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Motivation and introduction

Develop a new formalism allowing for a rigorous quantum treatment of 
particle evolution in the Glasma phase

Show that we can reproduce the classical results for momentum broadening 
and the equivalence between both approaches

Include purely quantum effects that can not be properly capture in the 
classical treatment of jets

NEXT GOAL!
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Motivation and introduction

Studies using EKRT+hydro+BDMPS-Z suggest that energy loss must be 
suppressed in the initial stage of heavy-ion collisions [Andres, Armesto, Niemi, 
Paatelainen, Salgado (2020)]

Classical jet in Glasma studies show that  is very large [Ipp, Müller, Schuh (2020)] 
but it is difficult to include energy loss via quantum gluon radiation

̂q

Our formalism will allow to consistently include gluon radiation and 
hopefully give fundamental information on this puzzle
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The setup
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Review of tBLFQ
Explain the layout of the paper

II. FORMALISM

A. The setup

DA: Checked subsection II A.
In this work we study the propagation of a mid-rapidity jet

throughout the Glasma early phase of heavy-ion collisions.
The setup of our calculation is illustrated in Fig. 1. The collid-
ing high energy nuclei propagate along the z-direction while
the jet moves along an eikonal trajectory in the x-direction.
We are interested in how the jet momentum is a↵ected by the
Glasma fields in directions perpendicular to the jet axis. To
distinguish them, we use the term transverse direction for the
y-direction, which is perpendicular both to the jet and the col-
lision axis, and the term longitudinal direction for the z-axis.

z

x

Jet
⌘ ⇡ 0

FIG. 1. Illustration of the setup for our calculation. The collid-
ing high-energy nuclei propagate in the z-direction, generating the
Glasma flux tubes. The mid rapidity jet propagates along the x-axis,
perpendicular to the beam direction.

We use di↵erent sets of coordinates to describe the jet and
Glasma fields evolution. To derive the Glasma initial condi-
tion from the Color Glass Condensate, we express the fields in
light-cone coordinates with respect to the collision direction,
namely (x̃+, x̃�, x, y) with x̃± = t ± z. We then use the Milne
coordinates (⌧, x, y, ⌘) with ⌧ =

p
t2 � z2 and ⌘ = tanh�1(z/t),

to describe the evolution of the boost-invariant Glasma, as
this expanding system of coordinates is naturally suited to
this kind of calculation. Lastly, in order to use the light-front
Hamiltonian approach to compute the jet real-time evolution,
we work in the light-cone coordinate system with respect to
the jet direction (x+, x�, y, z), with x± = t ± x. More details
about these coordinates and their conventions are given in Ap-
pendix A.

We employ a light-front Hamiltonian approach to solve for

the evolution of the quark jet as a quantum state, in the pres-
ence of the Glasma field as a classical external field.

B. The background field and propagation of classical particles

DA: Subsection II B work in progress.
DA: I think it is better to call this section ”Jet evolution

in the Glasma fields”, it connects well to the next one. Here
we can separate into 2 subsections: ”The Glasma fields” and
”Classical momentum broadening”. CL: Not sure about this
title as we are not discussing our formalism of jet evolution in
this subsection. DA: That is true, but we will include here the
classical jet evolution. The current titles work.

1. The Glasma fields

In order to study the propagation of particles through the
initial stage of a heavy-ion collision, the first step is to have
a consistent model to describe the nuclear matter in this
phase. The early produced matter may be described as pre-
equilibrium classical gluon fields, namely the Glasma fields
[10–14]. To obtain these fields, one can look at the pic-
ture right before the collision, where we have two very high-
energy nuclei moving towards each other. These high energy
nuclei can be described in the Color Glass Condensate (CGC)
framework [13, 15–17]. The CGC is an e↵ective field the-
ory based on a scale separation between the degrees of free-
dom that carry a large fraction of longitudinal momentum of
the nucleus (large-x) and the ones that carry a small fraction
(small-x). The hard partons (that can naively be interpreted as
the valence quarks) are then described as static color charges.
These color charges then radiate the soft partons, that are de-
scribed as a classical color field. This classical field approx-
imation is justified by the large occupancy numbers of soft
gluons in this region. The classical color fields satisfy the
classical equation of motion for a color field, the Yang-Mills
equation

[Dµ,F µ⌫] = J⌫ , (1)

whereDµ = @µ�ig[Aµ, · ] is the covariant derivative DA: This
doesn’t match the convention used later in Eq. (23)., F µ⌫ =
@µA⌫ � @⌫Aµ � ig[Aµ,A⌫] the field strength tensor and J⌫
is the color current generated by the large-x color charges.
The Yang-Mills equation is the non-Abelian generalization of
the Maxwell’s equations of electrodynamics. For a nucleus
moving along the light-cone axis x̃± (x̃+ for right-moving, x̃�
for left-moving nucleus), the current

J
µ(x) = �µ±�(x̃⌥)⇢(~x?) (2)

is given by the transverse color charge ⇢(~x?). For the initial
CGC fields, we use the MV model which assumes that the
distribution of color charges is stochastic (random gaussian)
and local

h⇢a(~x?)⇢b(~y?)i = g2µ2�ab�(2)(~x? � ~y?), (3)

Heavy-ion collision in the z-direction

Mid-rapidity jet in the x-direction

The standard notation calls “transverse 
direction” to the y-direction and “longitudinal 
direction” to the z-direction, but both of them 
are perpendicular w.r.t the jet
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The Glasma fields

z+z−

z
1

CGC
2

CGC

3
𝒜μ = ?

High-energy nuclei before the collision 
can be modeled using Color Glass 

Condensate (CGC)

Based on 
scale 

separation

Large x, static color 
charges

Small x, classical 
color fields

Must follow classical 
Yang-Mills equations

[Dμ, Fμν] = Jν

We work on the MV model, 
where the relevant scale in the 

saturation scale QS
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The Glasma fields
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z+z− t

z

1
CGC

2
CGC

3
Glasma

Initial condition for the fields after the 
collision can be derived from the CGC

[Kovner, McLerran, Weigert (1995)]

Classical fields evolve with 
sourceless Yang-Mills equation in 

region (3)
[Dμ, Fμν] = 0

Boost-invariant classical 
Glasma fields

We use real-time lattice gauge 
theory to numerically solve Yang-
Mills equation [Kransnitz, Venugopalan 

(2019)]



The Glasma fields
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7Features of the glasma
I Physics of glasma determined by the saturation momentum Qs

Flux tubes
I Initially only longitudinal

electric and magnetic fields

Strong fields
I Strong longitudinal fields

dilute after ⌧ ⇠ 1/Qs

Correlation domains
I Fields correlated inside

flux tubes of size ⇠ 1/Qs
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[Fukushima (2016)]

[Ipp, Müller, Schuh (2020)]

The Glasma potential  generates chromo-
electric and chromo-magnetic fields

This fields are organized in flux tubes of 
diameter  that expand along the 

longitudinal direction

Initially the chromo-electric and chromo-
magnetic fields only have components along 

the longitudinal direction

𝒜μ

∼ 1/Qs



Classical momentum broadening
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The dynamics of a classical particle in a color field are given by the Wong’s 
equations [Wong (1970)]

dpμ
kin

dτ
= gQa(τ)Fμν,a(τ)

dxν

dτ
dQa

dτ
= − gf abcQc(τ)𝒜b

μ(τ)
dxμ

dτ

The solution for the charge is a color rotation
Q(τ) = 𝒰(τ,0) Q(0) 𝒰†(τ,0)

where

𝒰(τ; 0) = 𝒫 exp (−ig∫
τ

0
dτ′￼

dxμ

dτ′￼

𝒜μ(τ′￼))
Classical color charges satisfy

∫ dQQaQb = TRδab



Classical momentum broadening
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Classical momentum broadening is given by the solution to the first 
Wong equation [Ipp, Müller, Schuh (2020)]

⟨(δpkin
i (τ))2⟩Q = g2 ∫

τ

0
dτ′￼∫

τ

0
dτ′￼′￼tr [f̃μ(τ′￼)f̃μ(τ′￼′￼)]

where  is the parallel transported Lorentz forcef̃μ(τ) = 𝒰(τ; 0)fμ(τ)𝒰†(τ; 0)

fy = Ey − Bz fz = Ez + By



The quark propagation Hamiltonian
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ℒ = Ψ(x)(iγμDμ − m)Ψ(x)

 where  is the 
classical Glasma background field

There are no quantum gluons because we 
are truncating the quark Fock space to 

the sector, not considering radiation

Dμ = ∂μ + ig𝒜μ 𝒜 = 𝒜ata

|q >

Minimal coupling Lagrangian

Legendre transform

P− = ∫ dx−d2 ⃗x⊥ [ 1
2

Ψ̄γ+ m2 − ∇⊥ 2

i∂+ − g𝒜+
Ψ + gΨ̄(γ+𝒜+ + γi𝒜i)Ψ +

g2

2
Ψ̄γi𝒜i

γ+

i∂+ − g𝒜+
γ j𝒜jΨ]

We work on the light-front from, where  plays the role 
of the time-evolution variable

x+ = t + x



The quark propagation Hamiltonian
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P− =
m2 + ( ⃗p⊥ − g ⃗𝒜⊥)2

p+ − g𝒜+
+ 2g𝒜− − g

BxSx

p+ − g𝒜+

Quantum many-body representation

Quark spin coupling 
to the 

chromomagnetic 
field, Zeeman effect

Quark kinetic 
energy

Interaction potential

Formally reduced to the propagation of a non-relativistic particle of mass 
 in the 2-dimensional transverse planep+ − g𝒜+



Basis representation
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Discretize the transverse space in a lattice of size  and  sites, so 
the spacing is 
 Momentum modes are then discretized  with  and 

2L⊥ 2N⊥
a⊥ = L⊥/N⊥

pi = kidp dp = π/L⊥
ki = − N⊥, . . . , N⊥

Employ a basis of eigenstates of the free-Hamiltonian to construct the 
Hilbert space

where 

m2 + ⃗p2
⊥

p+
|β⟩ = P−

β |β⟩ |ψ; x+ > = ∑
β

cβ(x+) |β >

|β⟩ = |p+, ⃗p⊥, c, λ⟩



Time evolution

13

i
∂

∂x+
|ψ, x+⟩ =

P−

2
|ψ; x+⟩ lim

p+→∞
P− = 2g𝒜−

In terms of the basis coefficients and matrix elements ℳββ′￼(x+) ≡ ⟨β |P− |β′￼⟩

c(x+) = 𝒯+ exp [−
i
2 ∫

x+

0
dsℳ(s)] c(0)

The expectation value of any quantum operator is then
⟨𝒪(x+)⟩ = ⟨ψ; x+ |𝒪(x+) |ψ; x+⟩ = ∑

ββ′￼

cβ(x+)cβ′￼(x+)𝒪ββ′￼(x+)



Time evolution
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In some cases it will be useful to work in the Heisenberg picture 
𝒪H(x+) = U†(x+; 0)𝒪(x+)U(x+; 0) |ψ⟩H = |ψ; 0⟩

Time evolution is then contained in the operators
d𝒪H

dx+
= i [ 1

2
P−, 𝒪H] + ( ∂𝒪

∂x+ )
H

The expectation value of operators is obtained in the same way
⟨𝒪(x+)⟩ = ⟨ψ; 0 |𝒪H(x+) |ψ; 0⟩



Quantum momentum broadening
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The quantum operator representing the momentum of the particle can be 
easily obtained in the Heisenberg picture

⃗p kin
⊥,H = (p+ − g𝒜+)

d ⃗x⊥

dx+
= i(p+ − g𝒜+)[ P−

H

2
, ⃗x⊥,H] = ⃗p⊥ − g ⃗𝒜⊥(x+, ⃗x⊥)

The physical kinetic momentum of the particle inside the medium is different 
to the canonic momentum conjugated to the position in the Lagrangian!!!

To quantify momentum broadening we define the operator

(δpkin
i,H(x+))2 = (pkin

i,H(x+) − pkin
i,H(0))

2
= (pkin

i,H(x+))
2

+ (pkin
i,H(0))

2
− 2ℜpkin

i,H(x+)pkin
i,H(0)



Quantum momentum broadening, direct calculation
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We can directly compute

(δpkin
i,H(x+))2 = (pkin

i,H(x+))
2

+ (pkin
i,H(0))

2
− 2ℜpkin

i,H(x+)pkin
i,H(0)

First two terms are trivial to compute in the Schrödinger picture

⟨(pkin
i,H(x+))

2⟩ = ⟨ψ; x+ |pkin
i (x+)pkin

i (x+) |ψ; x+⟩ ⟨(pkin
i,H(0))

2⟩ = ⟨ψ; 0 |pkin
i (x+)pkin

i (x+) |ψ; 0⟩

The cross term requires some extra work. Defining | ψ̃i; 0⟩ ≡ pkin
i (0) |ψ; 0⟩

⟨pkin
i,H(x+)pi,H(0)⟩ = ⟨ψ; x+ |pkin

i (x+) | ψ̃i; x+⟩



Quantum momentum broadening, Lorentz force calculation
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To observe explicitly the similarities with the classical calculation, one can 
compute the quantum observable associated to the Lorentz Force

⃗f⊥,H(x+) =
d ⃗p kin

⊥,H

dx+
= i [ 1

2
P−, ⃗p kin

⊥,H] + ( ∂ ⃗p kin
⊥

∂x+ )
H

= gU†(x+,0)Fi+(x+)U(x+,0)

Integrating and squaring we get momentum broadening

⟨(δpkin
i )2⟩x+ =

g2

4 ∫
x+

0
dλ∫

x+

0
dλ′￼⟨⟨ψ; 0 | f̃i,H(λ)f̃i,H(λ′￼) |ψ; 0⟩⟩

Formally identical to classical momentum broadening but derived 
purely in quantum mechanics!!!



Results, momentum broadening
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Compare our quantum direct calculation 
with the classical particle calculation 

Good agreement between both

We observe the characteristic anisotropic momentum broadening from 
the Glasma larger in the beam direction than in the transverse one

Our formalism is ready to search for new quantum effects in the initial 
stages!!!



Results, momentum decomposition
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Decompose kinetic momentum on it’s different contributions
In the transverse direction there are large cancellations between gauge 
dependent components to give a small physical broadening
In the longitudinal direction this components add up to give a larger broadening

When studying the evolution 
of a particle inside a medium 

it is fundamental to pay 
attention to the difference 

between kinetic and 
canonic momentum



Conclusions…
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We presented a formalism to study the quantum real-time evolution of 
particles in the Glasma phase of a heavy-ion collision

We can reproduce the previous classical particle results if we truncate the 
quark Fock space to the  sector and therefore neglect quantum corrections|q⟩

… and outlook
Include quantum effects non-present in the classical calculation as subeikonal 
corrections and quantum gluon radiation



Back-up slides…



Milne and LC coordinates

τ = t2 − z2 , x = x , y = y , η = tanh−1(z /t)

gμν
(M) =

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1/τ2

x+ = t + x , x− = t − x , y = y , z = z

gμν
LC =

0 2 0 0
2 0 0 0
0 0 −1 0
0 0 0 −1



Approximations in the coordinate transformation

We consider a jet at approximately mid-rapidity, propagating along the 
-direction at lightspeed so  and 

In the transformation between Milne and LC coordinates, as the jet is well 
localized around  we expand to first order 

x
x ∼ t x+ ∼ 2t

z = 0

A+(x+, y, z) =
1
2 [−

z
t

Aη(t, x = t, y) + Ax(t, x = t, y)]
Ay(x+, y, z) = Ay(t, x = t, y)
Az(x+, y, z) = Aη(t, x = t, y)/t



Real time lattice gauge theory

The gauge transformation of the gauge fields  is non-local as it 
involves spatial derivatives

Gauge invariant is then only exact up to same order in 
The solution to have exact gauge invariance is to use as degrees of freedom 

the Wilson lines between neighbor points, the gauge links

𝒜μ(x)

aμ

Gauge fields Wilson lines Gauge links

𝒜μ(x) W[c] = 𝒫 exp (−ig∫c
dxμ𝒜μ(x)) Ux, μ = exp (igaμ𝒜μ(x + aμ/2))

[Müller (2019)]



Simulation parameters

L⊥ = 0.5 fm
N⊥ = 128
QS = 1.5 GeV
mg = 0.2 GeV
τsim = 0.25 fm



Estimate numerical 
errors


