHV6iBmgijB/SEXtCr9qg9a2/a+3S0oOU7u+gPtI9vWZWbvA==</latexit>

ω̄S = ωS Nc/ε. For N=1-S:

<latexit sha1_base64="SablyYeBseqKUShWcA8BrfAVHzk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ68Kr9UtmtuHOQVeLlpAw5Gv3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aVTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07RhuAtv7xKWtWKV6vU7i/L9Zs8jgKcwhlcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+8MjPw=</latexit>
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The scattering amplitude
Color Glass Condensate/Saturation region

Scaling regionScaling region
Extended Geometric
Scaling region

BK/KL/AGK

Y = ln 1/x

Y

YA

0

Non-Perturbative
region Q (Y)s

DGLAP

BFKL

GeometricNo Geometric

Q2

III

• Three regions: pQCD (                  ), vicinity of saturation 
region (                  ) and the saturation region (                   ) 

2

<latexit sha1_base64="ICw95dhHPTceBeJcF7t/87uqxSo=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkpSpLpwUXTjsgX7gDYNk+mkHTqZhJmJWEJ3bvwVNy4UcesvuPNvnLRZ1NYDFw7n3Mu993gRo1JZ1o+RW1ldW9/Ibxa2tnd298z9g6YMY4FJA4csFG0PScIoJw1FFSPtSBAUeIy0vNFt6rceiJA05PdqHBEnQANOfYqR0pJrHj+6iWVPeuXued2VvfK1XZiHaxatkjUFXCZ2RoogQ801v7v9EMcB4QozJGXHtiLlJEgoihmZFLqxJBHCIzQgHU05Coh0kukfE3iqlT70Q6GLKzhV5ycSFEg5DjzdGSA1lIteKv7ndWLlXzkJ5VGsCMezRX7MoAphGgrsU0GwYmNNEBZU3wrxEAmElY4uDcFefHmZNMslu1Kq1C+K1Zssjjw4AifgDNjgElTBHaiBBsDgCbyAN/BuPBuvxofxOWvNGdnMIfgD4+sXTe6TzA==</latexit>

x2
01 Q

2
s < 1

<latexit sha1_base64="BCvA3jy08a7AdMKtx4wP1roz9ig=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExoCqpUGGsYGFsJfqQ2hA5rtNatZ3IdhBV1JmFX2FhACFWvoCNv8FpO5SWI13do3PulX1PEDOqtOP8WLmV1bX1jfxmYWt7Z3fP3j9oqiiRmDRwxCLZDpAijArS0FQz0o4lQTxgpBUMbzK/9UCkopG406OYeBz1BQ0pRtpIvn386KeOO74vd8/rvjJNUe4W5uHbRafkTACXiTsjRTBDzbe/u70IJ5wIjRlSquM6sfZSJDXFjIwL3USRGOEh6pOOoQJxorx0csoYnhqlB8NImhIaTtT5jRRxpUY8MJMc6YFa9DLxP6+T6PDKS6mIE00Enj4UJgzqCGa5wB6VBGs2MgRhSc1fIR4gibA26WUhuIsnL5NmueRWSpX6RbF6PYsjD47ACTgDLrgEVXALaqABMHgCL+ANvFvP1qv1YX1OR3PWbOcQ/IH19QsGDpVT</latexit>

x2
01 Q

2
s → 1

<latexit sha1_base64="VdlPfYraqFF+5Ch5GR/f5NiisEg=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkpSpLqSohuXLdgHtGmYTCft0MkkzEzEErpz46+4caGIW3/BnX/jpM2ith64cDjnXu69x4sYlcqyfozcyura+kZ+s7C1vbO7Z+4fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TljW5Tv/VAhKQhv1fjiDgBGnDqU4yUllzz+NFNLHvSK3fP667sla/twjxcs2iVrCngMrEzUgQZaq753e2HOA4IV5ghKTu2FSknQUJRzMik0I0liRAeoQHpaMpRQKSTTP+YwFOt9KEfCl1cwak6P5GgQMpx4OnOAKmhXPRS8T+vEyv/ykkoj2JFOJ4t8mMGVQjTUGCfCoIVG2uCsKD6VoiHSCCsdHRpCPbiy8ukWS7ZlVKlflGs3mRx5MEROAFnwAaXoAruQA00AAZP4AW8gXfj2Xg1PozPWWvOyGYOwR8YX79REpPO</latexit>

x2
01 Q

2
s > 1

<latexit sha1_base64="qq8pmLLIwNo+iau72FPqTHfFoxo=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KolK9Vj04rGC/YA2lM120i7dbMLuRiilf8OLB0W8+me8+W/ctEG09cHA470ZZuYFieDauO6Xs7K6tr6xWdgqbu/s7u2XDg6bOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdZn7rEZXmsXww4wT9iA4kDzmjxkpd76L4g16p7FbcGcgy8XJShhz1Xumz249ZGqE0TFCtO56bGH9CleFM4LTYTTUmlI3oADuWShqh9iezm6fk1Cp9EsbKljRkpv6emNBI63EU2M6ImqFe9DLxP6+TmvDan3CZpAYlmy8KU0FMTLIASJ8rZEaMLaFMcXsrYUOqKDM2piwEb/HlZdI8r3jVSvX+sly7yeMowDGcwBl4cAU1uIM6NIBBAk/wAq9O6jw7b877vHXFyWeO4A+cj2//Po3F</latexit>
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The AGK cutting rules
• The Abramovsky-Gribov-Kancheli (AGK) cutting rules 

allows us to calculate the cross sections for production of 
n-cut Pomerons if we know Fk: the contribution of the 
exchange of k-Pomerons to the cross section

where
<latexit sha1_base64="BTPH5fxbyN2ZiW1Lbofvfyvrs/g="></latexit>

ωk
n (Y ; r,b) =






(→1)k
(
2k → 2

)
Fk(Y ; r,b) for n = 0

(→1)k→n k!

(k → n)!n!
2k Fk(Y ; r,b) for n ↑ 1

<latexit sha1_base64="BTPH5fxbyN2ZiW1Lbofvfyvrs/g="></latexit>

ωk
n (Y ; r,b) =






(→1)k
(
2k → 2

)
Fk(Y ; r,b) for n = 0

(→1)k→n k!

(k → n)!n!
2k Fk(Y ; r,b) for n ↑ 1

<latexit sha1_base64="T3vwvDLg8sgT10TzY8p9ie7PsoA="></latexit>

ωAGK
n (Y ; r,b) =

→∑

k=n

ωk
n (Y ; r,b)

and

<latexit sha1_base64="j7TG2RJxUBnOHGyNoQLuWkSfIZE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy203bpZhN2N0IJ/RtePCji1T/jzX/jpg2irQ8GHu/NMDMviAXXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WBym/ntR1SaR/LBTGP0QzqSfMgZNVbqeZelH/TLFbfqzkFWiZeTCuRo9MufvUHEkhClYYJq3fXc2PgpVYYzgbNSL9EYUzahI+xaKmmI2k/nN8/ImVUGZBgpW9KQufp7IqWh1tMwsJ0hNWO97GXif143McNrP+UyTgxKtlg0TAQxEckCIAOukBkxtYQyxe2thI2poszYmLIQvOWXV0nrourVqrX7y0r9Jo+jCCdwCufgwRXU4Q4a0AQGMTzBC7w6ifPsvDnvi9aCk88cwx84H98A243G</latexit>

14

<latexit sha1_base64="HSilKd9bGHZTkIyo7rQ4kwlttYU="></latexit>

Fk(Y ;x01,b) = Ck(x01,b) (ImGBFKL(Y ;x01,b))
k



The AGK cutting rules
• n=1

<latexit sha1_base64="SJQo63877dZ2yZJPclHeBc/R5Tg="></latexit>

ωAGK
1 =

→∑

k=1

(→1)k↑1 k!

(k → 1)! 1!
2k Ck (ImGBFKL)

k

<latexit sha1_base64="vzu5+ZhXqacFccR+7tmVQJfVk2g="></latexit>

= C1 ω
BFKL
in + C2 2 (2 ImGBFKL)ω

BFKL
in + C3 3 (2 ImGBFKL)

2 ωBFKL
in + · · ·

<latexit sha1_base64="vzu5+ZhXqacFccR+7tmVQJfVk2g="></latexit>

= C1 ω
BFKL
in + C2 2 (2 ImGBFKL)ω

BFKL
in + C3 3 (2 ImGBFKL)

2 ωBFKL
in + · · ·

• n=2

<latexit sha1_base64="jJxm29Ooy1SaHjSe+NavqYlx52w="></latexit>

= C2 (ω
BFKL
in )2 + C3 3 (2 ImGBFKL) (ω

BFKL
in )2 + C4 6 (2 ImGBFKL)

2 (ωBFKL
in )2 + · · ·

<latexit sha1_base64="jJxm29Ooy1SaHjSe+NavqYlx52w="></latexit>

= C2 (ω
BFKL
in )2 + C3 3 (2 ImGBFKL) (ω

BFKL
in )2 + C4 6 (2 ImGBFKL)

2 (ωBFKL
in )2 + · · ·

<latexit sha1_base64="2QU6ygvpnOznDzzEAtT98f9h5Nw="></latexit>

ωAGK
2 =

→∑

k=2

(→1)k↑2 k!

(k → 2)! 2!
2k Ck (ImGBFKL)

k

<latexit sha1_base64="H76Bljhv/SsonIEygSUAZT6YAWw=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4Kolo9Vj04rGC/YA0lM120y7d7IbdiVBCf4YXD4p49dd489+4aSNo64OBx3szzMwLE8ENuO6Xs7K6tr6xWdoqb+/s7u1XDg7bRqWashZVQuluSAwTXLIWcBCsm2hG4lCwTji+zf3OI9OGK/kAk4QFMRlKHnFKwEq+d1n+Qb9SdWvuDHiZeAWpogLNfuWzN1A0jZkEKogxvucmEGREA6eCTcu91LCE0DEZMt9SSWJmgmx28hSfWmWAI6VtScAz9fdERmJjJnFoO2MCI7Po5eJ/np9CdB1kXCYpMEnni6JUYFA4/x8PuGYUxMQSQjW3t2I6IppQsCnlIXiLLy+T9nnNq9fq9xfVxk0RRwkdoxN0hjx0hRroDjVRC1Gk0BN6Qa8OOM/Om/M+b11xipkj9AfOxzfNeo2z</latexit>
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The AGK cutting rules
2

= <latexit sha1_base64="MYHOAvCTcH1WBB7WdmW5Fy5ztAU=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwYklEqseiF48V7Qe0oWy2m3bpZhN2N0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+o5XVtfWNzdKWs72zu7dfPjhs6ThVlDVpLGLVCYhmgkvWNNwI1kkUI1EgWDsY3+Z++4kpzWP5aCYJ8yMylDzklBgrPZw7Tr9ccavuDHiZeAWpQIFGv/zVG8Q0jZg0VBCtu56bGD8jynAq2NTppZolhI7JkHUtlSRi2s9mp07xqVUGOIyVLWnwTP09kZFI60kU2M6ImJFe9HLxP6+bmvDaz7hMUsMknS8KU4FNjPO/8YArRo2YWEKo4vZWTEdEEWpsOnkI3uLLy6R1UfVq1dr9ZaV+U8RRgmM4gTPw4ArqcAcNaAKFITzDK7whgV7QO/qYt66gYuYI/gB9/gDgnYzk</latexit>→ <latexit sha1_base64="oXgJ6BNsunNbX5/py32V6+bx9Zw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRbea3nlBpHstHM07Qj+hA8pAzaqz0cF7slcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxJ1QZzgROi91UY0LZiA6wY6mkEWp/Mrt0Sk6t0idhrGxJQ2bq74kJjbQeR4HtjKgZ6kUvE//zOqkJr/0Jl0lqULL5ojAVxMQke5v0uUJmxNgSyhS3txI2pIoyY8PJQvAWX14mzYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5A6lOjM4=</latexit>

+
<latexit sha1_base64="Lp5wiAIrlf/f58GVx7RZ0laXDjU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUj0WvXisYD+gDWWz2bRLN5uwOxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzglQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZrzJEpnoTkANl0LxJgqUvJNqTuNA8nYwupv57SeujUjUI45T7sd0oEQkGEUrtS96LEzQ9MsVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/d0rOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0Y0/ESrNkCu2WBRlkmBCZr+TUGjOUI4toUwLeythQ6opQ5tQyYbgLb+8SlqXVa9WrT1cVeq3eRxFOIFTOAcPrqEO99CAJjAYwTO8wpuTOi/Ou/OxaC04+cwx/IHz+QMZFI9v</latexit>

+ · · ·

• AGK cutting rules give the answer for the square of the amplitude.

<latexit sha1_base64="MYHOAvCTcH1WBB7WdmW5Fy5ztAU=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwYklEqseiF48V7Qe0oWy2m3bpZhN2N0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+o5XVtfWNzdKWs72zu7dfPjhs6ThVlDVpLGLVCYhmgkvWNNwI1kkUI1EgWDsY3+Z++4kpzWP5aCYJ8yMylDzklBgrPZw7Tr9ccavuDHiZeAWpQIFGv/zVG8Q0jZg0VBCtu56bGD8jynAq2NTppZolhI7JkHUtlSRi2s9mp07xqVUGOIyVLWnwTP09kZFI60kU2M6ImJFe9HLxP6+bmvDaz7hMUsMknS8KU4FNjPO/8YArRo2YWEKo4vZWTEdEEWpsOnkI3uLLy6R1UfVq1dr9ZaV+U8RRgmM4gTPw4ArqcAcNaAKFITzDK7whgV7QO/qYt66gYuYI/gB9/gDgnYzk</latexit>→ <latexit sha1_base64="oXgJ6BNsunNbX5/py32V6+bx9Zw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRbea3nlBpHstHM07Qj+hA8pAzaqz0cF7slcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxJ1QZzgROi91UY0LZiA6wY6mkEWp/Mrt0Sk6t0idhrGxJQ2bq74kJjbQeR4HtjKgZ6kUvE//zOqkJr/0Jl0lqULL5ojAVxMQke5v0uUJmxNgSyhS3txI2pIoyY8PJQvAWX14mzYuKV61U7y/LtZs8jgIcwwmcgQdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5A6lOjM4=</latexit>

+
<latexit sha1_base64="eN2MUEDgpqoFfkiDfCXlQfQgKDY=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXZFoo0QtVCwiWAekF2X2ckkGTKPZWZWDEsaG3/FxkIRW//Bzr9x8ig08cCFwzn3cu89UcyoNq777WTm5hcWl7LLuZXVtfWN/OZWTctEYVLFkknViJAmjApSNdQw0ogVQTxipB71LoZ+/Z4oTaW4Nf2YBBx1BG1TjIyVwvyur2mHo9C7S30eyYfUN1T04dnl9WBwGuYLbtEdAc4Sb0IKYIJKmP/yWxInnAiDGdK66bmxCVKkDMWMDHJ+okmMcA91SNNSgTjRQTr6YgD3rdKCbalsCQNH6u+JFHGt+zyynRyZrp72huJ/XjMx7ZMgpSJODBF4vKidMGgkHEYCW1QRbFjfEoQVtbdC3EUKYWODy9kQvOmXZ0ntsOiViqWbo0L5fBJHFuyAPXAAPHAMyuAKVEAVYPAInsEreHOenBfn3fkYt2acycw2+APn8wdXFJh7</latexit>

ωAGK
1 =

<latexit sha1_base64="Lp5wiAIrlf/f58GVx7RZ0laXDjU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUj0WvXisYD+gDWWz2bRLN5uwOxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzglQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZrzJEpnoTkANl0LxJgqUvJNqTuNA8nYwupv57SeujUjUI45T7sd0oEQkGEUrtS96LEzQ9MsVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/d0rOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0Y0/ESrNkCu2WBRlkmBCZr+TUGjOUI4toUwLeythQ6opQ5tQyYbgLb+8SlqXVa9WrT1cVeq3eRxFOIFTOAcPrqEO99CAJjAYwTO8wpuTOi/Ou/OxaC04+cwx/IHz+QMZFI9v</latexit>

+ · · ·

<latexit sha1_base64="Ili625oOMDNwTBAoCFul1VN0c8k="></latexit>

C1 ω
BFKL
in

<latexit sha1_base64="lFGXAHEjMFFciohCUAI52aWerhY="></latexit>

C2 2 (2 ImGBFKL)ω
BFKL
in

<latexit sha1_base64="f/jjwBir7p9T9Xplqzr2gCCsP+k="></latexit>

C3 2 (2 ImGBFKL)
2 ωBFKL

in

<latexit sha1_base64="YRERXpABbD3oSbe9O3nxA8hobb0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7AekoWy2m3bpZjfsboQS+jO8eFDEq7/Gm//GTRtBWx8MPN6bYWZemHCmjet+OaW19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaRKMykezDShQYxHgkWMYGMl32tUfjCo1ty6OwdaJV5BalCgNah+9oeSpDEVhnCste+5iQkyrAwjnM4q/VTTBJMJHlHfUoFjqoNsfvIMnVlliCKpbAmD5urviQzHWk/j0HbG2Iz1speL/3l+aqLrIGMiSQ0VZLEoSjkyEuX/oyFTlBg+tQQTxeytiIyxwsTYlPIQvOWXV0nnou416o37y1rzpoijDCdwCufgwRU04Q5a0AYCEp7gBV4d4zw7b877orXkFDPH8AfOxzfPB420</latexit>
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Produced particles
• To find the multiplicity distribution of particles in the final 

states one needs to convolute σk with the distribution of 
particles inside k-cut Pomerons 

<latexit sha1_base64="awDea0wt3n/Xsz2Xb2DolQq5Qe8="></latexit>

ωf.s.
n (Y ;x01,b) =

→∑

k=1

ωAGK
k (Y ;x01,b)Pn(k!BFKLY )

<latexit sha1_base64="qGDALcGL8oRwpyuRJLdr3ymohDo="></latexit>

Y → 1→→→→↑ ωAGK

k=n/(!BFKL Y ) (Y,x01,b)

Poisson  
distribution

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="1uCXsvmKL0EhZiDRwFRHAMgEmBE=">AAACFnicbVDLSgMxFM34rPVVdekmWIQKWmZEqktREEEXClaFTlsyadqG5jEkd8QyzFe48VfcuFDErbjzb0xrF74OBA7n3MvNOVEsuAXf//DGxicmp6ZzM/nZufmFxcLS8qXViaGsSrXQ5joilgmuWBU4CHYdG0ZkJNhV1Dsc+Fc3zFiu1QX0Y1aXpKN4m1MCTmoWtsLY6Bh0uFkKLe9I0ky5yhppKCN9m4bAVR8fHJ2cZvlso9FrFop+2R8C/yXBiBTRCGfNwnvY0jSRTAEVxNpa4MdQT4kBTgXL8mFiWUxoj3RYzVFFJLP1dBgrw+tOaeG2Nu4pwEP1+0ZKpLV9GblJSaBrf3sD8T+vlkB7r+5yxgkwRb8OtROBQeNBR7jFDaMg+o4Qarj7K6ZdYggF12TelRD8jvyXXG6Xg0q5cr5T3D8Y1ZFDq2gNlVCAdtE+OkZnqIooukMP6Ak9e/feo/fivX6NjnmjnRX0A97bJ2EYn34=</latexit>

→ (ωBFKL
in )k

<latexit sha1_base64="4bmrk7+LE692A5c/FC9RdmYGUl8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2FpsQ9lsJ+3SzSbsboRS+i+8eFDEq//Gm//GTZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm8x/eEKleSzvzSRBP6JDyUPOqLHSo1cv5eiXK27VnYOsEi8nFcjR7Je/eoOYpRFKwwTVuuu5ifGnVBnOBM5KvVRjQtmYDrFrqaQRan86v3hGzqwyIGGsbElD5urviSmNtJ5Ege2MqBnpZS8T//O6qQmv/CmXSWpQssWiMBXExCR7nwy4QmbExBLKFLe3EjaiijJjQ8pC8JZfXiXti6pXq9buLiuN6zyOIpzAKZyDB3VowC00oQUMJDzDK7w52nlx3p2PRWvByWeO4Q+czx+bvo2h</latexit>
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The AGK cutting rules
• We don’t know how to sum this series except for the initial 

condition: <latexit sha1_base64="YlkIVQzmUH9XdcaybOsVzsrxf+U="></latexit>

Fk(Y = YA;x01,b) =
1

k!

(
x2
01 Q

2
s0

4

)k

<latexit sha1_base64="jBhM7n5jXmF4V57CCFf0ZdXwv7Y=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxChVKSItWNUHTjsgV7gaaGyXTSDp1MwsyJtIS+hhtfxY0LRVzqyrcxabvQ1gMzfPz/Ocyc3w0F12Ca38bK6tr6xmZmK7u9s7u3nzs4bOogUpQ1aCAC1XaJZoJL1gAOgrVDxYjvCtZyhzep33pgSvNA3sE4ZF2f9CX3OCWQSE7OtEfcLtrFq/SyhcS2YB4URk5sWpP7sl2sO7E2U1K8P4CzrJPLmyVzWngZrDnk0bxqTu7T7gU08pkEKojWHcsMoRsTBZwKNsnakWYhoUPSZ50EJfGZ7sbTzSb4NFF62AtUciTgqfp7Iia+1mPfTTp9AgO96KXif14nAu+yG3MZRsAknT3kRQJDgNOYcI8rRkGMEyBU8eSvmA6IIhSSMNMQrMWVl6FZLlmVUqV+nq9ez+PIoGN0ggrIQheoim5RDTUQRY/oGb2iN+PJeDHejY9Z64oxnzlCf8r4+gEbKp6F</latexit>

ω = ln
(
x2
01 Q

2
s0

)

<latexit sha1_base64="FYcbEoAhnIf8FeudQ+cxBEbdUMU="></latexit>

=

(
1
2 x

2
01 Q

2
s0

)n

n!
exp

{
→ 1

2
x2
01 Q

2
s0

}

<latexit sha1_base64="KFd+qYwbYaowCjHGw15jNQNNXEc="></latexit>

ωAGK
n,01(Y = YA) =

→∑

k=n

(→1)k↑n k!

(k → n)!n!
2k

1

k!

(
x2
01 Q

2
s0

4

)k

• For
<latexit sha1_base64="KRBLwT8NPDRqNzqwPxG0R9yWJhw="></latexit>

ωAGK
n (Y = YA;x01,b) =

(
1
2 e

ω
)n

n!
exp

{
→ 1

2
eω
}

<latexit sha1_base64="Ku90wncgxLJrYU3QQdjDoIU9KO0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVaXssevFYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWys9Og1SksMyxW36i6A1omXkwrkaA3LX4NRRBJBpSEca9333Nj4KVaGEU7npUGiaYzJFI9p31KJBdV+ujh4ji6sMkJhpGxJgxbq74kUC61nIrCdApuJXvUy8T+vn5iw4adMxomhkiwXhQlHJkLZ92jEFCWGzyzBRDF7KyITrDAxNqMsBG/15XXSuap6tWrt/rrSvMnjKMIZnMMleFCHJtxBC9pAQMAzvMKbo5wX5935WLYWnHzmFP7A+fwBaH+Njg==</latexit>
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The particle production S-matrix
• Note that in the saturation region |Ael|^2 \sim σin.  

• We can give a more simple derivation of the equations of 
σn from the s-channel unitarity (for an alternative 
derivation, see arXiv:0807.3413 [hep-ph])

<latexit sha1_base64="t+7J95wuKhMpa8QyODmVJjVkO2w=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoi0noRil48VrAf0Iay2W7apZtN2N0INfSXePGgiFd/ijf/jZs2B9v6YODx3gwz8/yYM6Ud58cqbGxube8Ud0t7+weHZfvouK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3KX+Z0nKhWLxKOextQL8UiwgBGsjTSwyzelJQzsilN15kDrxM1JBXI0B/Z3fxiRJKRCE46V6rlOrL0US80Ip7NSP1E0xmSCR7RnqMAhVV46P3yGzo0yREEkTQmN5urfiRSHSk1D33SGWI/VqpeJ/3m9RAfXXspEnGgqyGJRkHCkI5SlgIZMUqL51BBMJDO3IjLGEhNtsspCcFdfXifty6pbq9YeriqN2zyOIpzCGVyAC3VowD00oQUEEniBN3i3nq1X68P6XLQWrHzmBJZgff0C6IOOFQ==</latexit>= <latexit sha1_base64="CcIUW0m5VzFEjE50TX+HtF7EkVA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJlOqx6MVjBfsBbSib7aZdutmE3Y1QQ3+JFw+KePWnePPfuGlzsK0PBh7vzTAzz485U9pxfqzCxubW9k5xt7S3f3BYto+O2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ3eZ33miUrFIPOppTL0QjwQLGMHaSAO7fFlawsCuOFVnDrRO3JxUIEdzYH/3hxFJQio04VipnuvE2kux1IxwOiv1E0VjTCZ4RHuGChxS5aXzw2fo3ChDFETSlNBorv6dSHGo1DT0TWeI9Vitepn4n9dLdHDjpUzEiaaCLBYFCUc6QlkKaMgkJZpPDcFEMnMrImMsMdEmqywEd/XlddK+qrr1av2hVmnc5nEU4RTO4AJcuIYG3EMTWkAggRd4g3fr2Xq1PqzPRWvBymdOYAnW1y/PY44F</latexit>→ <latexit sha1_base64="RrZC1Yomw/c88jM2oZbpN0LKsUM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEE6zAjUl0W3bisYB/QGUomTdvQJDMkGWEY6q+4caGIWz/EnX9jpp2Fth4IHM65l3tywphRpV3321pZXVvf2Cxtlbd3dvf27YPDtooSiUkLRyyS3RApwqggLU01I91YEsRDRjrh5Db3O49EKhqJB53GJOBoJOiQYqSN1Lcr537N50iPJc+wg52pXzvr21XXcWeAy8QrSBUUaPbtL38Q4YQToTFDSvU8N9ZBhqSmmJFp2U8UiRGeoBHpGSoQJyrIZuGn8MQoAziMpHlCw5n6eyNDXKmUh2Yyz6kWvVz8z+slengdZFTEiSYCzw8NEwZ1BPMm4IBKgjVLDUFYUpMV4jGSCGvTV9mU4C1+eZm0Lxyv7tTvL6uNm6KOEjgCx+AUeOAKNMAdaIIWwCAFz+AVvFlP1ov1bn3MR1esYqcC/sD6/AE1VpPb</latexit>→ c.c.+

• We define a new quantity – the particle production S-
matrix “Sin”: it includes σn along with the no-interaction 
term (=1) and all the interaction terms (N and σsd) on 
either side (or both sides) of the final state cut: 

<latexit sha1_base64="6Bc3CmXqsy8fzwRq5TpvoWHZ2ZI="></latexit>

2N(Y ;x01,b) = ωSD(Y ;x01,b) + ωin(Y ;x01,b)

<latexit sha1_base64="SswTOLxtv2wTtdXM4jlEQNH9nBY="></latexit>

Sin = 1 → 2N + ωSD +
→∑

n=1

ωn

<latexit sha1_base64="jgUmV0g+gQgwTIZ/o7Wi79unvZM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgCCURqW6EohuXFewDmhgm00k7dGYSZiZiCPkVNy4UceuPuPNvnD4W2nrgwuGce7n3njBhVGnH+bZKK6tr6xvlzcrW9s7unr1f7ag4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbjm8mfveRSEVjca+zhPgcDQWNKEbaSIFdPfVUyoNcXLnFg0dFpLPArjl1Zwq4TNw5qYE5WoH95Q1inHIiNGZIqb7rJNrPkdQUM1JUvFSRBOExGpK+oQJxovx8ensBj40ygFEsTQkNp+rviRxxpTIemk6O9EgtehPxP6+f6ujSz6lIUk0Eni2KUgZ1DCdBwAGVBGuWGYKwpOZWiEdIIqxNXBUTgrv48jLpnNXdRr1xd15rXs/jKINDcAROgAsuQBPcghZoAwyewDN4BW9WYb1Y79bHrLVkzWcOwB9Ynz/h1pRd</latexit>

+
→∑

n=1

<latexit sha1_base64="qYHAxqIuqLNoOKcbeXUzISMuBfU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvRi8cK9gPaUDbbTbt0sxt3N0IJ/RNePCji1b/jzX/jJs1BWx8MPN6bYWZeEHOmjet+Oyura+sbm6Wt8vbO7t5+5eCwrWWiCG0RyaXqBlhTzgRtGWY47caK4ijgtBNMbjO/80SVZlI8mGlM/QiPBAsZwcZKXe+6nGNQqbo1NwdaJl5BqlCgOah89YeSJBEVhnCsdc9zY+OnWBlGOJ2V+4mmMSYTPKI9SwWOqPbT/N4ZOrXKEIVS2RIG5erviRRHWk+jwHZG2Iz1opeJ/3m9xIRXfspEnBgqyHxRmHBkJMqeR0OmKDF8agkmitlbERljhYmxEWUheIsvL5P2ec2r1+r3F9XGTRFHCY7hBM7Ag0towB00oQUEODzDK7w5j86L8+58zFtXnGLmCP7A+fwBNUqNew==</latexit>
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The particle production S-matrix
• The evolution equation for Sin is

<latexit sha1_base64="FkiNtGfhzUvGue1t7m/SaSoQsRQ="></latexit>

ω

ω Y
εn (Y ;x01,b) =

ϑ̄S

2ϖ

∫
d2x2

x2
01

x2
02 x

2
12

[εn (Y ;x12,b) + εn (Y ;x02,b) → εn (Y ;x01,b) + εn (Y ;x12,b) εSD (Y ;x02,b) + εn (Y ;x02,b) εSD (Y ;x12,b) +
n→1∑

k=1

εn→k (Y ;x02,b) εk (Y ;x12,b) → 2εn (Y ;x12,b) N (Y ;x02,b) → 2εn (Y ;x02,b) N (Y ;x12,b)]
<latexit sha1_base64="1FOJB5d+DXQo1uhY/bRmMOlOGc4=">AAAFGHicnZRNb9MwGMe9JcAIbx0cuVhUk4ZIq6RCY9KENAEHTmgIug3VIXJcp7XqOJHtIKooH4MLX4ULBxDiuhvfhqRLS7stVekjxXry2D/9/34NEs6Udpw/G5uGee36ja2b1q3bd+7ea2zfP1ZxKgntkpjH8jTAinImaFczzelpIimOAk5PgtHLsv/kE5WKxeK9HifUi/BAsJARrIuSv220kWYRVcjuQaTYIMK+QJyGehd+OEAR1sMgzD7nfuZ2cnv6H+QQSTYY6sfIRvaTsrGWws4iPE+3ymY57C7CUxrOxCs8E/kq1mc8/Ee+e3U1usT4Kso1+CrKdabnpNPIz0bP3fxjJlpuOWRqBrbg6H/nU7E1XI2b2QZ21t0EZL9Z68TAzppnzqpTrDHoWQvhN5pO25kEvJy4VdIEVRz 5jTPUj0kaUaEJx0r1XCfRXoalZoTT3EKpogkmIzygvSIVuLiMXja52DncKSp9GMay+ISGk+o8keFIqXFU2N0pnauLfWXxqr5eqsN9L2MiSTUV5FwoTDnUMSxfCdhnkhLNx0WCiWSFV0iGWGKii7ekXAT34pQvJ8edtrvX3nv7tHn4olqOLfAQPAK7wAXPwCF4DY5AFxDji/HN+GH8NL+a381f5u/zoZsbFfMALIR59hdnUKt+</latexit>

→ [ωn (Y ;x12,b) + ωn (Y ;x02,b) ↑ ωn (Y ;x01,b) + ωn (Y ;x12,b) ωSD (Y ;x02,b) + ωn (Y ;x02,b) ωSD (Y ;x12,b) +
n→1∑

k=1

ωn→k (Y ;x02,b) ωk (Y ;x12,b) ↑ 2ωn (Y ;x12,b) N (Y ;x02,b) ↑ 2ωn (Y ;x02,b) N (Y ;x12,b)]
<latexit sha1_base64="uxqm8mErGCFuDxBMH338MxrLQU8="></latexit>

+ ωn (Y ;x12,b) ωSD (Y ;x02,b) + ωn (Y ;x02,b) ωSD (Y ;x12,b) +
n→1∑

k=1

ωn→k (Y ;x02,b) ωk (Y ;x12,b) → 2ωn (Y ;x12,b) N (Y ;x02,b) → 2ωn (Y ;x02,b) N (Y ;x12,b)]
<latexit sha1_base64="RbjWadnjg5u4KiL9VLb6I7fI4jU="></latexit>

+
n→1∑

k=1

ωn→k (Y ;x02,b) ωk (Y ;x12,b) → 2ωn (Y ;x12,b) N (Y ;x02,b) → 2ωn (Y ;x02,b) N (Y ;x12,b)]

<latexit sha1_base64="sZ49VBuEcyRJjHXedAzsdjsoPdQ="></latexit>

→ 2ωn (Y ;x12,b) N (Y ;x02,b) → 2ωn (Y ;x02,b) N (Y ;x12,b)]

• Replacing Sin=1-2N+σSD+Σnσn in the equation for the Sin-
matrix, we obtain the BK, the KL and the AGK/KLP 
evolution equations:

<latexit sha1_base64="tPezQRGW4PMqOvP7PA5MR3NOMKA="></latexit>

ω

ωY
Sin(Y ;x01,b)

︸ ︷︷ ︸
select fixed multiplicity terms

=
ε̄S

2ϑ

∫
d2x2

x2
01

x2
12 x

2
02

[Sin(Y ;x12,b)Sin(Y ;x02,b) → Sin(Y ;x01,b)]︸ ︷︷ ︸
select fixed multiplicity terms

<latexit sha1_base64="//eTdfc1EjKtaKMb/SKqpaYHJCY=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMF+wFtKJvtpl26u4m7G6GE/gkvHhTx6t/x5r9xk+agrQ8GHu/NMDMviDnTxnW/nbX1jc2t7dJOeXdv/+CwcnTc0VGiCG2TiEeqF2BNOZO0bZjhtBcrikXAaTeY3mZ+94kqzSL5YGYx9QUeSxYygo2VenW3nGNYqbo1NwdaJV5BqlCgNax8DUYRSQSVhnCsdd9zY+OnWBlGOJ2XB4mmMSZTPKZ9SyUWVPtpfu8cnVtlhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLn0YgpSgyfWYKJYvZWRCZYYWJsRFkI3vLLq6RTr3mNWuP+stq8KeIowSmcwQV4cAVNuIMWtIEAh2d4hTfn0Xlx3p2PReuaU8ycwB84nz8o+41z</latexit>
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Evolution of σn at large Nc

δ—δY σn
σn

σn

σ
σn

σn

σ

σ
σ

σn

SD

n

n-k

k

σn
σn

σn

σn
σSD

σn

σn

σ

n-kσ
σk

σnN
σn

σnΣ
n - 1

k = 1
+ -  2 -  2

+ +

+=

-

0

1

0

1

2
0
2

1

0
2

1

0
2

1

0
2

1

0
2

1

0
2

1

0
2

1N

• We can see the equation is linear but with complicated 
kernel (KBFKL + 2 - 4 N) and non-homogeneous 

SD

<latexit sha1_base64="sIFqFXrZHuZfnP41A1gmgoqRftM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMF+wFtKJvtpl26u4m7G6GE/gkvHhTx6t/x5r9xk+agrQ8GHu/NMDMviDnTxnW/nbX1jc2t7dJOeXdv/+CwcnTc0VGiCG2TiEeqF2BNOZO0bZjhtBcrikXAaTeY3mZ+94kqzSL5YGYx9QUeSxYygo2VenWvnGNYqbo1NwdaJV5BqlCgNax8DUYRSQSVhnCsdd9zY+OnWBlGOJ2XB4mmMSZTPKZ9SyUWVPtpfu8cnVtlhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLn0YgpSgyfWYKJYvZWRCZYYWJsRFkI3vLLq6RTr3mNWuP+stq8KeIowSmcwQV4cAVNuIMWtIEAh2d4hTfn0Xlx3p2PReuaU8ycwB84nz8qhY10</latexit>
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Evolution of σn at large Nc
• Lets note that

nσ + σ
SDσ
n -  2 nσ

N
<latexit sha1_base64="x/DVJBHYHofqkB2Yf+n1rya/obk="></latexit>

= ω02
n (Y )

(
1 + ω12

SD (Y ) → 2N12 (Y )
)

= ω02
n (Y ) !12 (Y )

0
2

1

0
2

1

0
2

1

<latexit sha1_base64="W8VjRv0sT40WFZMrIo8hk7ajI+Y="></latexit>

= ω12
n (Y )

(
1 + ω02

SD (Y ) → 2N02 (Y )
)

= ω12
n (Y ) !02 (Y )

• we reduce to 
<latexit sha1_base64="8RrH9uDvfFNz49XBgJ7XWOjEoXI="></latexit>

ω

ωY
εn (Y,x01,b) =

ϑ̄S

2ϖ

∫
d2x2

x2
01

x2
12 x

2
02

<latexit sha1_base64="vb1XjyJo02N6MtpbOBfmIkWGV5U="></latexit>

→ [↑ωn (Y,x01,b) + ωn (Y,x12,b) ! (Y,x02,b)]
<latexit sha1_base64="d68rAFq2ks62kiNuufFAaORVAeI="></latexit>

+ ! (Y,x12,b) ωn (Y,x02,b) +
n→1∑

k=1

ωn→k (Y,x02,b) ωk (Y,x12,b) ]

+ -  2σ

0
2

1n

σ
1
2
0

σn

N
0
2

1σn

SD

<latexit sha1_base64="zUEWumjNNXFfMTsapXvirVfLXzc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWMF+wFtKJvtpl26u4m7G6GE/gkvHhTx6t/x5r9xk+agrQ8GHu/NMDMviDnTxnW/nbX1jc2t7dJOeXdv/+CwcnTc0VGiCG2TiEeqF2BNOZO0bZjhtBcrikXAaTeY3mZ+94kqzSL5YGYx9QUeSxYygo2VevV6OcewUnVrbg60SryCVKFAa1j5GowikggqDeFY677nxsZPsTKMcDovDxJNY0ymeEz7lkosqPbT/N45OrfKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGXPoxFTlBg+swQTxeytiEywwsTYiLIQvOWXV0mnXvMatcb9ZbV5U8RRglM4gwvw4AqacActaAMBDs/wCm/Oo/PivDsfi9Y1p5g5gT9wPn8ALA+NdQ==</latexit>
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Evolution of σn at large Nc
• Now we take the evolution kernel with leading 

logarithmic terms only (                                           ) 

• The equations for σn for the leading twist BFKL 
kernel take the form:

<latexit sha1_base64="NGPCAc8xN0p5lYGSEyg8l06RRQY="></latexit>

ω̄S

2ε

∫
d2x2

x2
01

x2
12 x

2
02

→ ω̄S

2

x2
01∫

Q→2
s (Y,b)

dx2
02

x2
02

+
ω̄S

2

x2
01∫

Q→2
s (Y,b)

dx2
12

x2
12

↑
ω∫

→ωs

KLT (ϑ, ϑ↑) dϑ↑

<latexit sha1_base64="upIdU0NgAWjf9ip+slVGgj2F8Lk="></latexit>

ω

ωY
εn (Y,x01,b) = ϑ̄S

{
→ ln

(
x2
01 Q

2
s(Y,b)

)
εn (Y,x01,b)

<latexit sha1_base64="3AS+m6TqW5koGTCCoX9Xw4YC9/Q="></latexit>

+ ωn (Y,x01,b)

ln(x2
01)∫

ln(Q→2
s (Y,b))

d ln
(
x2
02

)
! (Y,x02,b) + ! (Y,x01,b)

ln(x2
01)∫

ln(Q→2
s (Y,b))

d ln
(
x2
02

)
ωn (Y,x02,b)

<latexit sha1_base64="R8jFBOKqDNbOC/G6EeGi4TT1XVk="></latexit>

+
n→1∑

k=1

ln(x2
01)∫

ln(Q→2
s (Y,b))

d ln
(
x2
02

)
ωn→k (Y,x02,b) ωk (Y,x01,b)

}

<latexit sha1_base64="f0Ra1myP5HKjc1jt5ClrbYM/ZKA=">AAACKnicbVDLTsJAFJ3iC/GFunQzkZi4INgSgy5RNy4hkUdCm2Y6TMuE6SMzUwNp+j1u/BU3LDTErR/iULoQ8CSTnHPuvblzjxMxKqSuz7XC1vbO7l5xv3RweHR8Uj4964ow5ph0cMhC3neQIIwGpCOpZKQfcYJ8h5GeM35a1HuvhAsaBi9yGhHLR15AXYqRVJZdfoATO9GNFJooing4yWRdyarpeWZVKaOeKrGUxk3bFqVV2OWKXtMzwE1i5KQCcrTs8swchjj2SSAxQ0IMDD2SVoK4pJiRtGTGgkQIj5FHBooGyCfCSrJTU3ilnCF0Q65eIGHm/p1IkC/E1HdUp4/kSKzXFuZ/tUEs3XsroUEUSxLg5SI3ZlCGcJEbHFJOsGRTRRDmVP0V4hHiCEuV7iIEY/3kTdKt14xGrdG+rTQf8ziK4AJcgmtggDvQBM+gBToAgzfwAT7Bl/auzbS59r1sLWj5zDlYgfbzC4dQoF4=</latexit>

x01 → x02 ↑ x12 ↑ 1/Qs
<latexit sha1_base64="/aEK9C4TICSx9wUDz1SfRUjMtDs=">AAACKHicbVBNS8MwGE7n15xfVY9egkPwMGY7ZHpz6MXjBu4D1lLSLN3C0g+SVDZKf44X/4oXEUV29ZeYbj24zQcCz0dekvdxI0aFNIyZVtjY3NreKe6W9vYPDo/045OOCGOOSRuHLOQ9FwnCaEDakkpGehEnyHcZ6brjhyzvPhMuaBg8yWlEbB8NA+pRjKSyHP1u4iSGmUILRREPJ1BJs6ZkxRoOrUoW1lIlFtK8ajmitARHLxtVYw64TsyclEGOpqN/WIMQxz4JJGZIiL5pRNJOEJcUM5KWrFiQCOExGpK+ogHyibCT+aIpvFDOAHohVyeQcO7+nUiQL8TUd9VNH8mRWM0y87+sH0vv1k5oEMWSBHjxkBczKEOYtQYHlBMs2VQRhDlVf4V4hDjCUnWblWCurrxOOrWqWa/WW9flxn1eRxGcgXNwCUxwAxrgETRBG2DwAt7AJ/jSXrV37VubLa4WtHzmFCxB+/kF47OgIA==</latexit>

x01 → x12 ↑ x02 ↑ 1/Qs

<latexit sha1_base64="RdTcBHjBx9l5xpA0wPtsKUuCyYE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkmV6rHoxWMF+wFtKJvtpF262YTdjVBKf4QXD4p49fd489+4aXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8l/ntJ1Sax/LRTBL0IzqUPOSMGiu1q5fFDP1S2a24c5BV4uWkDDka/dJXbxCzNEJpmKBadz03Mf6UKsOZwFmxl2pMKBvTIXYtlTRC7U/n587IuVUGJIyVLWnIXP09MaWR1pMosJ0RNSO97GXif143NeGNP+UySQ1KtlgUpoKYmGS/kwFXyIyYWEKZ4vZWwkZUUWZsQlkI3vLLq6RVrXi1Su3hqly/zeMowCmcwQV4cA11uIcGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz/4241i</latexit>
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Evolution of σn at large Nc
• Defining the geometric scaling variables

<latexit sha1_base64="v5QEHCBt62hbm7QpK6cNeAeHDtE="></latexit>

z = ln
(
x2
01 Q

2
s (Y,b)

)
; z→ = ln

(
x2
02 Q

2
s (Y,b)

)

and the rescaled variable                                         , we have 
<latexit sha1_base64="DioDFJSI4m4cX735CB/vUm7gf74="></latexit>

ωỸ = ε̄S (Y → YA)

• The minimum z is at Y=YA (δỸ=0), i.e. 
<latexit sha1_base64="xiDy7kE8PgmwPyjKuJSQ0Hh3MhQ=">AAACK3icbVDLSgMxFM34tr6qLt0EiyBYyoxIFUQounGpYH3QKeVO5lZDMw+SO2It/R83/ooLXfjArf9hWmfh64Qkh3PuJbknSJU05Lqvzsjo2PjE5NR0YWZ2bn6huLh0apJMC6yLRCX6PACDSsZYJ0kKz1ONEAUKz4LOwcA/u0ZtZBKfUDfFZgSXsWxLAWSlVnH/1i/v+WW/A2kK9g5REfgkVYj8wi9vWOlG7trTrrz0RhZ+oFUsuRV3CP6XeDkpsRxHreKjHyYiizAmocCYhuem1OyBJikU9gt+ZjAF0YFLbFgaQ4Sm2RvO2udrVgl5O9F2x8SH6veOHkTGdKPAVkZAV+a3NxD/8xoZtXeaPRmnGWEsvh5qZ4pTwgfB8VBqFKS6loDQ0v6ViyvQIMjGOwjB+z3yX3K6WfGqlerxVqm2n8cxxVbYKltnHttmNXbIjlidCXbHHtgze3HunSfnzXn/Kh1x8p5l9gPOxyf1xKEq</latexit>

z = ω εỸ + ϑ; z = ϑ

<latexit sha1_base64="COQBjVIZ+4EtEhYLsKuFsvuwiKU="></latexit>

ω

ωεỸ
ϑn

(
εỸ , z

)
+ ϖ

ω

ωz
ϑn

(
εỸ , z

)
= → z ϑn

(
εỸ , z

)
+ ϑn

(
εỸ , z

) z∫

ωA0

dz→ !
(
εỸ , z→

)
+ !

(
εỸ , z

) z∫

ωA0

dz→ ϑn

(
εỸ , z→

)
+

n↑1∑

k=1

z∫

ωA0

dz→ ϑn↑k

(
εỸ , z→

)
ϑk

(
εỸ , z

)

<latexit sha1_base64="ZlURxTfZ8CmFCNxmIdwGXjOy11s="></latexit>

+ ωn

(
εỸ , z

) z∫

ωA0

dz→ !
(
εỸ , z→

)
+ !

(
εỸ , z

) z∫

ωA0

dz→ ωn

(
εỸ , z→

)
+

n↑1∑

k=1

z∫

ωA0

dz→ ωn↑k

(
εỸ , z→

)
ωk

(
εỸ , z

)

<latexit sha1_base64="AVWnAv+sIQQfjg/94szfBDfPWZI="></latexit>

+
n→1∑

k=1

z∫

ωA0

dz↑ ωn→k

(
εỸ , z↑

)
ωk

(
εỸ , z

)

or for GS case 

<latexit sha1_base64="5VdYVIJt1l5HqWHdmkMXjGYrGVg=">AAACEXicbVA9SwNBEN3zM8avqKXNYhBShTuRaBm0sYxgPiR3hL29uWTJ3ge7c0o48hds/Cs2ForY2tn5b7wkV8TEBwOP92aYmefGUmg0zR9jZXVtfWOzsFXc3tnd2y8dHLZ0lCgOTR7JSHVcpkGKEJooUEInVsACV0LbHV5P/PYDKC2i8A5HMTgB64fCF5xhJvVKFdsDicxGIT2g97YS/QEypaJHahbn0SuVzao5BV0mVk7KJEejV/q2vYgnAYTIJdO6a5kxOilTKLiEcdFONMSMD1kfuhkNWQDaSacfjelppnjUj1RWIdKpOj+RskDrUeBmnQHDgV70JuJ/XjdB/9JJRRgnCCGfLfITSTGik3ioJxRwlKOMMK5EdivlA6YYxyzESQjW4svLpHVWtWrV2u15uX6Vx1Egx+SEVIhFLkid3JAGaRJOnsgLeSPvxrPxanwYn7PWFSOfOSJ/YHz9Arb5mQo=</latexit>

ωỸ → 0
<latexit sha1_base64="7uWrYPwcVa6Uf7Cnvsu7QmI2L5M=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSkepFqHrxWMF+QBvDZrttl242YXcj1tiDf8WLB0W8+je8+W9M2hxq64OBx3szzMzzQs6UtqwfI7ewuLS8kl8trK1vbG6Z2zt1FUSS0BoJeCCbHlaUM0FrmmlOm6Gk2Pc4bXiDq9Rv3FOpWCBu9TCkjo97gnUZwTqRXHPv8bz9wFzr7qIwDdcsWiVrDDRP7IwUIUPVNb/bnYBEPhWacKxUy7ZC7cRYakY4HRXakaIhJgPco62ECuxT5cTj+0foMFE6qBvIpIRGY3V6Isa+UkPfSzp9rPtq1kvF/7xWpLtnTsxEGGkqyGRRN+JIBygNA3WYpETzYUIwkSy5FZE+lpjoJLI0BHv25XlSPy7Z5VL55qRYucziyMM+HMAR2HAKFbiGKtSAwBO8wBu8G8/Gq/FhfE5ac0Y2swt/YHz9AnMokTY=</latexit>

z = ωA0

<latexit sha1_base64="yGokf+aotTjYiMXiYLASDciVp3Y="></latexit>

Q2
s(Y,b) = Qs0 e

ω̄S ε (Y →YA)where we used with
<latexit sha1_base64="/fvoT/wUUdMi0A4V7zHOcMJbHR8="></latexit>

ω → ε (ϑcr)

1↑ ϑcr

<latexit sha1_base64="xcn2z30QaTtXgwu5j08aUAABtCQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp1WPRi8cK9gPaUDbbbbt0swm7E6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMviKUw6Lrfzsbm1vbObmGvuH9weHRcOjltmyjRjLdYJCPdDajhUijeQoGSd2PNaRhI3gmmd5nfeeLaiEg94izmfkjHSowEo2ilTrVWzDAold2KuwBZJ15OypCjOSh99YcRS0KukElqTM9zY/RTqlEwyefFfmJ4TNmUjnnPUkVDbvx0ce6cXFplSEaRtqWQLNTfEykNjZmFge0MKU7MqpeJ/3m9BEc3fipUnCBXbLlolEiCEcl+J0OhOUM5s4QyLeythE2opgxtQlkI3urL66RdrXj1Sv2hVm7c5nEU4Bwu4Ao8uIYG3EMTWsBgCs/wCm9O7Lw4787HsnXDyWfO4A+czx/6ZI1j</latexit>
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σ1: region I (GS)

<latexit sha1_base64="5OWIoERRsSHoCqH+B+H7fTE+YP8="></latexit> z∫

ωA0

dz→ !(z→) =

↑∫

ωA0

dz→ !(z→)

︸ ︷︷ ︸
= z!

→
↑∫

z

dz→ !(z→)

︸ ︷︷ ︸
= !̃!(z)

;

z∫

ωA0

dz→ ω1(z
→) =

↑∫

ωA0

dz→ ω1(z
→)

︸ ︷︷ ︸
=ε0,1

→
↑∫

z

dz→ ω1(z
→)

︸ ︷︷ ︸
= !̃1(z)

<latexit sha1_base64="48eaoEUPb0uQeDwdjiAdwJQd55Y="></latexit>

ω
dε1 (z)

dz
= → z ε1 (z) + ε1 (z)

z∫

ωA0

dz→ ! (z→) + ! (z)

z∫

ωA0

dz→ ε1 (z
→)

<latexit sha1_base64="AeEtAX8Zi3euVFXBo6i5FB6Nw8g="></latexit>

= →



z →
z∫

ωA0

dz→ ! (z→)



ω1 (z) + ! (z)

z∫

ωA0

dz→ ω1 (z
→)

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="sRJ89I/kWveHXo3wwfrBs3Nr0eM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUj0WvXis0C9oQ9lsN+3SzSbuboQa+ie8eFDEq3/Hm//GTZqDtj4YeLw3w8w8L+JMadv+tgpr6xubW8Xt0s7u3v5B+fCoo8JYEtomIQ9lz8OKciZoWzPNaS+SFAcep11vepv63UcqFQtFS88i6gZ4LJjPCNZG6rWqT+clg2G5YtfsDGiVODmpQI7msPw1GIUkDqjQhGOl+o4daTfBUjPC6bw0iBWNMJniMe0bKnBAlZtk987RmVFGyA+lKaFRpv6eSHCg1CzwTGeA9UQte6n4n9ePtX/tJkxEsaaCLBb5MUc6ROnzaMQkJZrPDMFEMnMrIhMsMdEmojQEZ/nlVdK5qDn1Wv3+stK4yeMowgmcQhUcuIIG3EET2kCAwzO8wpv1YL1Y79bHorVg5TPH8AfW5w8smI4c</latexit>

T (z)

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="njcMOSqcSNQbB/OYdZ8PznGKgHw="></latexit>

= →T (z)ω1(z) + ω0,1 !(z) → !(z) ”̃1(z)
<latexit sha1_base64="G7RIvpJ0szhfxIH0SS3p5dUuqOM="></latexit>

→ ω
dε1(z)

dz
+ T (z)ε1(z) ↑ ε0,1 !(z) + !(z) ”̃1(z) = 0

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="qGUzXAdfSQe2px1B5iRLzEcDcRk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSiJSXRbduHBRwT4gCWEynbRDZyZhZiKU0K0bf8WNC0Xc+gfu/BsnbRBtPXDhcM693HtPlDKqtON8WUvLK6tr65WN6ubW9s6uvbffUUkmMWnjhCWyFyFFGBWkralmpJdKgnjESDcaXRV+955IRRNxp8cpCTgaCBpTjLSRQhv6HOkhRiy/mXjQV3TAUegG1R+Eds2pO1PAReKWpAZKtEL70+8nOONEaMyQUp7rpDrIkdQUMzKp+pkiKcIjNCCeoQJxooJ8+skEHhulD+NEmhIaTtXfEzniSo15ZDqLu9W8V4j/eV6m44sgpyLNNBF4tijOGNQJLGKBfSoJ1mxsCMKSmlshHiKJsDbhFSG48y8vks5p3W3UG7dnteZlGUcFHIIjcAJccA6a4Bq0QBtg8ACewAt4tR6tZ+vNep+1LlnlzAH4A+vjGwholqk=</latexit>

L[ω1]
<latexit sha1_base64="w3HL0bQThu7120q3V/2THx4GHb8=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVROR6rLoxoVIBfuAJITJdNoOnZmEmYlQQj7Djb/ixoUibrvzb0za4KP1wMCZc+7l3nuCiFGlLevTKC0tr6yuldcrG5tb2zvm7l5bhbHEpIVDFspugBRhVJCWppqRbiQJ4gEjnWB0lfudByIVDcW9HkfE42ggaJ9ipDPJN09cjvQQI5bcpn7y/blJUwe6ig448m2v8gPfrFo1awq4SOyCVEGBpm9O3F6IY06Exgwp5dhWpL0ESU0xI2nFjRWJEB6hAXEyKhAnykumh6XwKFN6sB/K7AkNp+rvjgRxpcY8yCrzzdW8l4v/eU6s+xdeQkUUayLwbFA/ZlCHME8J9qgkWLNxRhCWNNsV4iGSCOssyzwEe/7kRdI+rdn1Wv3urNq4LOIogwNwCI6BDc5BA1yDJmgBDB7BM3gFb8aT8WK8Gx+z0pJR9OyDPzAmXwhrnRw=</latexit>

NL[ω1]

<latexit sha1_base64="ES9VblkIy5xLc/6a5+bS/trzisw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktWj0WvXisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GZ+54kqzaR4MNOY+hEeCRYygo2V2rXLksWgXHGr7hxolXg5qUCO5qD81R9KkkRUGMKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LBU4otpP59fO0JlVhiiUypYwaK7+nkhxpPU0CmxnhM1YL3uZ+J/XS0x47adMxImhgiwWhQlHRqLsdTRkihLDp5Zgopi9FZExVpgYG1AWgrf88ipp16pevVq/v6g0bvI4inACp3AOHlxBA+6gCS0g8AjP8ApvjnRenHfnY9FacPKZY/gD5/MHx0iNUA==</latexit>
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σ1: region I (GS)
<latexit sha1_base64="pCjcd/01BcJ5ZUn0iIkoaEuMhm8="></latexit>

L[ω1] = ε
dω1 (z)

dz
+ T (z)ω1 (z) → ω0,1 ! (z)

<latexit sha1_base64="WClPMjPG08sCjMmm3qT3yPHN214="></latexit>

NL[ω1] = ! (z) ”̃1 (z)

<latexit sha1_base64="ysp0sgWDQ489qSj23JElz1Dg8Jg="></latexit>

ω1 = ω(0)
1 + pω(1)

1 + p2 ω(2)
1 + · · ·

• As a solution, we introduce

• We have divided the equation in two parts

such that 
<latexit sha1_base64="wHW7XFG3wXHLv/wAlE+RRVwIjQE="></latexit>

L[ω(p)
1 ] + pNL[ω

(p)
1 ] = 0

• The 0th iteration is 
<latexit sha1_base64="zBYGD6std7AInrMuac7p6gc0Nvc="></latexit>

L[ω(0)
1 ]; ε

dω(0)
1 (z)

dz
= →T (z)ω(0)

1 (z) + ω0,1 !(z)

<latexit sha1_base64="KLYdcIh4a0FQhxRfyx2SpgiX+zA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kt0nosevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wvc387hNVmknxYGYx9SM8FixkBBsrdWr1ksWwXHGr7gJonXg5qUCO1rD8NRhJkkRUGMKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LRU4otpPF9fO0YVVRiiUypYwaKH+nkhxpPUsCmxnhM1Er3qZ+J/XT0x47adMxImhgiwXhQlHRqLsdTRiihLDZ5Zgopi9FZEJVpgYG1AWgrf68jrp1KpevVq/v6o0b/I4inAG53AJHjSgCXfQgjYQeIRneIU3RzovzrvzsWwtOPnMKfyB8/kDyNCNUQ==</latexit>

26



σ1: region I (GS)
• The solution is a sum of the solution to the homogeneous 

part of the equation and the particular solution of the 
non-homogeneous one. We obtain 

<latexit sha1_base64="ZyDuUqzTeO2gfoLYwXmwmT7j/J0="></latexit>

ω(0,I)
1 (z) = exp



→ 1

ε

z∫

ωA0

dz→ T (z→)





︸ ︷︷ ︸
ε̃(0)
1

{
ω0,1

ε

z∫

ωA0

dz→ ! (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)





︸ ︷︷ ︸
ε̃(0,I)
1

+ C(1)
ϑ

}

where 
<latexit sha1_base64="WpFqFnrsWbT9tcnWSRvy5YiieuI="></latexit>

C(1)
ω =

1

2
eε

A
0 exp

(
→1

2
eε

A
0

)

• For the next homotopy iteration we need to account for 
the linear terms in p:

<latexit sha1_base64="l0AVali6onMdpkAtWIg9Q34oBa0="></latexit>

L[ω(0)
1 + pω(1)

1 ] + pNL[ω
(0)
1 ] = 0

• The equation takes the form
<latexit sha1_base64="ggMW0bPVa/zAsqSGi6ODdPHYptk="></latexit>

ω
dε(1,I)

1 (z)

dz
= →T (z) ε(1,I)

1 (z) → ! (z) ”̃(0)
1 (z)

<latexit sha1_base64="G06ttHe39KfiOfIWH5gsq4MCzJY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kt0nosevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wvc387hNVmknxYGYx9SM8FixkBBsrdWqNksWwXHGr7gJonXg5qUCO1rD8NRhJkkRUGMKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LRU4otpPF9fO0YVVRiiUypYwaKH+nkhxpPUsCmxnhM1Er3qZ+J/XT0x47adMxImhgiwXhQlHRqLsdTRiihLDZ5Zgopi9FZEJVpgYG1AWgrf68jrp1KpevVq/v6o0b/I4inAG53AJHjSgCXfQgjYQeIRneIU3RzovzrvzsWwtOPnMKfyB8/kDyliNUg==</latexit>
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σ1: region I (GS)
where 

<latexit sha1_base64="cS+MEEQ+/23ypYEL/8yjHJzM8YY="></latexit>

!̃(0)
1 (z) =

→∫

z

dz↑ω(0)
1 (z↑). The general solution is  

<latexit sha1_base64="CEXLZpBwdW+TvYudTHIwtxEjo9Q="></latexit>

ω(1,I)
1 (z) = → 1

ε
exp



→ 1

ε

z∫

ωA0

dz→ T (z→)




z∫

ωA0

dz→! (z→) ”̃(0)
1 (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)





• In general, the equation for the p-iteration (p≥1) in 
region I takes the form 

with solution  

<latexit sha1_base64="5jYyoZYaUKbNA+b8d104CzGmiN4="></latexit>

ω
dε(p,I)

1 (z)

dz
= →T (z) ε(p,I)

1 (z) → ! (z) ”̃(p→1)
1 (z)

<latexit sha1_base64="ZkRkbNmJKrPpE2s/LnWflZsyDZc="></latexit>

ω(p,I)
1 (z) = → 1

ε
exp



→ 1

ε

z∫

ωA0

dz→ T (z→)




z∫

ωA0

dz→ ! (z→) ”̃(p↑1)
1 (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)



 .

<latexit sha1_base64="rSBdplaPI0eaGYQnDjPTiIx6V7g=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0mKtD0WvXisYNpCG8pmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btoctPXBwOO9GWbmBQlnSjvOt1Xa2t7Z3Svv2weHR8cnldOzropTSahHYh7LfoAV5UxQTzPNaT+RFEcBp71gdpf7vScqFYvFo54n1I/wRLCQEayN5NVbtm2PKlWn5iyBNolbkCoU6IwqX8NxTNKICk04VmrgOon2Myw1I5wu7GGqaILJDE/owFCBI6r8bHnsAl0ZZYzCWJoSGi3V3xMZjpSaR4HpjLCeqnUvF//zBqkOW37GRJJqKshqUZhypGOUf47GTFKi+dwQTCQztyIyxRITbfLJQ3DXX94k3XrNbdQaDzfV9m0RRxku4BKuwYUmtOEeOuABAQbP8ApvlrBerHfrY9VasoqZc/gD6/MHl0SNPw==</latexit>
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σ1: region II (no GS)

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}
<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="7fQXj7aD0roR8XO1XQEqQkhGrrc=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVI9FLx4r2FZoQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GTRtBWx8MPN6bYWZekHCmtON8WaWV1bX1jfJmZWt7Z3fPru53VJxKQtsk5rG8C7CinAna1kxzepdIiqOA024wvsr97j2VisXiVk8S6kd4KFjICNZG6ttVT0WYc29a+UHfrjl1Zwa0TNyC1KBAq29/eoOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZ7PQpOjbKAIWxNCU0mqm/JzIcKTWJAtMZYT1Si14u/uf1Uh1e+BkTSaqpIPNFYcqRjlGeAxowSYnmE0MwkczcisgIS0y0SSsPwV18eZl0Tutuo964Oas1L4s4ynAIR3ACLpxDE66hBW0g8ABP8AKv1qP1bL1Z7/PWklXMHMAfWB/fsJ+RCA==</latexit>

}

<latexit sha1_base64="qGUzXAdfSQe2px1B5iRLzEcDcRk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSiJSXRbduHBRwT4gCWEynbRDZyZhZiKU0K0bf8WNC0Xc+gfu/BsnbRBtPXDhcM693HtPlDKqtON8WUvLK6tr65WN6ubW9s6uvbffUUkmMWnjhCWyFyFFGBWkralmpJdKgnjESDcaXRV+955IRRNxp8cpCTgaCBpTjLSRQhv6HOkhRiy/mXjQV3TAUegG1R+Eds2pO1PAReKWpAZKtEL70+8nOONEaMyQUp7rpDrIkdQUMzKp+pkiKcIjNCCeoQJxooJ8+skEHhulD+NEmhIaTtXfEzniSo15ZDqLu9W8V4j/eV6m44sgpyLNNBF4tijOGNQJLGKBfSoJ1mxsCMKSmlshHiKJsDbhFSG48y8vks5p3W3UG7dnteZlGUcFHIIjcAJccA6a4Bq0QBtg8ACewAt4tR6tZ+vNep+1LlnlzAH4A+vjGwholqk=</latexit>

L[ω1] <latexit sha1_base64="w3HL0bQThu7120q3V/2THx4GHb8=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVROR6rLoxoVIBfuAJITJdNoOnZmEmYlQQj7Djb/ixoUibrvzb0za4KP1wMCZc+7l3nuCiFGlLevTKC0tr6yuldcrG5tb2zvm7l5bhbHEpIVDFspugBRhVJCWppqRbiQJ4gEjnWB0lfudByIVDcW9HkfE42ggaJ9ipDPJN09cjvQQI5bcpn7y/blJUwe6ig448m2v8gPfrFo1awq4SOyCVEGBpm9O3F6IY06Exgwp5dhWpL0ESU0xI2nFjRWJEB6hAXEyKhAnykumh6XwKFN6sB/K7AkNp+rvjgRxpcY8yCrzzdW8l4v/eU6s+xdeQkUUayLwbFA/ZlCHME8J9qgkWLNxRhCWNNsV4iGSCOssyzwEe/7kRdI+rdn1Wv3urNq4LOIogwNwCI6BDc5BA1yDJmgBDB7BM3gFb8aT8WK8Gx+z0pJR9OyDPzAmXwhrnRw=</latexit>

NL[ω1]

<latexit sha1_base64="VI3qC99BAFH78mWHD/ok3bSmhZI="></latexit>
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ϑỸ , z

)

ωz
= →



z →
z∫

ωA0

dz→ !
(
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<latexit sha1_base64="VI3qC99BAFH78mWHD/ok3bSmhZI="></latexit>
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(
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<latexit sha1_base64="VXaU/9+qTNP/BQQCsmgg4keCZ58=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ItFj0IvHCHlJNoTZ2U4yZPbBTK8QQ25e/BUvHhTx6i9482/cTQJqtKChqOqmu8uNpNBoWZ9GZmFxaXklu5pbW9/Y3DK3d+o6jBWHGg9lqJou0yBFADUUKKEZKWC+K6HhDi5Tv3ELSoswqOIwgrbPeoHoCs4wkTrmfrXgeCCROSikB/Tm+O4o942OmbeK1gT0L7FnJE9mqHTMD8cLeexDgFwyrVu2FWF7xBQKLmGcc2INEeMD1oNWQgPmg26PJn+M6WGieLQbqqQCpBP158SI+VoPfTfp9Bn29byXiv95rRi75+2RCKIYIeDTRd1YUgxpGgr1hAKOcpgQxpVIbqW8zxTjmESXhmDPv/yX1E+KdqlYuj7Nly9mcWTJHjkgBWKTM1ImV6RCaoSTe/JInsmL8WA8Ga/G27Q1Y8xmdskvGO9fDIaU6A==</latexit>

T (ωỸ , z)
<latexit sha1_base64="RARcwqrjaekDqG+DeC4s6YiA8pg="></latexit> z∫
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<latexit sha1_base64="8gzbH195rsybHbDnt55vLGoE8Mg="></latexit>
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<latexit sha1_base64="OLv0i9K8f6i1PotSnClojAryM5g="></latexit>

→ !
(
ωỸ , z

)
”̃1

(
ωỸ , z

)
= 0

<latexit sha1_base64="uvcF3z3Odo2QG9PWrRoM1Y6GrlM=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0mKtHorevFYwbSFNpTNdtMu3WzC7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxLOlHacb6u0sbm1vVPetff2Dw6PKscnHRWnklCPxDyWvQArypmgnmaa014iKY4CTrvB9C73u09UKhaLRz1LqB/hsWAhI1gbyavf2LY9rFSdmrMAWiduQapQoD2sfA1GMUkjKjThWKm+6yTaz7DUjHA6twepogkmUzymfUMFjqjys8Wxc3RhlBEKY2lKaLRQf09kOFJqFgWmM8J6ola9XPzP66c6vPYzJpJUU0GWi8KUIx2j/HM0YpISzWeGYCKZuRWRCZaYaJNPHoK7+vI66dRrbqPWeLiqtm6LOMpwBudwCS40oQX30AYPCDB4hld4s4T1Yr1bH8vWklXMnMIfWJ8/mMuNQA==</latexit>
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σ1: region II (no GS)
• In this case, the solution is more complex. After some 

algebra, the general solution takes the form 
<latexit sha1_base64="VHZ7z56yuPbO1W2M/yCkIosAkm8="></latexit>

ω(0,II)
1

(
εỸ , z

)
= !1

(
→ϑ εỸ + z

)
ω0→

1

(
εỸ , z

)
+ ω0→

1

(
εỸ , z

)
ω̃0→

1

(
εỸ , z

)

<latexit sha1_base64="zwXB2EzyDcMAwch6CXqUSXTrH+M="></latexit>

ω̃0→

1

(
εỸ , z

)
=

1

ϑ

z∫

ωA0

dz→
ω0,1

ω0→
1

(
εỸ → z↑z→

ε , z→
) !

(
εỸ → z → z→

ϑ
, z→

)
+ Cϑ1

where <latexit sha1_base64="fWrtX4aSR8lwzDy+5k1NXDBzYXQ="></latexit>

ω0→

1

(
εỸ , z

)
= exp



→
ωỸ∫

0

dεỸ → T
(
εỸ →,→ϑ

(
εỸ → εỸ →

)
+ z

)




<latexit sha1_base64="kVq90YmFJCC/IHaYJr6LPoQmVfs="></latexit>

!1 (ω) =
1
2e

ω exp
(
→ 1

2e
ω
)

ε0→
1

(
ϑỸ = 0, z = ω

) → ε̃0→

1

(
ϑỸ = 0, z = ω

)

• For other iterations, we just modify our definition of the 
non-homogeneous term by adding the contribution from NL

<latexit sha1_base64="gGWC71SkPN2BKpf4onXNNAQQ+KI=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0lUqseiF48VTFtoQ9lsN+3SzSbsboQS+hu8eFDEqz/Im//GTZqDtj4YeLw3w8y8IOFMacf5tipr6xubW9Vte2d3b/+gdnjUUXEqCfVIzGPZC7CinAnqaaY57SWS4ijgtBtM73K/+0SlYrF41LOE+hEeCxYygrWRvEvHtu1hre40nAJolbglqUOJ9rD2NRjFJI2o0IRjpfquk2g/w1IzwuncHqSKJphM8Zj2DRU4osrPimPn6MwoIxTG0pTQqFB/T2Q4UmoWBaYzwnqilr1c/M/rpzq88TMmklRTQRaLwpQjHaP8czRikhLNZ4ZgIpm5FZEJlphok08egrv88irpXDTcZqP5cFVv3ZZxVOEETuEcXLiGFtxDGzwgwOAZXuHNEtaL9W59LForVjlzDH9gff4AjJSNOA==</latexit>
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σn
• Now we need to add to our definition of L[σ1] the non-

homogeneous term

• We solve the equation in a similar way to σ1, yielding 

<latexit sha1_base64="QgYFMEmt8K9y8fF5/HKgtuNrvpA="></latexit>

L[ωn] = ε
dωn (z)

dz
+ T (z)ωn (z) → ω0,n ! (z) →

n→1∑

k=1

”n→k (z) ωk (z)
<latexit sha1_base64="rAwhIKFouXJMtCNyAM6e1e4wTA0="></latexit>

NL[ωn] = ! (z) ”̃n (z)

<latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>}<latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>} <latexit sha1_base64="9VCjw42wUZU3RVvz0IGrm2MQQWU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1WvVq1dn9VqZ/lcRThBE7hAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5kYjVQ=</latexit>}
<latexit sha1_base64="SfzDlBa6x9614/eS0dXYp4CLssc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpZdkeqx6MVjBbettEvJptk2NMkuSVaoS3+FFw+KePXnePPfmH4ctPpg4PHeDDPzwoQzbVz3y8ktLa+sruXXCxubW9s7xd29ho5TRahPYh6rVog15UxS3zDDaStRFIuQ02Y4vJ74zQeqNIvlnRklNBC4L1nECDZWuj/tnPhdWX487hZLbsWdAv0l3pyUYI56t/jZ6cUkFVQawrHWbc9NTJBhZRjhdFzopJommAxxn7YtlVhQHWTTg8foyCo9FMXKljRoqv6cyLDQeiRC2ymwGehFbyL+57VTE10GGZNJaqgks0VRypGJ0eR71GOKEsNHlmCimL0VkQFWmBibUcGG4C2+/Jc0zipetVK9PS/VruZx5OEADqEMHlxADW6gDj4QEPAEL/DqKOfZeXPeZ605Zz6zD7/gfHwDY0OPgQ==</latexit>

→Un(z)

<latexit sha1_base64="Qg8GnoOE9wcuFKKC/4bWKIuahSk="></latexit>

ω(0,I)
n (z) = exp



→ 1

ε

z∫

ωA0

dz→ T (z→)





{
1

ε

z∫

ωA0

dz→ Un (z
→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)



 + C(n)
ε

}

where 
<latexit sha1_base64="IJM7G6K5Jl8QsNoGCkwRj1Ir3Qc="></latexit>

C(n)
ω =

(
1
2e

εA0

)n

n!
e→

1
2 e

ωA0 . The formula for the p-iteration is  
<latexit sha1_base64="/eeDiAZMF2zlILnZ1TN20soAM+Q="></latexit>

ω(p,I)
n (z) = exp



→ 1

ε

z∫

ωA0

dz→ T (z→)





{
1

ε

z∫

ωA0

dz→ Un (z
→) !̃(p↑1)

n (z→) exp




1

ε

z→∫

ωA0

dz→→ T (z→→)



 + C(n)
ε

}
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Numerical estimates
• Ratios of σ1, σ2, σ3 and σ5 for \xi_A=0, \alpha_S=0.2, z_0=2.
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• Ratios of σ1, σ2, σ3 and σ5 for \xi_A=0, \alpha_S=0.2 , z_0=2.

p=1
p=2
p=3
p=4

0 5 10 15
-0.4

-0.2

0

0.2

z

R σ
1

(p
) (δ
Y
,z
)

Region I: ξ≤ξ0
A Region II: ξ>ξ0

A

αS=0.2, Y=10
p=1
p=2
p=3
p=4

0 5 10 15

-0.4

-0.2

0

0.2

z

R σ
2

(p
) (δ
Y
,z
)

Region I: ξ≤ξ0
A Region II: ξ>ξ0

A

αS=0.2, Y=10

p=1
p=2
p=3
p=4

0 5 10 15
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

z

R σ
3

(p
) (δ
Y
,z
)

Region I: ξ≤ξ0
A Region II: ξ>ξ0

A

αS=0.2, Y=10

p=1
p=2
p=3
p=4

0 5 10 15
-1.4
-1.2
-1

-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8

z

R σ
5

(p
) (δ
Y
,z
)

Region I: ξ≤ξ0
A Region II: ξ>ξ0

A

αS=0.2, Y=10

Numerical estimates
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• One can see that the first iteration turns out to be rather 
large in the small-z region which corresponds to region I. 

• Despite the fact that after an appropriate number of 
iterations the corrections become small, the approach 
may break down for a sufficiently large n. For this reason, 
we use this method only for small values of n.  

• We solve the equation in the large-n limit, and study the 
possible matching with this solution. 

<latexit sha1_base64="zb5Icw+tSN9EOufkLIcasX6DfPI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaVoEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1Fjp4bLSK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpoXZa9art5XSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH1Ho0A</latexit>
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The large n≳N Solution 
• We start with our equation 

<latexit sha1_base64="IHWaK4hLpnARagB2wUIM7fsZap8=">AAACInicbVDLSgMxFM34rPVVdelmsAgVtMyIVF0IRTcuK1oVOqVk0jttaCYzJHfEWvotbvwVNy4UdSX4MWY6Xfg6kHDuOfeS3OPHgmt0nA9rYnJqemY2N5efX1hcWi6srF7qKFEM6iwSkbr2qQbBJdSRo4DrWAENfQFXfu8k9a9uQGkeyQvsx9AMaUfygDOKRmoVDr1z3glpS5butrxtb/sovby4y7MabmNPQIClHWmqWiYr3uniVqtQdMrOCPZf4o5JkYxRaxXevHbEkhAkMkG1brhOjM0BVciZgGHeSzTElPVoBxqGShqCbg5GKw7tTaO07SBS5ki0R+r3iQENte6HvukMKXb1by8V//MaCQYHzQGXcYIgWfZQkAgbIzvNy25zBQxF3xDKFDd/tVmXKsrQpJo3Ibi/V/5LLnfLbqVcOdsrVo/HceTIOtkgJeKSfVIlp6RG6oSRe/JInsmL9WA9Wa/We9Y6YY1n1sgPWJ9f0p6iCA==</latexit>

!n(z) = ω(z) exp (→n”(z))
• We suggest that the solution has the following form

• Functions Φ (z) and ϕ (z) we will find from the equation. 
Noticing that 

<latexit sha1_base64="88HSoc0RGDChaZ+MS5dI/gsnfCQ="></latexit>

n→1∑

k=1

!n→k(z)ωk(z) =
1

2

d

dz

n→1∑

k=1

!n→k(z)!k(z) =
n→ 1

2

d

dz
ε2(z) exp (→n”(z))

• The equation can be rewritten as 
<latexit sha1_base64="uRWOyyRiWf0CygAF6HEYR42wwOw="></latexit>

ω
d2!n

dz2
= → d

dz
((z → !!(z))!n(z)) + !n(z) +

n→ 1

2

d

dz
(ε(z)!n(z))

<latexit sha1_base64="y+m7e2AiT/pjAT/+d3kfYIWY+pA="></latexit>

ω
dεn(z)

dz
= → (z → !!(z))εn(z) + ”(z)!n(z) +

n→1∑

k=1

!n→k(z)εk(z)

where
<latexit sha1_base64="CzstbJv6bHy++dM6Vr5iNBvyU0w=">AAACD3icbVDLSgMxFM3UV62vqks3waJtoZQZkepGKLpxWdG2QqeWTCZtQ5PMkGSEdugfuPFX3LhQxK1bd/6N6UPQ1gMXDufcy733eCGjStv2l5VYWFxaXkmuptbWNza30ts7NRVEEpMqDlggbz2kCKOCVDXVjNyGkiDuMVL3ehcjv35PpKKBuNH9kDQ56gjaphhpI7XSh+417XDUErlB3i2cuQWXCn03gP4g66ofJ5tvpTN20R4DzhNnSjJgikor/en6AY44ERozpFTDsUPdjJHUFDMyTLmRIiHCPdQhDUMF4kQ14/E/Q3hgFB+2A2lKaDhWf0/EiCvV557p5Eh31aw3Ev/zGpFunzZjKsJIE4Eni9oRgzqAo3CgTyXBmvUNQVhScyvEXSQR1ibClAnBmX15ntSOik6pWLo6zpTPp3EkwR7YBznggBNQBpegAqoAgwfwBF7Aq/VoPVtv1vukNWFNZ3bBH1gf37VdmzQ=</latexit>

!n(z) =

∫ z

dz→ωn(z
→) and

<latexit sha1_base64="3aC+Pcxek0a7AKFDHWRTPZbEbLI=">AAACEnicbVBNS0JBFJ1nX2ZfVss2QxIqiLwXYW0CqRYtjVIDn8m8cdTBefMeM/cFKv6GNv2VNi2KaNuqXf+m8SMo7cCFwzn3cu89Xii4Btv+smILi0vLK/HVxNr6xuZWcnunooNIUVamgQjUrUc0E1yyMnAQ7DZUjPieYFWvez7yq/dMaR7IG+iFrO6TtuQtTgkYqZHMute87ZOGe8EEkEw/6+ZO3ZzLJdz1cbOf/tHT2UYyZeftMfA8caYkhaYoNZKfbjOgkc8kUEG0rjl2CPUBUcCpYMOEG2kWEtolbVYzVBKf6fpg/NIQHxiliVuBMiUBj9XfEwPia93zPdPpE+joWW8k/ufVImid1AdchhEwSSeLWpHAEOBRPrjJFaMgeoYQqri5FdMOUYSCSTFhQnBmX54nlcO8U8gXro5SxbNpHHG0h/ZRBjnoGBXRJSqhMqLoAT2hF/RqPVrP1pv1PmmNWdOZXfQH1sc3qd+cNg==</latexit>

!!(z) =

∫ z

dz→”(z→)

<latexit sha1_base64="FG+XWgxsPWwjLhtmoV+t+W4Ptog=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9oEeiF49o5JEAIbPDLEyYnd3M9JqQDX/gxYPGePWPvPk3DrAHBSvppFLVne4uP5bCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqd+84lrIyL1iOOYd0M6UCIQjKKVHs4ve8WSW3ZnIMvEy0gJMtR6xa9OP2JJyBUySY1pe26M3ZRqFEzySaGTGB5TNqID3rZU0ZCbbjq7dEJOrNInQaRtKSQz9fdESkNjxqFvO0OKQ7PoTcX/vHaCwXU3FSpOkCs2XxQkkmBEpm+TvtCcoRxbQpkW9lbChlRThjacgg3BW3x5mTTOyl6lXLm/KFVvsjjycATHcAoeXEEV7qAGdWAQwDO8wpszcl6cd+dj3ppzsplD+APn8wf2oo0B</latexit>
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The large n≳N Solution 
• Introducing 

and assuming that all functions decreases at large z, we have 

<latexit sha1_base64="AOO+WzLe4U2kOmR7VpFA6Bgmqi0="></latexit>

Sn (z) =

z∫
dz→ !n (z

→)

<latexit sha1_base64="pYta8iH1utSXqITUU8dSk9+7b00="></latexit>

ω
d!n

dz
= →(z → !!(z))!n(z) + Sn(z) +

n→ 1

2
ε (z) !n (z)

<latexit sha1_base64="KcfrPcvjz+Gnr0z/EPAI2hfjZEw="></latexit>

d!n

dz
= (ω→(z) → nω(z)”→(z)) exp(→n”(z))• Using 

we can find now all unknown functions Φ, ϕ and S. 

• Taking the large z and n limit, we find for DIS:
<latexit sha1_base64="oWxB6Pb/7CfhzV6LI3Q26AtugAU="></latexit>

ωn (z) =

(
ε→ (z)→ nε (z)!→ (z)

)
exp (→n! (z))

n↑N(z)→→→→→↑ 2

ϑ

z2

N (z)
”

(
ϖ =

n

N (z)

)

where
<latexit sha1_base64="6rUQQiPnzZN4SoGXMAT2jUoBSV8=">AAACHnicbZDLSsNAFIYnXmu9VV26GSxChVoS0epGKLpxWcGq0MQymZ60QycXZk7EEvokbnwVNy4UEVzp25jELurlh4Fv/nMOM+d3Iyk0muanMTU9Mzs3X1goLi4tr6yW1tYvdRgrDi0eylBdu0yDFAG0UKCE60gB810JV+7gNKtf3YLSIgwucBiB47NeIDzBGaZWp3RgN7WwJXhYofadsJXo9XHHrh7b1fxehZtkN6NRcUKdUtmsmbnoX7DGUCZjNTuld7sb8tiHALlkWrctM0InYQoFlzAq2rGGiPEB60E7xYD5oJ0kX29Et1OnS71QpSdAmruTEwnztR76btrpM+zr37XM/K/WjtE7chIRRDFCwL8f8mJJMaRZVrQrFHCUwxQYVyL9K+V9phjHNNEsBOv3yn/hcq9m1Wv18/1y42QcR4Fski1SIRY5JA1yRpqkRTi5J4/kmbwYD8aT8Wq8fbdOGeOZDfJDxscXO4mdbg==</latexit>

! (ω) = ω e→ω and 
<latexit sha1_base64="j7byTpmFadn9MsmfhFMTHln0OTc="></latexit>

N (z) =
2 z

Cω
e
(z→z!)2

2ω

<latexit sha1_base64="FQvMuZgv+9JcBl+dXulswOYIHvM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6P6/1yxW36s5B/hIvJxXI0eiXP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCKz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eW/pHVW9WrV2t1FpX6dx1GEIziGU/DgEupwCw1oAoMQnuAFXp2x8+y8Oe+L1oKTzxzCLzgf3/gmjQI=</latexit>
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Matching of the solutions
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<latexit sha1_base64="K+6Qh2hUWkh1hXyIyVunW9PTSlM="></latexit>

ωsmall n = ω(0)
nm

(z)

(
1 +

pmax∑

p=1

ω(p)
nm (z)

ω(0)
nm (z)

)
= ωlarge n =

2

ε

z2

N (z)
!

(
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N (z)

)

<latexit sha1_base64="jhM8cYTUS6nE6SSJ3vYfJcNjAVI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbVgEeiF49o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD5fVXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8NqfCJWkyBVbLApTSTAms7dJX2jOUI4toUwLeythQ6opQxtOwYbgLb+8SpoXZa9SrtxflWo3WRx5OIFTOAcPqlCDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH5qo0D</latexit>
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Matching of the solutions
<latexit sha1_base64="WBnH4Niu33yuc1FVwvMH97kHiDc="></latexit>

ωn(z) = ωlarge n(z)!(zm → z) + ωsmall n(z)!(z → zm)

• From the previous plot, we can invert n to obtain the matching z
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<latexit sha1_base64="7ZbA9uN+jLKDafMnDRucv42PipI=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEeiF49o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD5fVXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifFsOpPhEpS5IotFoWpJBiT2dukLzRnKMeWUKaFvZWwIdWUoQ2nYEPwll9eJc2LslcpV+6vSrWbLI48nMApnIMH11CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH7Lo0E</latexit>
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Quantum entanglement in 
high-energy collisions 



Entropy of produced gluons
• The probability to have n-cut BFKL Pomerons in the 

final sate is equal to 
<latexit sha1_base64="N1EAL/MvAUXgLGdVpUEo5QgQLyM="></latexit>

PAGK
n (z) → ωAGK

n (z)

ωAGK
in (z)

=
2

ε

z2

N (z)
!

(
n

N (z)

)

• The entropy content of multiplicity distributions is 
defined by

<latexit sha1_base64="1DM3bFoBzMfaUTj5SKmGHnSpy1c="></latexit>

SE (z) = →
∑

n

PAGK
n (z) ln (PAGK

n (z))

<latexit sha1_base64="YczJ1w1auiHjIdltsDFYafrgnb4="></latexit>

=
(z → z!)2

2ω
→ ln z → ln

(
Cω

ω

)
+

2

ω
ln 2

<latexit sha1_base64="J82HBspP0SYpQpgH43VrRAClOzs=">AAACH3icbZDLSsNAFIYnXmu9VV26GSyCi1KSItVl0Y3LCvYCTS0n00k6dHJhZqK2IW/ixldx40IRcde3cdJ2oa0/DHz85xzOnN+JOJPKNCfGyura+sZmbiu/vbO7t184OGzKMBaENkjIQ9F2QFLOAtpQTHHajgQF3+G05Qyvs3rrgQrJwuBOjSLa9cELmMsIKG31ClX7STBvoECI8DEZ2yXb8+ySlWJNJWy7Akgyvq+kSSVzhhBFkOJ8vlcommVzKrwM1hyKaK56r/Bt90MS+zRQhIOUHcuMVDcBoRjhNM3bsaQRkCF4tKMxAJ/KbjK9L8Wn2uljNxT6BQpP3d8TCfhSjnxHd/qgBnKxlpn/1Tqxci+7CQuiWNGAzBa5MccqxFlYuM8EJYqPNAARTP8VkwHoTJSONAvBWjx5GZqVslUtV2/Pi7WreRw5dIxO0Bmy0AWqoRtURw1E0DN6Re/ow3gx3oxP42vWumLMZ47QHxmTH8pBoYU=</latexit>

z→ 1→→→↑ z2

2ω

<latexit sha1_base64="fi8ldrpU1lUSSuDYfWwCwJodtxo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRL0FvXiMYh6QhDA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqj26nffEKleSQfzTjGbkgHkgecUWOlh/PrXrHklt0ZyDLxMlKCDLVe8avTj1gSojRMUK3bnhubbkqV4UzgpNBJNMaUjegA25ZKGqLuprNLJ+TEKn0SRMqWNGSm/p5Iaaj1OPRtZ0jNUC96U/E/r52Y4KqbchknBiWbLwoSQUxEpm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/jyMmmclb1KuXJ/UareZHHk4QiO4RQ8uIQq3EEN6sAggGd4hTdn5Lw4787HvDXnZDOH8AfO5w/8so0F</latexit>
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Conclusions and outlook

• We calculated the entropy and the multiplicity 
distributions directly from QCD evolution equations and 
the s-channel unitarity constraints. We obtained a much 
larger entropy that other QCD models (∝z2). We plan to 
clarify this discrepancy in our further publications. 

• σ1, σ2 and σ3 are cross sections for 1, 2 and 3 cut Pomeron 
production which are closely related to <n>, <n^2-n>, <n^3 
- 3 n^2+3 n> moments of the multiplicity distributions for 
DIS experiment. Calculations of the moments  <n^k> for 
small k will be subject of next papers.
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