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Part 1: Rapidity factorization and rapidity evolution of TMDs:
m Rapidity-only cutoff vs UV+rapidity regularization
m Rapidity evolution of TMDs in the Sudakov region.
m Rapidity-only factorization at one loop.
Part 2: Interpolation between Sudakov and BFKL rapidity
evolutions for TMD factorization at small x.
m Interpolation equation between Sudakov and BFKL evolutions.
m Interpolating terms as corrections to Sudakov and BFKL evolutions.
m If time permits: Interpolation equation in the Mellin representation

Conclusions and outlook
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Part 1: Rapidity-only TMD factorization
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TMD factorization

TMD factorization formula for particle production in hadron-hadron scattering
looks like

do 2 [ »
m = Z ef/d kLDf/A(xAvkL)Df/B(XBa‘ZJ_ —k1)C(q, k1)

flavors

+ power corrections + “Y — terms”

m Dy/4(xa, k1) is the TMD density of a parton f in hadron A with fraction of
momentum x4 and transverse momentum k_,

® Ds/p(x,q1 — k1) is a similar quantity for hadron B,

m Ci(q,k) are determined by the cross section o (ff — ™t ™) of production of
DY pair of invariant mass ¢? in the scattering of two partons.

Examples: Drell-Yan process with Q being the mass of DY pair and Higgs
production by gluon-gluon fusion

TMD approach is relevant when the transverse momentum ¢, < Q
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Long-term project: TMD factorization valid at small and moderate x

do s [ »
m = Z ef/d kLDf/A(xAvkL)Df/B(xBaqL —k1)C(g, k1)

flavors

+ power corrections + “Y — terms”

The quantities D4 (xa, k1), Dy/p(xs,q1 — k1), and C(q, k1) are defined with
cutoffs. The dependence on the cutoffs cancels in their product order by order in
.

At moderate x4, xz: CSS/SCET approach. The TMDs D, /4 (x4, k1) are defined
with a combination of UV and rapidity cutoffs.

At x4, xp < 1: kp-factorization approach. The TMDs are defined with rapidity-only
cutoffs.

It is impossible to extend CSS to small x. (Recently: LO BFKL from SCET)

It is possible to study TMD factorization at moderate x using small-x methods
(rapidity-only factorization etc.) (A. Tarasov, G. Chirilli, 1.B, 2015-2023)

Example: full list of power corrections ~ é for DY hadronic tensor.
They are not obtained (yet?) by CSS or SCET
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TMD factorization from rapidity factorization

Sudakov variables:

—to
Il
!
(SN
|
]

p = api+pp2+pi, P12~ pa, P2 =pp, P

pA

“Projectile” fields : |8] < o,

“Central” fields

pB

“Target” fields : |a| < oy

The result of the integration over “central” fields in the background of projectile
and target fields is a series of TMD operators made from projectile (or target)
fields multiplied by powers of é = power corrections
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Goal: TMD factorization formula

TMD factorization formula structure :

PhoPsl )T ()lpasps) = > dzy dzy dw dwy €i(x1, 2,5, wit 3 0, 07)

TMD operators *
X (PO (2 320520 s 31 ) Ipe) (Pl OF (25 s %232 ) Plg)
g% < Q% = no dynamics in the transverse space (to be demonstrated below)
@f” - “projectile” TMD operators with 3 < o), cutoff, e.g
O(zi—,21,,22-,22,) = dfi(zlf,zu)[zl,,700]ZILF[700,zz+]Z2w(zz+,zzL)

Of” - “target” TMD operators with o < o, cutoff, e.g

O(z14,21, 224,22, ) = '(Z(ZH»yZlL)[ZH»,7OO]Z|LF[7007ZZ+]12LQ/)(ZZ+7ZZL)-
Standard notation for straight-line gauge link

[x,y] = Peisodu (=) Aulurt(1-u)) _ gauge link

Convenient notations

Peooyeley = P02y, 0,20, sy = [, 04,205, 04,2 ]




Means: “double operator expansion”

Intermediate step: double operator expansion
j(xl)j(xz) = Z/dzfdz;dw?dchlu(xl,xz;zf,w,»*;ap,a,)
1,J

AP (= AC (A v ot
x Oy (Zz » X215 7xl¢)011(22 » X252 JX1,)

To find relevant operators and coefficients, it is convenient to consider “matrix”
elements of the I.h.s. and r.h.s. in suitable background field

Suitable field A: solution of classical YM equations with boundary condition that
at the remote past the field is a sum of projectile and target fields

Tx)J(x2))a = Z/dzfdz;dwfdw?&;(xl,xz;zf,wi*;0,,,0,)
1J

N N .
X <O[p(22 7‘x2J_;Z] 7le_)O‘L/ﬂ(Z;7x2J_;Zi"vxlj_)>A
Method of solution:

m Start with Wysa = ¢4 + 15 and Ayia = A, + B,, in the gauge A™ =0, A~ =0
m Correct by computing Feynman diagrams (with retarded propagators) with
sources (P + m)(ya + ) and J, = D*F' (A + B)
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Classical fields in the leading order in pi/pﬁ S a%

The solution of such YM equations in general case is yet unsolved problem
(goes under the name “glasma” < scattering of two “color glass condensates”).

Fortunately, for our case of particle production with % < 1 we can use this small
parameter and construct the approximate solution.

At the tree level transverse momenta are ~ ¢* and longitudinal are ~ Q* =

U A — series in%: U=y@ M4 A=a0 a0 L

NB: After the expansion

1 | R S

: = ; = -5 - 4 ; +
PP iy pt—pitiepo  pt o pl+iepo pt+iepo

the dynamics in transverse space is trivial.

Fields are either at the point x, or at the point 0; = TMDs
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Part 2: Rapidity factorization and rapidity evolution of
TMDs
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Rapidity-only cutoffs and matching of logs

e

C
ol
B
la| <oy
gt
c

I. Balitsky (ODU)

—0p

“Projectile” fields : || < o,

“Central” fields

“Target” fields : |a| < oy

Matching: In o,

in the projectile
TMDs and In o,

in the target
TMDs should
cancel with Ing,
and Inoy in
the coefficient
functions.

ANB,k; ~m,:
Glauber gluons

ANB k; <my:
soft gluons

ANBgluons =
soft/Glauber (sG)
gluons cancel out



Rapidity-only cutoff

Typical diagram in the background
field U(s,ps,) = ofdetdes W(zt, 2. )elehss —ipn)

(I, =00l T (y*,y1 ) e = g%er / dBpdps, e " TV(Bp,pp,)

2

P

oo a —i—L oAT+i(p,A)

se as .

X / a‘oz/—lzL L TR < divergent as o — oc
0 Pl aBps+ (p—pp)i +ie

o . ) |
(", =, TY (T, y1, =0 o = gch~/d‘53d‘phe PTG (B, p, ) S
= dp. ﬂ;gse*"%L)Aﬁri(p‘x,y)L
X / JW/T e v & convergent as a — 0o
’ Pl ofBps+ (p—pp)i +ie
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Rapidity-only cutoff vs UV+rapidity regularization

Typical divergent integral (¢ = 4 — 2, @"p = )

o 1 1 s(B — Bp) i)
" /dadﬁdpJ‘B —ieafs —pi +iea(B — Bp)s fpi + ie (1 ¢ )
_ M,ZE/a‘r#(l _ i) Mappp—p 1 T(e) [™dBps—p

ri o BsB—ic 8T (EZu2)¢c )y Bp B—ie

Regularization with A=(z7) — A~ (z7)e"

B8 dp By — B I I )X By
el BN — — P ) (I 2 -1
/() Bp B —id 8773( € o 4 +E ( ! —i0 )

1 I'(e)
872 (\i/lz)

Rapidity-only cutoff

[ e’ s(8 — Bp) o
—i | dadpd ‘ el
/ 6pL/)’*leaﬂs—pi—Q—iea(/)’—ﬂg)s—pi—i—ie( )
"dp. (o > Bps o 1 XA
= [ == (1 =P / do————¢'c = In? ( — ifpos—e*
/ P ( ) 0 afps +p* 1672 (=B 4 )
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Rapidity evolution of TMDs

Sudakov regime: 9% > Q% & 721212~ < 2,
Quark TMD operator (for the target)

OX1g, X1, X4, %2, ) = (x4, 31, ) xr, =004 ]y D—004, X24 ], (X2, %2, )

Evolution diagrams at the one-loop level

The e = regularization is depicted by point splitting: positions of +» and « are
separated from the beginnings of gauge links. (Violations of gauge invariance
are power corrections).

Evolution equation

d pio o
Utdfmoy’a'(ﬁbvﬁbvxzﬂxu)

2
N, 5x
_Oézsﬂc [2 In l‘z* +1In(—iByo; + €) + In(—iByor +€) + 27] O (B, Bp,x2, , X1, )
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For projectile TMDs

“Projectile” TMD matrix elements.
B
The e "= regularization is depicted by point splitting.

Evolution equation

d .
JITO—IOUJ/(/BI’” 5b7x2i ale)

ach S)C%z
s ) et
o [ Ty

+ ln(_iﬁilzal + 6) + ln(_iﬁbal + 6) + 2’Yi| @ij;al(ﬁ},ﬂ BINXZL 7x1L)
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Coefficient function for TMD factorization at one loop

Coefficient function = integral over “central” fields
Calculation of coefficient function: similarly to OPE for DIS

NLO coeff. function =
= {Diagrams at NLO (with quark/gluon tails or in a suitable background field)}
— {ay correction to matrix elements of the LO operators}

Example which | calculated: NLO coeff. function for Higgs production by gluon
fusion

s2Q° > Q1 zm’
C=Q=M;, Q=4

Result for DY is similar up to = in Higgs case — =17 in the DY case
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Diagrams for (F¢, F** (x;)F} F"*(x1)) 4 in background fields

“Virtual” diagrams

X2

(a) (b) (© (d)

“Real” diagrams
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Diagrams for subtracted TMD matrix elements

“Projectile” TMD matrix elements.

Thee '™ regularization is depicted by point splitting: positions of F’s are separated from
the beginnings of gauge links. (Violations of gauge invariance are power corrections).

“Target” TMD matrix elements. The e~'= regularization is depicted by point splitting.
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Result for the coefficient function

Result of calculations:
1 a apy
76V = D)k, PhIgFr F (32) g F3 F* (1) pas i)
= /@q)ﬂ‘/ ‘I’;;(ti)‘l/m (ti)\p;g(ti)\yps(ti) [O;p(x;’sz;vaxll)olj;a,(x;7x2L;xleale)

L agN,
+ / dzy dzy dwdwf ZSF‘

Ci(x1, X212, w30, 00)
X OEP(Z;7XZL;217’le)OU;JI(Z;7x2L;ZT7x1L) + 0(05?)
Result

€1 (0l Oay By Bpi X1 L, X2, 3 Ops 0%)

— In (Ziag)e? In (ZiBy)e” —In
4 o, op oy op

2 . .
e X7y, 80,0, (—iag)e” In (—iBp)e” g
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Matching of coefficient function and TMDs

TMD evolution equations

d ..
1],0 !
ap—g O (a, 0gy X2, 1 X1, )

sNe sz . . Agr
—O;W [2 In fl + In(—ic,0, + €) + In(—ic,0, + €) + Z'y} O%%(al, gy x2, , X1 )

d o
atdio_touym(ﬁbv ﬂwaZvali)

2
IZL + In(—iB,0; + €) + In(—iBpo; + €) + 27] O (B By, X2, ,x1,)

= 21n
27r [
Matching of o, and o, evolutions =
d asN, sx3
Utdio_te(xh_:xh_;a;aauzﬁllwﬁbgapaat) = 271' |:21I1 ifL
+ 1n(716é0—t + E) + 11’1(71'/8]70'[ + E) + 2’?] Q:(-xlv-XZ; O(;, Qg, ﬁ;v /817’ Op, Ut)
d N, sX1,
a,,d—UPQ(xu,xgl;ag, Qas By By 0py 01) = 2S7TC [2 In TL

+ In(—iaj0, + €) + In(—ic,0, + €) + Z’y] C(x1 |, %0, 500, Qs By Bp; 0p, 0v)
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Matching of coefficient function and TMDs
The solution of this equations compatible with our first-order result is

asNe

Q:(XILVXZL;a;?aua/8£7ﬁb;o-paaf) = e

C(xn S0, B, B30, 07)
= hadronic tensor is
agNe ’ ’ .
W(o;"l7 g, 51/77 Bby X1, 7sz) = /da;daadﬂédﬁb e 3 Q12 00,00, Byi0p,01)

X @2‘@;;)(0‘:170‘!17')6%_7x1;)‘pA><pll.’3‘@lj;m(ﬁiln6b7x2;7'x1J_)|pB> +
Reminder
¢ (O‘:uaavﬂll;aﬁb;leJCZL;O—p’Ur)

2 . . . .
_ ln2 leLso—pO—’ — In (_lo/'zll)e’y In (_1/8]’7)3’}’ —In (_l&ﬂ)e’y In (—lﬁ[,)e"/ + ﬂ_Z

4 o, op o, op




Forward case (= particle production by gluon fusion)

Recall a, = x4, 8, = xp.
W(pa,ps;q) = /dbi LW (pa, pp; g, By b1 ),

2
T o .
W(PAvPB?%pﬂqva) = nggt'jp(aqabL;pA)gj7 (ﬁqbeJpB)

agN, [, 5 b’ 50,0, By w2
 exp {0 [ S —2(n Tt 9) (0 T2 49) + 7]}
-+ NLO terms ~ 0(043) -+ power corrections (%)
where ga” ;; are gluon TMDs:

1
(pA|O;”(z_,O_7bl)\pA) = fgzgz/ du ugg”(mbL)cosqu_,
0

1
(pslOF (z7,07,b1)|ps) = fgza)z/ du uGy'(u,b.) cosuoz™ .
0
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Matching of coefficient function and TMDs

The r.h.s. of this evolution formula (+) does not depend on cutoffs ¢, and o, as long as

- 4677 L 4 ;
op 2 6, = - and o, > 6, = .. Thus, the result of double-log Sudakov evolution

reads

2
T = .
W(pa;ps; xa, xp,b1) = 7Q2§57'7(XA7 b1:pa)G"" (xp,b1;ps)

27,2
ach |:(1n Q bl

X exp{— 2
i

2
+ 27)2 -2 — %} } + O(af) terms + power corrections

This result is universal for moderate x and small-x hadronic tensor. The difference lies in
the continuation of the evolution beyond Sudakov region.

Double-log Sudakov evolution stops (for projectile) at 5, ~ % After that:

m If x4 ~ 1 - DGLAP-type evolution from &, = % to ofn = my :

s

. biz n
summation of (a;In W)

—2 -2
m If x4 < 1 - BFKL-type evolution from &, = % to ofy = 1% : summation of (ax lan)"
m Problem: matching of these evolutions

I. Balitsky (ODU) Rapidity-only TMD f: ati QCD evolution 2026



Interpolation between Sudakov and BFKL evoluti

The evolution equation for G(8s,b.) = Gi(Bs, b1 ) valid at any b, and 8 = xp is very
complicated. It has three correct limits: DGLAP, Sudakov, and BK. (A. Tarasov and I.B.)

s
I B ) FE Bap ) (5.5)
dy i
i IS 1 "
=—a,{p 1.-{ /:T‘AJ‘.‘(I —fp——= )[:.r,‘(/' (U + pUT)
} = aBgs+ 1R
Ags 20k8 2
FI0 T ke gl : 20—y ’),r‘(a“ X \)|:‘;‘
aidgs + k] ¥ adgs+in s
KN [odpsd) 4
xl-l\}"(:';,-o L ( '+ Upp) Ut
74 adgs +py

1

adps +

+2r) U:'.( In+

—2k# g7

- ,..) )

kN [ k; ofps+2kd 5 = 1 o4
+ — 5 (U +Upy) 0
as ) \i2 aips+ 12 o

s 17
UV ) )
. 1 " 4y A . +
+23ey |( U— (kg + ) -0 -1
a3ps +pg a8 + pj
k.’
e A)|., \}
a5+ 18 o5
F2F By w0 )y — L FelBa) (891 +Un)(2856 = gjmg W — )
”

adus+pi

1 5 ! ) 5 e .
42y |0 — 2856, — g™ N0 — U E(B) e 0 F Bpvs)
P, "

"
m)f‘("n + ‘4 r/,)l““ &

VJ/'FA," {H(I .. )r( I+ kL
[ P P

aiips

s Fi(Bax ) F (30 :} }|pjw" + Ofa?)
aips+ k2




Interpolation between Sudakov and BFKL evolutions

However, if we want to describe transition between Sudakov and BFKL evolutions, the

equation can be simplified to Qg = X4, By =xp
d N — 5o =9y (b )
_ (e e 4 _ ;%)L
U%Qa(azﬁbl) - 7'['2 /dZL[ (b )2 ga(aqul) (b_z)iziga(aqvbl)} (*)

This interpolation equation has two correct limits:

b2 q2
m Sudakov logs at o > iqé ~ L

XA

d agN,
U%gv(am bJ_) =

o (,,7)1
(aq,bj_)/dz{e ®_22 (b(_b zZ))LZL}

N, ab*
— _ = [1 = +1naq+’YE]ga(0647 x)
m BFKL evolution at o << %
d A (b7Z)J-
JEQU(%JM _ /d v gg(aq,zj_) — mga(aqvbl)]
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Interpolation between Sudakov and BFKL evolutions

Interpolation equation

b—2)%
d N, e 7 (b,z)1
U%ga(aq,bl) = /dzl{ (b—z)i Golog,z1) (bfz)iziga(aq’bl)}

Hope: use this interpolation equation to obtain complete result for hadronic
tensor

For now: one can estimate the size of the corrections from both sides

For estimates, we take simple GBW model
1 1 122
(pal1 = - TH{UUHps(1 + ) = 2m6(\ocaw (1 — e 7#12)
1
= aD(a,00,21) = CQ?(l - ZZng)e—iziQ§7

N,
C = ng;QEGGBw, ogew ~ 30mb
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Correction to Sudakov evolution

-2
In the Sudakov region ¢, > ¢, = % one can rewrite the interpolation equation
s (s = aov)

d
U%Dg(mbba) [lncbl+’yE] o(a,b1;0)

a e

s

+ = [dzi— [Dg(a,zL—i—bL;cr)—Dg(oz,bha)}
T z5

aasbi
4

~ —as[ln + VE]Dg(a, by;o)+ %BiDg(a,bL; 0)]

The size of the correction in GBW model is

L@iDg(a,bl;a) .y 0; _ Up 2Q

acs Dg(a,bi;0)  aocs o
. 502> . 02 -
so it becomes ~ 1 when o, = =~ ~ Gp Ifg, ~10+-30GeV o, <,
N
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Correction to the BFKL evolution

The interpolation equation in the BFKL region ¢, > QTZ can be rewritten as

d asN (a ZL o) (x,2)
UEDg(avaJ = x—z - (xiz)zngg(a’xJJO—)]
mo(A )L
asN
x — 2)2 D (Oé 150 )
o N o (a, ZL, o) (x,2) . (aso)? , .
{ (-7 - (x_z)zzzDg(mxl,J)] +Tz Dg(a,z1;0) + ...
The GBW estimate of the last term last term gives
d ~ 2 2 2
U%Dg(a,xl; o) 7 —agDgy(a,xy;0) [ln X4 + ’YE] + 8a5CQ§(xggs)

2 —2\ 2
The relative weight of the correction is (XAQ‘;S) ~ (%%) . Again, it becomes
~ 1 when o, = 60202 ~50%/4%.
In both cases it looks like that the switch between Sudakov and BFKL evolution
occurs at o, which is lower than 5, when g, > Oy

With o,.: BFKL summation of (a, In i)”

2
With 5,: BFKL summation of (o, In - 25)"
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Reminder: hadronic tensor for Higgs production

W(pa,pp;iq) = /dbi DLW (py, priag, By b)),

2
T
W(pa,pp; 0g; By, b1) = Engi?p(aqvbL;pA)gU’Gt(ﬁqvaU’B)

22 2 2
X exp {% [ - (ln 7Q4bl 6275)2 + (ln 7%02»‘171_ e”)z + <1n LBZSIJJ‘ e“’E>2 + l}}

Result with 5’s
2
m G ij;5,
W(pAhDB;atpﬁlpbl) = TQZG,‘/”(meL%PA)gJ’ l(ﬁq7bl§p8)

o (4] (e e 5))

Result with ¢,’s

2
™ o ij;0,
W(pa,ps; ag, By, b1) = 7Q2§U”(aq7bl;m)6"’ “(Bg b5 ps)
2 2

oo (5] () 2wy )

The difference is essential, especially for Fourier transformation to W(q)
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Conclusions and Outlook

Conclusions:
m Rapidity-only factorization at the one-loop level gives Sudakov-type
double logs for both small and intermediate xp
m Proposed evolution equation interpolates between Sudakov and
BFKL evolutions.
m Study of the interpolation equation suggests that point of transition

from Sudakov to BFKL depends on %

Outlook: (Numerical?) solution of the interpolation equation
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Conclusions and Outlook

Conclusions:
m Rapidity-only factorization at the one-loop level gives Sudakov-type
double logs for both small and intermediate xp
m Proposed evolution equation interpolates between Sudakov and
BFKL evolutions.
m Study of the interpolation equation suggests that point of transition

from Sudakov to BFKL depends on %

Outlook: (Numerical?) solution of the interpolation equation

Thank you for attention!
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BACKUP SLIDES




Interpolation equation in the Mellin representation

Mellin transformation
Dy(a,v;o) = /dzi(zi)%iwl)g(aﬂl?a)
dv .
Dy(azi50) = [52E) HD (a,vi0)

From the interpolation equation (x) we obtain

agN, . [m Ep—

—D : = 1
do 5(2730) T 50 I(y+e¢)

X /v+ e d§ )W—J(f — VI =€+ )TE)
Y+5 —ico 27Tl F(]+£7778)F(]7€)

De(0,€:0) — ~Dy(a,7:0)

where we introduced the notations v = % +ivand & = % + i/
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Interpolation between Sudakov and BFKL evolutions

To get the interpolation equation in the form of BFKL equation + correction term,

we move contour to the left, taking residue at £ = ~. After that one can sete =0
and get

d agN,
U%Dg(a,y;o*) =
_ %+io<>
e R e A L i e LY

If we move contour to the right and take residue at £ = v + ¢, we get the equation
in the form “Sudakov+correction”

d Ne
gePilania) = 2|~ (naso +0)D(a750) + 3,Dy(a:0)

_ D1 —n) [aFide e TO=OTE)
F('Y) /i—ioo 27Tl( )’Y (’Y— )F(]_g)Dg( & )

Easy to see that the two equations are identical.
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