
Energy-momentum tensor and GPDS



The Energy-Momentum Tensor
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<latexit sha1_base64="eIxywobOK/O6wcywu1KJFOtD+7I="></latexit>

•Where does the spin of the proton come from?

•What is the origin of the proton mass?

•What are the mechanical properties (pressure, shear forces) inside the proton ?



Canonical Energy Momentum Tensor

If a system with conservative forces has a continuous symmetry property,  
then there is a corresponding quantity whose value is conserved in time

Emmy Noether (1882-1935)

Translation invariance Conservation of the canonical EMT Tµ⌫
C (x)

<latexit sha1_base64="yPbQ5XEUT3LyITlfsvIHCL284Y4=">AAACG3icbVDLSgMxFM3UVx1fVZdugkWoLspMURRXhW5cVugLOrVk0ts2NJMZk4xYhv6HG3/FjQtFXAku/BvTx6K2HggczjmXm3v8iDOlHefHSq2srq1vpDftre2d3b3M/kFNhbGkUKUhD2XDJwo4E1DVTHNoRBJI4HOo+4PS2K8/gFQsFBU9jKAVkJ5gXUaJNlI7U/B86DGRwL0gUpLh2cjGlbvEC2JPxKN2Kfd4ansgOnOBdibr5J0J8DJxZySLZii3M19eJ6RxAEJTTpRquk6kWwmRmlEOI9uLFUSEDkgPmoYKEoBqJZPbRvjEKB3cDaV5QuOJOj+RkECpYeCbZEB0Xy16Y/E/rxnr7lUrYSKKNQg6XdSNOdYhHheFO0wC1XxoCKGSmb9i2ieSUG3qtE0J7uLJy6RWyLvn+YvbQrZ4PasjjY7QMcohF12iIrpBZVRFFD2hF/SG3q1n69X6sD6n0ZQ1mzlEf2B9/wIGYqFh</latexit>

Space components: ~JC = ~LC + ~SC

<latexit sha1_base64="IhA01wJTxNBpHZ7EQeFZsBhIIpc=">AAACJXicbZDNSgMxFIUz9b/+VV26CRZBFMpMURRRKHQj4qKirYW2DJn0tg3NZMYkIwxDX8aNr+LGhUUEV76K6TgLtR4IfJx7Lzf3eCFnStv2h5WbmZ2bX1hcyi+vrK6tFzY2GyqIJIU6DXggmx5RwJmAumaaQzOUQHyPw503rE7qdw8gFQvErY5D6PikL1iPUaKN5RbO2h70mUjgXhApSbw/yrcfgOJLt3qewpVbPUjhxq3m2yC6P1rdQtEu2anwNDgZFFGmmlsYt7sBjXwQmnKiVMuxQ91JiNSMcjCrIwUhoUPSh5ZBQXxQnSS9coR3jdPFvUCaJzRO3Z8TCfGVin3PdPpED9Tf2sT8r9aKdO+kkzARRhoE/V7UizjWAZ5EhrtMAtU8NkCoZOavmA6IJFSbYPMmBOfvydPQKJecw9LRdblYOc3iWETbaAftIQcdowq6QDVURxQ9omf0isbWk/VivVnv3605K5vZQr9kfX4BROCkeA==</latexit>

Lµ↵�
C (x) = x↵Tµ�

C (x)� x�Tµ↵
C (x)

<latexit sha1_base64="3wP3lfhJ4UogUub6CyF5w+El5ko="></latexit>

Jµ↵�
C (x) = Lµ↵�

C + Sµ↵�
C

<latexit sha1_base64="u32rm6QgKc7ojAKCBOcaNYVDiQU="></latexit>

J i
C(x) =

1

2
✏ijkJ0jk

C (x)

<latexit sha1_base64="z9YeRPZSn2ok06JO867117Mon2U="></latexit>

Lorentz invariance Conservation of the generalized Angular Momentum (AM) density

Orbital AM Spin



Belinfante, Rosenfeld (1940)

is in general neither gauge-invariant nor symmetricTµ⌫
C

<latexit sha1_base64="l+lALyZdFKqumavgscVAoQpCdbg=">AAACF3icbVDLSsNAFJ34rPEVdekmWARxUZKiKK4K3bis0Bc0NUwmt+3QySTOTIQQ+hdu/BU3LhRxqzv/xuljUVsPXDiccy/33hMkjErlOD/Gyura+sZmYcvc3tnd27cODpsyTgWBBolZLNoBlsAoh4aiikE7EYCjgEErGFbHfusRhKQxr6ssgW6E+5z2KMFKS75V8gLoU57DA8dC4Ox8ZNbvcy9KPZ6O/KrpAQ/nTN8qOiVnAnuZuDNSRDPUfOvbC2OSRsAVYVjKjuskqptjoShhMDK9VEKCyRD3oaMpxxHIbj75a2SfaiW0e7HQxZU9UecnchxJmUWB7oywGshFbyz+53VS1bvu5pQnqQJOpot6KbNVbI9DskMqgCiWaYKJoPpWmwywwETpKE0dgrv48jJplkvuRenyrlys3MziKKBjdILOkIuuUAXdohpqIIKe0At6Q+/Gs/FqfBif09YVYzZzhP7A+PoF1D6gUA==</latexit>

Belinfante improved EMT

Tµ⌫
Bel(x) = Tµ⌫

C (x) + @�G
�µ⌫(x)

<latexit sha1_base64="/KY0yraudgmMh6CxLn1DZx19fXE="></latexit>

Jµ↵�
Bel (x) = Jµ↵�

C (x) + @�[x
↵G�µ�(x)� x�G�µ↵(x)]

<latexit sha1_base64="NeNB6V3TR3Dr+06wxidqGwcdJf0="></latexit>

Belinfante generalized AM

with the super-potential

G�µ⌫(x) =
1

2
[S�µ⌫

C (x)� Sµ⌫�
C (x)� S⌫µ�

C (x)] = �Gµ�⌫(x)

<latexit sha1_base64="o5CRGTkFjPmedSDIBtIi+3K27qE="></latexit>

G�µ⌫ = �Gµ�⌫

<latexit sha1_base64="U8cwwpaNzhnVayuTFijMNQjqeS4=">AAACLnicbZDNSsNAFIUn/tb6V3XpJlgEESxJUXQjCCK6rGBVaGK5mdzWoZNJnJkIIfSJ3PgquhBUxK2P4bRmUasXBg7fuXdm7gkSzpR2nFdrYnJqema2NFeeX1hcWq6srF6qOJUUmzTmsbwOQCFnApuaaY7XiUSIAo5XQe944F/do1QsFhc6S9CPoCtYh1HQBrUrJ16AXSZyvBMgJWTb/fLpTe5xc0MIXpR6Iu0f7gyQ0QU1yEMRjsy0K1Wn5gzL/ivcQlRJUY125dkLY5pGKDTloFTLdRLt5yA1oxz7ZS9VmADtQRdbRgqIUPn5cN2+vWlIaHdiaY7Q9pCOTuQQKZVFgemMQN+qcW8A//Naqe4c+DkTSapR0J+HOim3dWwPsrNDJpFqnhkBVDLzV5veggSqTcJlE4I7vvJfcVmvubu1vfN69eigiKNE1skG2SIu2SdH5Iw0SJNQ8kCeyBt5tx6tF+vD+vxpnbCKmTXyq6yvbzzyqnk=</latexit>

with

Tµ⌫
C � T ⌫µ

C = �@�S
�µ⌫
C

<latexit sha1_base64="0fxRRASsNJmRGYPqWCSFLiY+R3Y="></latexit>

Jµ↵�
Bel (x) = x↵Tµ�

Bel(x)� x�Tµ↵
Bel(x)

<latexit sha1_base64="kxw+JmSOcHOcNr6QMjfxd7sT65s="></latexit>

The total charges do not change: 
Z

T 0⌫
C d3x =

Z
T 0⌫
Bel d

3x

<latexit sha1_base64="DpFI5+Cn9SsbJuuwkgfBfQ4geyk="></latexit>

Z
J0↵�
C d3x =

Z
J0↵�
Bel d3x

<latexit sha1_base64="hEAU4mEX7Ao9L4LV92UyIMKDiZc="></latexit>



T [µ⌫]
C (x) = �@↵S

↵µ⌫(x) 6= 0

<latexit sha1_base64="J+WhPWQBeUZG7XqYGhzt/nCmlic="></latexit>

[µ⌫] = µ⌫ � ⌫µ

<latexit sha1_base64="IkCiWZNWko3jxGjbm+9geomgvV4=">AAACIXicbVDLSgMxFM34rPVVdekmWAQRLDNFsQhCwY3LCvYBM0PJpLdtaCYzJhmhDP0VN/6KGxeKdCf+jGk7i9p64ZLDOedyc08Qc6a0bX9bK6tr6xubua389s7u3n7h4LChokRSqNOIR7IVEAWcCahrpjm0YgkkDDg0g8HdRG8+g1QsEo96GIMfkp5gXUaJNlS7UPEC6DGRwpMgUpLh+SjvemHiicS/nb0Xpg3CHojOnK1dKNole1p4GTgZKKKsau3C2OtENAlBaMqJUq5jx9pPidSMchjlvURBTOiA9MA1UJAQlJ9OLxzhU8N0cDeSpoXGU3Z+IiWhUsMwMM6Q6L5a1Cbkf5qb6G7FT5mIEw2CzhZ1E451hCdx4Q6TQDUfGkCoZOavmPaJJFSbUPMmBGfx5GXQKJecy9LVQ7lYvcniyKFjdILOkIOuURXdoxqqI4pe0Bv6QJ/Wq/VufVnjmXXFymaO0J+yfn4B9gikmg==</latexit>

in general not symmetric

T [µ⌫]
Bel (x) = 0

<latexit sha1_base64="hTrw+x18Hw1E4yeuwYb1WvAcH10="></latexit>

symmetric

The total charges do not change: 

Z
T 0⌫
C d3x =

Z
T 0⌫
Bel d

3x

<latexit sha1_base64="DpFI5+Cn9SsbJuuwkgfBfQ4geyk="></latexit>

Z
J0↵�
C d3x =

Z
J0↵�
Bel d3x

<latexit sha1_base64="hEAU4mEX7Ao9L4LV92UyIMKDiZc="></latexit>

Canonical                                     Belinfante

clear distinction between OAM and spin  
at the density level

Jµ↵�
Bel (x) = x↵Tµ�

Bel(x)� x�Tµ↵
Bel(x)

<latexit sha1_base64="kxw+JmSOcHOcNr6QMjfxd7sT65s="></latexit>

purely OAM density

Jµ↵�
C (x) = Lµ↵�

C (x) + Sµ↵�
C (x)

<latexit sha1_base64="4IghAdKoyKYS+UY0Rx8s2txk3sw="></latexit>

Lµ↵�
C (x) = x↵Tµ�

C (x)� x�Tµ↵
C (x)

<latexit sha1_base64="3wP3lfhJ4UogUub6CyF5w+El5ko="></latexit>



Form Factors of the EMT

hP +
�

2
|Tµ⌫ |P � �

2
i

= ū(P +
�

2
)

⇢
A(t)

�{µP ⌫}

2
+B(t)P {µi�⌫}↵ �↵

4M

+D(t)(�µ�⌫ ��2gµ⌫)
1

4M

�
u(P � �

2
)

<latexit sha1_base64="09FjDy/lCXps1uCxOSwBerDrOik="></latexit>

ū0�µu = ū0
✓
Pµ

M
+ i�µ↵ �↵

2M

◆
u

<latexit sha1_base64="Vfvr73zf7FNs1PIAqEjrbTlI0bM="></latexit>

Gordon identity

= ū(P +
�

2
)

⇢
A(t)PµP ⌫/M + (A(t) +B(t))P {µi�⌫}↵ �↵

4M

+D(t)(�µ�⌫ ��2gµ⌫)
1

4M

�
u(P � �

2
)

<latexit sha1_base64="5E2NPSKOtX8u3ajMxy2BCoD7igM="></latexit>

Nucleon in external classical gravitational field

couples to energy-momentum tensor  
(symmetric-Belinfante)

P � �

2
<latexit sha1_base64="WegZM61vO0rvT3Ee8CPtbqJkmXw=">AAACHXicbVDLSgMxFM3UV62vqks3g0UQwTJTRV0WdOGygn1Ap5Q76Z02NJMZk4xQhv6IG3/FjQtFXLgR/8b0saitBwKHc85Nco8fc6a04/xYmaXlldW17HpuY3Nreye/u1dTUSIpVmnEI9nwQSFnAquaaY6NWCKEPse6378e+fVHlIpF4l4PYmyF0BUsYBS0kdr5c8/HLhMpPgiQEgYnw1zl1Ask0NS7Qa5hmJaGOQ9FZybSzhecojOGvUjcKSmQKSrt/JfXiWgSotCUg1JN14l1KwWpGeVo7k8UxkD70MWmoQJCVK10vN3QPjJKxw4iaY7Q9lidnUghVGoQ+iYZgu6peW8k/uc1Ex1ctVIm4kSjoJOHgoTbOrJHVdkdJpFqPjAEqGTmrzbtgalGm0JzpgR3fuVFUisV3bNi6a5UKF9M68iSA3JIjolLLkmZ3JIKqRJKnsgLeSPv1rP1an1Yn5NoxprO7JM/sL5/AUCiopg=</latexit>

P +
�

2
<latexit sha1_base64="jYdEuY6ZqY2KFIbo1Hv7tT5LCdM=">AAACHXicbVDLSgMxFM3UV62vqks3g0UQhTJTRV0WdOGygn1Ap5Q76Z02NJMZk4xQhv6IG3/FjQtFXLgR/8b0saitBwKHc85Nco8fc6a04/xYmaXlldW17HpuY3Nreye/u1dTUSIpVmnEI9nwQSFnAquaaY6NWCKEPse6378e+fVHlIpF4l4PYmyF0BUsYBS0kdr5c8/HLhMpPgiQEgYnw1zl1Ask0NS7Qa5hmJaGOQ9FZybSzhecojOGvUjcKSmQKSrt/JfXiWgSotCUg1JN14l1KwWpGeVo7k8UxkD70MWmoQJCVK10vN3QPjJKxw4iaY7Q9lidnUghVGoQ+iYZgu6peW8k/uc1Ex1ctVIm4kSjoJOHgoTbOrJHVdkdJpFqPjAEqGTmrzbtgalGm0JzpgR3fuVFUisV3bNi6a5UKF9M68iSA3JIjolLLkmZ3JIKqRJKnsgLeSPv1rP1an1Yn5NoxprO7JM/sL5/AT1aopY=</latexit>

�

<latexit sha1_base64="I7jXo3HpnZtQ7mDoKY7rhbUXDrg=">AAACEHicbVDJSgNBEO2JW4xb1KOXwSCKhzAT3I4BPXiMYBbIDKGmU0ma9PSM3T1CGPIJXvwVLx4U8erRm39jZznExAcFj/eqqKoXxJwp7Tg/VmZpeWV1Lbue29jc2t7J7+7VVJRIilUa8Ug2AlDImcCqZppjI5YIYcCxHvSvR379EaVikbjXgxj9ELqCdRgFbaRW/tgLsMtEig8CpITB6TDn3SDX4KFoz6itfMEpOmPYi8SdkgKZotLKf3vtiCYhCk05KNV0nVj7KUjNKEezJVEYA+1DF5uGCghR+en4oaF9ZJS23YmkKaHtsTo7kUKo1CAMTGcIuqfmvZH4n9dMdOfKT5mIE42CThZ1Em7ryB6lY7eZRKr5wBCgkplbbdoDCVSbDHMmBHf+5UVSKxXds+L5XalQvpjGkSUH5JCcEJdckjK5JRVSJZQ8kRfyRt6tZ+vV+rA+J60ZazqzT/7A+voFfwOdeQ==</latexit>

{µ, ⌫} ⌘ (µ⌫ + ⌫µ)

<latexit sha1_base64="gliY/Ogvf8GC14m/Rm3W3xcBYQI="></latexit>



Momentum sum rule

= lim
�!0

hP +
�

2
|
Z

d3~xT 0⌫(x)|P � �

2
i

<latexit sha1_base64="GgVibGe4ccJEsDX85vfW5o+k+Ec="></latexit>

= lim
�!0

Z
d3~xe�i~x·~�hP +

�

2
|T 0⌫(0)|P � �

2
i

<latexit sha1_base64="Xebd94boqOgDz5OfTv1jtX4t/+c="></latexit>

= lim
�!0

(2⇡)3�3(~�)hP +
�

2
|T 0⌫(0)|P � �

2
i

<latexit sha1_base64="hHjmVBgiFuaYP5AOB8UCNc/pqJ8="></latexit>

= A(0)P ⌫(2P 0)(2⇡)3�3(0)

<latexit sha1_base64="kMVMImMe4UvggV691AJhgDmDJY0="></latexit>

= A(0)P ⌫ hP |P i

<latexit sha1_base64="R3ou6YOkWjjbezE6VXovRVkEpXo="></latexit>

hP |P̂ ⌫ |P i = hP |
Z

d3~xT 0⌫(x)|P i

<latexit sha1_base64="4zwwA3/Ceb1QwkY6huGkoFIb3Sg="></latexit>

Recall that:

hp0, s0|Tµ⌫
Bel,a(0)|p, si

= ū(p0, s0)


P {µ�⌫}

2
Aa(t) +

P {µi�⌫}�

4M
Ba(t) +

�µ�⌫ � gµ⌫�2

4M
Da(t) +Mgµ⌫C̄a(t)

�
u(p, s)

<latexit sha1_base64="HQmdccpm/RKMf0SgAIihF6Bmo14="></latexit>



Momentum sum rule

hP |P̂ ⌫ |P i = A(0)P ⌫hP |P i

<latexit sha1_base64="DXqYLZjYXfX9kG8BoJe2yq8Lfn4="></latexit>

hP |P̂ ⌫ |P i = P ⌫hP |P i

<latexit sha1_base64="h2Q+K0Phn4yG2RoN7kwL5RNtwFg="></latexit>

A(0) = 1

<latexit sha1_base64="7ZUiWIPZ3T1wgabIFUXhQTN2Dso="></latexit>

                

•Polinomiality:
Z

dx xH(x, ⇠, t) = A(t) +D(t) ⇠2

<latexit sha1_base64="/71BGtdubeAgq6GgQ4dEPsofLok="></latexit>

•Physical interpretation in terms of momentum carried by partons:

Quarks

Gluons

&

A
q(0) =

Z
dx xH

q(x, 0, 0)

<latexit sha1_base64="RD3hDgnKfbhPrQBEa2BfglLYxiM="></latexit>

A
g(0) =

Z
dx xH

g(x, 0, 0)

<latexit sha1_base64="xnrjnwyr0VN7v8rgdHa6zzZQflc="></latexit>

Aq(0) +Ag(0) = 1

<latexit sha1_base64="RwNytVw+ELkSzd4oEZ1sEyRZfU4="></latexit>

           

                                        

•Total system: Momentum conservation



Angular Momentum sum rule

= ✏ij3 lim
�!0

Z
d3~xxie�i~x·~�hP +

�

2
,
1

2
|T 0j(0)|P � �

2
,
1

2
i

<latexit sha1_base64="5v0ALwrXjUkM6uBGR/zEhoHpg+o="></latexit>

= ✏ij3 lim
�!0

hP +
�

2
,
1

2
|
Z

d3~xxiT 0j(x)|P � �

2
,
1

2
i

<latexit sha1_base64="HAt4RzPWIZTRkgSH7qQ+42bL6Hs="></latexit>

= ✏ij3 lim
�!0


i

@

@�i
(2⇡)3�3(~�)

�
hP +

�

2
,
1

2
|T 0j(0)|P � �

2
,
1

2
i

<latexit sha1_base64="n5hDNURRwM0v59L1REk1lCYgqpw="></latexit>

Consider nucleon in the rest frame: Pµ = (M, 0, 0, 0)

<latexit sha1_base64="sHiwfEvcopIwjksiv+JkwFk5yYM=">AAACGXicbVDLSsNAFJ3UV42vqEs3wSJUkZIURRGEghs3QgX7gKaWyfS2HTqZxJmJUEJ/w42/4saFIi515d84abuoredy4XDOvczc40eMSuU4P0ZmYXFpeSW7aq6tb2xuWds7VRnGgkCFhCwUdR9LYJRDRVHFoB4JwIHPoOb3r1K/9ghC0pDfqUEEzQB3Oe1QgpWWWpbj+dClPIEHjoXAg6OhWb73gvgyf3PspHXoAW9P2S0r5xScEex54k5IDk1QbllfXjskcQBcEYalbLhOpJoJFooSBkPTiyVEmPRxFxqachyAbCajy4b2gVbadicUurmyR+r0RoIDKQeBrycDrHpy1kvF/7xGrDrnzYTyKFbAyfihTsxsFdppTHabCiCKDTTBRFD9V5v0sMBE6TBNHYI7e/I8qRYL7knh9LaYK11M4siiPbSP8shFZ6iErlEZVRBBT+gFvaF349l4NT6Mz/Foxpjs7KI/ML5/Aachn2w=</latexit>

Sµ = (0, 0, 0, 1)

<latexit sha1_base64="Xz100ktMumsVC6ChYRHQkff0Ik8=">AAACGXicbVDLSsNAFJ3UV62vqEs3wSJUkZIURRGEghuXFe0Dmlgm09t26GQSZyZCCf0NN/6KGxeKuNSVf+O0zaK2nsuFwzn3MnOPHzEqlW3/GJmFxaXllexqbm19Y3PL3N6pyTAWBKokZKFo+FgCoxyqiioGjUgADnwGdb9/NfLrjyAkDfmdGkTgBbjLaYcSrLTUMm3Xhy7lCTxwLAQeHA1zt/duEF8W7ONROYcu8PaU3TLzdtEew5onTkryKEWlZX657ZDEAXBFGJay6diR8hIsFCUMhjk3lhBh0sddaGrKcQDSS8aXDa0DrbStTih0c2WN1emNBAdSDgJfTwZY9eSsNxL/85qx6px7CeVRrICTyUOdmFkqtEYxWW0qgCg20AQTQfVfLdLDAhOlw8zpEJzZk+dJrVR0ToqnN6V8+SKNI4v20D4qIAedoTK6RhVURQQ9oRf0ht6NZ+PV+DA+J6MZI93ZRX9gfP8CfyafUw==</latexit>

hP, 1
2
|Ĵ3|P, 1

2
i = J hP, 1

2
|P, 1

2
i

<latexit sha1_base64="K+kDm9o3xe2uPBmDTbUDFT1UzoY="></latexit>

= ✏ij3hP,
1

2
|
Z

d3~xxiT 0j(x)|P, 1
2
i

<latexit sha1_base64="YCDhSVYII0vXGVWMz/Uav2EgBG8="></latexit>

Recall that: Ĵ i =
1

2
✏ijk

Z
d3~xJ0jk(x)

<latexit sha1_base64="/AP/XgRufqojbdqioXcVvIx4khk="></latexit>

J0jk(x) = xiT 0j � xjT 0i

<latexit sha1_base64="GMCIWosQeBYmnGik4qLMRVVqOOU="></latexit>



Angular Momentum sum rule

= ✏ij3 lim
�!0

(2⇡)3�3(~�)

✓
�i

@

@�i

◆⇢
[A(t) +B(t)]ū(p0, 1/2)P {0i�j}↵ �↵

4M
u(p,

1

2
)

<latexit sha1_base64="NyEBwcWSli1XD8yFQsFwaGQTuss="></latexit>

+ terms independent of �

<latexit sha1_base64="Ps3T8keOtD+ZUtR9JptgMLA8T7E=">AAACEXicbVA9SwNBEN2LX/H8ilraHAYhWIS7oChWAS0sI5gPyIUwt5kkS/b2zt09IRz5Czb+FRsLRWzt7Pw3bj6KmPhg4PHeDDPzgpgzpV33x8qsrK6tb2Q37a3tnd293P5BTUWJpFilEY9kIwCFnAmsaqY5NmKJEAYc68HgeuzXH1EqFol7PYyxFUJPsC6joI3UzhX8AHtMpPggQEoYno5s/wa5BttH0ZmT27m8W3QncJaJNyN5MkOlnfv2OxFNQhSaclCq6bmxbqUgNaMczZpEYQx0AD1sGiogRNVKJx+NnBOjdJxuJE0J7UzU+YkUQqWGYWA6Q9B9teiNxf+8ZqK7l62UiTjRKOh0UTfhjo6ccTxOh0mkmg8NASqZudWhfZBAtQnRNiF4iy8vk1qp6J0Vz+9K+fLVLI4sOSLHpEA8ckHK5JZUSJVQ8kReyBt5t56tV+vD+py2ZqzZzCH5A+vrF756nZE=</latexit>

+ terms quadratic in �

<latexit sha1_base64="Ps3T8keOtD+ZUtR9JptgMLA8T7E=">AAACEXicbVA9SwNBEN2LX/H8ilraHAYhWIS7oChWAS0sI5gPyIUwt5kkS/b2zt09IRz5Czb+FRsLRWzt7Pw3bj6KmPhg4PHeDDPzgpgzpV33x8qsrK6tb2Q37a3tnd293P5BTUWJpFilEY9kIwCFnAmsaqY5NmKJEAYc68HgeuzXH1EqFol7PYyxFUJPsC6joI3UzhX8AHtMpPggQEoYno5s/wa5BttH0ZmT27m8W3QncJaJNyN5MkOlnfv2OxFNQhSaclCq6bmxbqUgNaMczZpEYQx0AD1sGiogRNVKJx+NnBOjdJxuJE0J7UzU+YkUQqWGYWA6Q9B9teiNxf+8ZqK7l62UiTjRKOh0UTfhjo6ccTxOh0mkmg8NASqZudWhfZBAtQnRNiF4iy8vk1qp6J0Vz+9K+fLVLI4sOSLHpEA8ckHK5JZUSJVQ8kReyBt5t56tV+vD+py2ZqzZzCH5A+vrF756nZE=</latexit>

o

<latexit sha1_base64="FZRup5vdwGhiRkZb5pKirTkdTEw=">AAACEXicbVC7TsMwFHXKq5RXgZElokKqGKqkAoGYKlgYi0QfUhNVjnOTWnWcYDtIUdRfYOFXWBhAiJWNjb/BfQyl5UiWj86599r3eAmjUlnWj1FYWV1b3yhulra2d3b3yvsHbRmngkCLxCwWXQ9LYJRDS1HFoJsIwJHHoOMNb8Z+5xGEpDG/V1kCboRDTgNKsNJSv1x1PAgpz+GBYyFwdjoqOdc0dPQF3J+T++WKVbMmMJeJPSMVNEOzX/52/JikEXBFGJayZ1uJcnMsFCUM9PxUQoLJEIfQ05TjCKSbTzYamSda8c0gFvpwZU7U+Y4cR1JmkacrI6wGctEbi/95vVQFl25OeZIq4GT6UJAyU8XmOB7TpwKIYpkmmAiq/2qSARaYKB1iSYdgL668TNr1mn1WO7+rVxpXsziK6Agdoyqy0QVqoFvURC1E0BN6QW/o3Xg2Xo0P43NaWjBmPYfoD4yvX7/wnZI=</latexit>

= ✏ij3(2⇡)
3�3(0)[A(0) +B(0)]

✓
� 1

4M

◆
ū(P,

1

2
){P 0�ji + P j�0i}u(P, 1

2
)

<latexit sha1_base64="nHIWCFH8o0XygA3g4ZImxi2D1Mk="></latexit>

= (2⇡)3�3(0)[A(0) +B(0)]

✓
1

2M

◆
M ū(P,

1

2
)�12 u(P,

1

2
)

<latexit sha1_base64="Fgj5N9VknRKlRAGLumtgOMpb2+g="></latexit>

=
1

2
[A(0) +B(0)]hP, 1

2
|P, 1

2
i

<latexit sha1_base64="So4XNL4Jx6X8ZhYv+vce/RlDhpY="></latexit>

in rest frameM

<latexit sha1_base64="eLCWwLYLR8qRBJv387uym5DLc4s=">AAACC3icdZDLSsNAFIYn9VbrLerSzdAiiIuSFIviquDGjVDBXqApZTI9bYdOJnFmIoTQvRtfxY0LRdz6Au58G6dthCr6w8DPd87hzPn9iDOlHefTyi0tr6yu5dcLG5tb2zv27l5ThbGk0KAhD2XbJwo4E9DQTHNoRxJI4HNo+eOLab11B1KxUNzoJIJuQIaCDRgl2qCeXfR8GDKRwq0gUpLkeFK48kD0F0DPLjnlqjMVdsrOt8mIm5ESylTv2R9eP6RxAEJTTpTquE6kuymRmlEOk4IXK4gIHZMhdIwVJADVTWe3TPChIX08CKV5QuMZXZxISaBUEvimMyB6pH7XpvCvWifWg7NuykQUaxB0vmgQc6xDPA0G95kEqnliDKGSmb9iOiKSUG3iK5gQvi/F/5tmpeyelKvXlVLtPIsjjw5QER0hF52iGrpEddRAFN2jR/SMXqwH68l6td7mrTkrm9lHP2S9fwGRHptc</latexit>

0

<latexit sha1_base64="5HNxRbfi1hx8yGn4gZNSYkgA9x4=">AAACC3icdZDLSsNAFIYn9VbjrerSzdAiiIuQFoviquDGZQV7gbaUyfSkHTqZxJmJUEL3bnwVNy4UcesLuPNtnLQpVNEfBn6+cw5nzu9FnCntul9WbmV1bX0jv2lvbe/s7hX2D5oqjCWFBg15KNseUcCZgIZmmkM7kkACj0PLG1+l9dY9SMVCcasnEfQCMhTMZ5Rog/qFYteDIRMJ3AkiJZmcTm23C2KwBPqFkutU3VTYddyFyUg5IyWUqd4vfHYHIY0DEJpyolSn7Ea6lxCpGeUwtbuxgojQMRlCx1hBAlC9ZHbLFB8bMsB+KM0TGs/o8kRCAqUmgWc6A6JH6ncthX/VOrH2L3oJE1GsQdD5Ij/mWIc4DQYPmASq+cQYQiUzf8V0RCSh2sRnmxAWl+L/TbPilM+c6k2lVLvM4sijI1REJ6iMzlENXaM6aiCKHtATekGv1qP1bL1Z7/PWnJXNHKIfsj6+AWN3mz8=</latexit>

｛in rest frame2M

<latexit sha1_base64="OzR+CPgRG9PhUAWHsBH8OqvIFv8=">AAACDHicdZDLSsNAFIYn9VbjrerSzWARxEVIikVxVXDjRqhgL9CWMpmetEMnkzgzEUroA7jxVdy4UMStD+DOt3HaplBFfxj4+c45nDm/H3OmtOt+Wbml5ZXVtfy6vbG5tb1T2N2rqyiRFGo04pFs+kQBZwJqmmkOzVgCCX0ODX94Oak37kEqFolbPYqhE5K+YAGjRBvULRTbPvSZSOFOECnJ6GRsl67bIHoLxHS5TtmdCLuOOzcZ8TJSRJmq3cJnuxfRJAShKSdKtTw31p2USM0oh7HdThTEhA5JH1rGChKC6qTTY8b4yJAeDiJpntB4ShcnUhIqNQp90xkSPVC/axP4V62V6OC8kzIRJxoEnS0KEo51hCfJ4B6TQDUfGUOoZOavmA6IJFSb/GwTwvxS/L+plxzv1CnflIqViyyOPDpAh+gYeegMVdAVqqIaougBPaEX9Go9Ws/Wm/U+a81Z2cw++iHr4xsMSpuY</latexit>



Angular Momentum sum rule

J =
1

2
[A(0) +B(0)]

<latexit sha1_base64="Bg0hRAqzVju/aGCuvevk+bV6d+Y="></latexit>

•Polinomiality:
Z

dx xH(x, ⇠, t) = A(t) +D(t) ⇠2

<latexit sha1_base64="/71BGtdubeAgq6GgQ4dEPsofLok="></latexit>

Z
dx xE(x, ⇠, t) = B(t)�D(t) ⇠2

<latexit sha1_base64="dBkPKP6tXOssEWh38Bw7l6P8ZFk="></latexit>

•Angular momentum sum rule (Ji’s relation)

J
q,g =

1

2
[Aq,g(0) +B

q,g(0)] =
1

2

Z
dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))

<latexit sha1_base64="Jkttptfh5ywMOrlAiJfXbvYEJsg="></latexit>

A(0) +B(0) = 1

<latexit sha1_base64="fM3Y3UFVZNYDbwObRrZksnYmphc="></latexit>

•Total system: Angular Momentum conservation

                              

B(0) = 0

<latexit sha1_base64="MYV2NH9k04raoW6bWhfGHQ6NF+U="></latexit>

•Momentum + Angular Momentum conservation  Gravitomagnetic sum rule�!

<latexit sha1_base64="Bf0FQMalIT9Mi9VNvh3/VxGjhVM=">AAACGXicbVDLSgNBEJyNrxhfqx69DAZBPITdoCieAl48RjAPSJYwO+lshszOrDOzSljyG178FS8eFPGoJ//GyeOgiQUNRVU33V1hwpk2nvft5JaWV1bX8uuFjc2t7R13d6+uZaoo1KjkUjVDooEzATXDDIdmooDEIYdGOLga+417UJpJcWuGCQQxiQTrMUqMlTqu1w4hYiKDO0GUIsOTUaHNpYgUi/rGKvKhDaL7y+64Ra/kTYAXiT8jRTRDteN+truSpjEIQznRuuV7iQkyogyjHOy6VENC6IBE0LJUkBh0kE0+G+Ejq3RxTypbwuCJ+nsiI7HWwzi0nTExfT3vjcX/vFZqehdBxkSSGhB0uqiXcmwkHseEu0wBNXxoCaGK2Vsx7RNFqLFhFmwI/vzLi6ReLvmnpbObcrFyOYsjjw7QITpGPjpHFXSNqqiGKHpEz+gVvTlPzovz7nxMW3PObGYf/YHz9QOY6KHm</latexit>

8
<

:

A(0) = 1

A(0) +B(0) = 1
�!

<latexit sha1_base64="djX84FsRhMfIxaDtCn6kLZgfh2Y="></latexit>

                              

hP, 1
2
|Ĵ3|P, 1

2
i = J hP, 1

2
|P, 1

2
i =

1

2
[A(0) +B(0)]hP, 1

2
|P, 1

2
i

<latexit sha1_base64="qD1lkVnpY6PHi0WS4JRztvJ3vQA="></latexit>



Kinetic EMT in QCD Ji, 1997

Tµ⌫
kin(x) = Tµ⌫

kin,q(x) + Tµ⌫
kin,g

<latexit sha1_base64="GaAiXgMXmMO7dZ+X/yBpaMVoUAI="></latexit>

1

2
T {µ⌫}
kin,q (x) = Tµ⌫

Bel,q(x)

<latexit sha1_base64="pTKWftg1Fq5ScZ/O74rWw/W5PdQ="></latexit>

S�µ⌫
q (x) =

1

2
✏�µ⌫↵ ̄(x)�↵�5 (x)

<latexit sha1_base64="q1WAlVeWBA0rU3TGhaB6JQQWEWo="></latexit>

1

2
T [µ⌫]
kin,q(x) = �@�S

�µ⌫
q (x)

<latexit sha1_base64="k8XeoK1QFQ8rB8hbrItF7jLHXPs="></latexit>

Tµ⌫
kin,q(x) =

1

2
 ̄(x)�µi

 !
D ⌫ (x)

<latexit sha1_base64="4B8pPzVyOjPUFc5hfPx5aadFio4="></latexit>

• Quark contribution:

Kinetic generalized AM

Jµ↵�
kin,q(x) = Lµ↵�

kin,q(x) + Sµ↵�
q (x)

<latexit sha1_base64="1nEybHafp3as1Y/6TCeU9RZ3KTk="></latexit>

Jµ↵�
Bel,q(x) = Jµ↵�

kin,q(x) +
1

2
@�[x

↵S�µ�
q (x)� x�S�µ↵

q (x)]

<latexit sha1_base64="8Acwcsat7wooSoI+nbzBCU8d7r0="></latexit>

equal total charge 

Z
~JBel,q d

3x =

Z
~Jkin,q d

3x

<latexit sha1_base64="8PC7PsXtGwE5M2rpgxg8Q4HngY4="></latexit>

J i =
1

2
✏ijk

Z
d3xJ0jk

<latexit sha1_base64="9sZi8RzXyIiYLPGYsvVhZmFQSt4="></latexit>

(Dµ = @µ + igAµ)

<latexit sha1_base64="w6OUbCp4I6VXoX0HdxtMI5Xoihs="></latexit>

             
                                          

• Gluon contribution:

Tµ⌫
kin,g(x) = Tµ⌫

Bel,g(x)

<latexit sha1_base64="hVR3YKA3A6rSjsZ2KmnZ6KWpAtI="></latexit>

Tµ⌫
kin,g = �2Tr[Fµ�(x)F ⌫

�(x)] +
1

2
gµ⌫ Tr[F ⇢�(x)F⇢�(x)]

<latexit sha1_base64="PnTGbH8MTJYlg+3m3Z3a/qKnL+s="></latexit>

             
                                         



Angular Momentum Relation (``Ji’s Sum Rule)

not directly accessible at         unpolarized PDF⇠ = 0
<latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit>

(⇠ = � �+

2P+ )

<latexit sha1_base64="geg0NFUO5PZAnEnoDeF9fopbHAY=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhIpaZoiiCUNCFywr2AZ2xZNJMG5rJDElGLEN3bvwVNy4UcesvuPNvTNtZaOuBezmccy/JPV7EqFSW9W1k5uYXFpeyy7mV1bX1DXNzqy7DWGBSwyELRdNDkjDKSU1RxUgzEgQFHiMNr3858hv3REga8ls1iIgboC6nPsVIaalt7haKzgO9OHJ8gXDiXBGm0N3hMClXdT8otM28VbLGgLPETkkepKi2zS+nE+I4IFxhhqRs2Vak3AQJRTEjw5wTSxIh3Edd0tKUo4BINxnfMYT7WulAPxS6uIJj9fdGggIpB4GnJwOkenLaG4n/ea1Y+WduQnkUK8Lx5CE/ZlCFcBQK7FBBsGIDTRAWVP8V4h7SiSgdXU6HYE+fPEvq5ZJ9XDq5Kecr52kcWbAD9kAR2OAUVMA1qIIawOARPINX8GY8GS/Gu/ExGc0Y6c42+APj8weZJpfX</latexit>

Jq = Lq + Sq

<latexit sha1_base64="SWLntfTN/uf1AZddKBBEGCNrIbo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0E2wFQShJURRBKLgRcVHRPqBNy2Q6aYdOJunMRKihX+LGhSJu/RR3/o3Tx0JbD1w4nHMv997jRYxKZdvfRmppeWV1Lb2e2djc2s6aO7tVGcYCkwoOWSjqHpKEUU4qiipG6pEgKPAYqXn9q7FfeyRC0pA/qGFE3AB1OfUpRkpLbTObv2klg9HlbWtwfN8a5Ntmzi7YE1iLxJmRHMxQbptfzU6I44BwhRmSsuHYkXITJBTFjIwyzViSCOE+6pKGphwFRLrJ5PCRdaiVjuWHQhdX1kT9PZGgQMph4OnOAKmenPfG4n9eI1b+uZtQHsWKcDxd5MfMUqE1TsHqUEGwYkNNEBZU32rhHhIIK51VRofgzL+8SKrFgnNSOL0r5koXszjSsA8HcAQOnEEJrqEMFcAQwzO8wpvxZLwY78bHtDVlzGb24A+Mzx9hy5I9</latexit>

J
q,g(t = 0) = 1

2

R 1
�1 dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))

<latexit sha1_base64="c+IjQ/gxIKPXrR6Mshti7Ezh50g="></latexit>

Sq = 1
2

R 1
0 dx g1(x)

<latexit sha1_base64="jT+C+etOQJwnZ0H2rpd+fjGcf58=">AAACEHicbVDLSsNAFJ3UV62vqks3g61YQUpSFEUQCm5cVrQPaNowmU7aoZNJnJlIS8gnuPFX3LhQxK1Ld/6N08dCWw9cOJxzL/fe44aMSmWa30ZqYXFpeSW9mllb39jcym7v1GQQCUyqOGCBaLhIEkY5qSqqGGmEgiDfZaTu9q9Gfv2BCEkDfqeGIWn5qMupRzFSWnKyh/nbdnyfXNqeQDi2kriU2JQrx2xbsDOwj2HXsQqDo7yTzZlFcww4T6wpyYEpKk72y+4EOPIJV5ghKZuWGapWjISimJEkY0eShAj3UZc0NeXIJ7IVjx9K4IFWOtALhC6u4Fj9PREjX8qh7+pOH6menPVG4n9eM1LeeSumPIwU4XiyyIsYVAEcpQM7VBCs2FAThAXVt0LcQzoapTPM6BCs2ZfnSa1UtE6KpzelXPliGkca7IF9UAAWOANlcA0qoAoweATP4BW8GU/Gi/FufExaU8Z0Zhf8gfH5Awdim0I=</latexit>

Jg

<latexit sha1_base64="JktVSwQxLGyAi1CY5xvMTxgloM0=">AAAB7HicbVBNSwMxEJ31s9avqkcvwVbwVHaLoicpeBFPFdy20K4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjsrq2vrG5uFreL2zu7efungsKnjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjm6mfuuJKs1i+WDGCQ0EHkgWMYKNlfzK3eOg0iuV3ao7A1omXk7KkKPRK311+zFJBZWGcKx1x3MTE2RYGUY4nRS7qaYJJiM8oB1LJRZUB9ns2Ak6tUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URFdBxmSSGirJfFGUcmRiNP0c9ZmixPCxJZgoZm9FZIgVJsbmU7QheIsvL5NmreqdVy/ua+X6dR5HAY7hBM7Ag0uowy00wAcCDJ7hFd4c6bw4787HvHXFyWeO4A+czx/PRI4F</latexit>

Lq
z

<latexit sha1_base64="WQLpd689XelDX9MGxRF/zA+HSek=">AAAB7nicbVA9SwNBEJ31M8avqKXNYiJYhbugaCUBGwuLCOYDkjPsbfaSJXt75+6eEI/8CBsLRWz9PXb+GzfJFZr4YODx3gwz8/xYcG0c5xstLa+srq3nNvKbW9s7u4W9/YaOEkVZnUYiUi2faCa4ZHXDjWCtWDES+oI1/eHVxG8+MqV5JO/MKGZeSPqSB5wSY6Vm6eb+oftU6haKTtmZAi8SNyNFyFDrFr46vYgmIZOGCqJ123Vi46VEGU4FG+c7iWYxoUPSZ21LJQmZ9tLpuWN8bJUeDiJlSxo8VX9PpCTUehT6tjMkZqDnvYn4n9dOTHDhpVzGiWGSzhYFicAmwpPfcY8rRo0YWUKo4vZWTAdEEWpsQnkbgjv/8iJpVMruafnstlKsXmZx5OAQjuAEXDiHKlxDDepAYQjP8ApvKEYv6B19zFqXUDZzAH+APn8AeBaO/g==</latexit>

Sq

<latexit sha1_base64="XdcX72u2jSKLrkT1x74pCX+jXzo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCp7JbFMVTwYvHivYD2rVk02wbmmTXJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up33qiSrNI3ptxTH2BB5KFjGBjpVb57iF9nJR7xZJbcWdAy8TLSAky1HvFr24/Iomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nZ07QSdW6aMwUrakQTP190SKhdZjEdhOgc1QL3pT8T+vk5jw0k+ZjBNDJZkvChOOTISmv6M+U5QYPrYEE8XsrYgMscLE2IQKNgRv8eVl0qxWvLPK+W21VLvK4sjDERzDKXhwATW4gTo0gMAInuEV3pzYeXHenY95a87JZg7hD5zPH7DijyA=</latexit>

•Requires extrapolation at t=0 

•Requires spanning x at fixed values of    (          is the most convenient) 

•                                                               not angular momentum density

⇠
<latexit sha1_base64="UO/xpdorVklhlVv2E6Xhc5usDkw=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsajRWJjSUmHpDAhewte7Bhb++yO2ckhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob+d++5FrIxL1gJOUBzEdKhEJRtFKfrX3JKr9csWtuQuQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRdTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtOo1z6159/VK4yaPowhncA6X4MEVNOAOmuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHEauOJw==</latexit><latexit sha1_base64="UO/xpdorVklhlVv2E6Xhc5usDkw=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsajRWJjSUmHpDAhewte7Bhb++yO2ckhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob+d++5FrIxL1gJOUBzEdKhEJRtFKfrX3JKr9csWtuQuQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRdTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtOo1z6159/VK4yaPowhncA6X4MEVNOAOmuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHEauOJw==</latexit><latexit sha1_base64="UO/xpdorVklhlVv2E6Xhc5usDkw=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsajRWJjSUmHpDAhewte7Bhb++yO2ckhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob+d++5FrIxL1gJOUBzEdKhEJRtFKfrX3JKr9csWtuQuQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRdTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtOo1z6159/VK4yaPowhncA6X4MEVNOAOmuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHEauOJw==</latexit><latexit sha1_base64="UO/xpdorVklhlVv2E6Xhc5usDkw=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsajRWJjSUmHpDAhewte7Bhb++yO2ckhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob+d++5FrIxL1gJOUBzEdKhEJRtFKfrX3JKr9csWtuQuQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRdTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtOo1z6159/VK4yaPowhncA6X4MEVNOAOmuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHEauOJw==</latexit>

⇠ = 0
<latexit sha1_base64="R5hvZNzTzSxLnTRkAk3G8tP2gLQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oghCwYvHCrYV2lA220m7dLMJuxuxhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBaxegioRsEltgw3Ah8ShTQKBHaC8c3M7zyi0jyW92aSoB/RoeQhZ9RYqVPtPfFrt9ovV9yaOwdZJV5OKpCj2S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ISXfsZlkhqUbLEoTAUxMZn9TgZcITNiYgllittbCRtRRZmxCZVsCN7yy6ukXa95bs27q1caV3kcRTiBUzgHDy6gAbfQhBYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDBDSOqA==</latexit><latexit sha1_base64="R5hvZNzTzSxLnTRkAk3G8tP2gLQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oghCwYvHCrYV2lA220m7dLMJuxuxhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBaxegioRsEltgw3Ah8ShTQKBHaC8c3M7zyi0jyW92aSoB/RoeQhZ9RYqVPtPfFrt9ovV9yaOwdZJV5OKpCj2S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ISXfsZlkhqUbLEoTAUxMZn9TgZcITNiYgllittbCRtRRZmxCZVsCN7yy6ukXa95bs27q1caV3kcRTiBUzgHDy6gAbfQhBYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDBDSOqA==</latexit><latexit sha1_base64="R5hvZNzTzSxLnTRkAk3G8tP2gLQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oghCwYvHCrYV2lA220m7dLMJuxuxhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBaxegioRsEltgw3Ah8ShTQKBHaC8c3M7zyi0jyW92aSoB/RoeQhZ9RYqVPtPfFrt9ovV9yaOwdZJV5OKpCj2S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ISXfsZlkhqUbLEoTAUxMZn9TgZcITNiYgllittbCRtRRZmxCZVsCN7yy6ukXa95bs27q1caV3kcRTiBUzgHDy6gAbfQhBYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDBDSOqA==</latexit><latexit sha1_base64="R5hvZNzTzSxLnTRkAk3G8tP2gLQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oghCwYvHCrYV2lA220m7dLMJuxuxhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBaxegioRsEltgw3Ah8ShTQKBHaC8c3M7zyi0jyW92aSoB/RoeQhZ9RYqVPtPfFrt9ovV9yaOwdZJV5OKpCj2S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ISXfsZlkhqUbLEoTAUxMZn9TgZcITNiYgllittbCRtRRZmxCZVsCN7yy6ukXa95bs27q1caV3kcRTiBUzgHDy6gAbfQhBYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDBDSOqA==</latexit>

J
q(x) 6= 1

2x(H
q(x, 0, 0) + E

q(x, 0, 0)

<latexit sha1_base64="H/HJQE5plkEzwjMl9hJ9+UfavWg=">AAACFnicbZDLSsNAFIYn9VbrLerSTbAVWqwlKYriqiBCcVXBXqCpZTKdtEMnkzgzkZbQp3Djq7hxoYhbcefbOG2DaOsPAx//OYcz53cCSoQ0zS8tsbC4tLySXE2trW9sbunbOzXhhxzhKvKpzxsOFJgShquSSIobAcfQcyiuO/2Lcb1+j7kgPruRwwC3PNhlxCUISmW19aPM1e1ddpCzGbZdDlFkjaLiaJAtj928mTdzh5c/mGnrabNgTmTMgxVDGsSqtPVPu+Oj0MNMIgqFaFpmIFsR5JIgikcpOxQ4gKgPu7ipkEEPi1Y0OWtkHCinY7g+V49JY+L+noigJ8TQc1SnB2VPzNbG5n+1Zijds1ZEWBBKzNB0kRtSQ/rGOCOjQzhGkg4VQMSJ+quBelClI1WSKRWCNXvyPNSKBeu4cHJdTJfO4ziSYA/sgyywwCkogTKogCpA4AE8gRfwqj1qz9qb9j5tTWjxzC74I+3jG/KunAc=</latexit>

Ji’s relation: 

X. Ji, PRL 78 (1997) 610

no further gauge-invariant decomposition



Ji Sum Rule Jaffe-Manohar Sum Rule

• each term is gauge invariant 
Jq

<latexit sha1_base64="3/dr0G2OHsiGKz9kyF/yWIIzoqI=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LLaCp5IURQ8eCl7EUwXTFtpYNttNu3SzibsboYT+Bi8eFPHqD/Lmv3Hb5qCtDwYe780wMy9IOFPacb6twsrq2vpGcbO0tb2zu2fvHzRVnEpCPRLzWLYDrChngnqaaU7biaQ4CjhtBaPrqd96olKxWNzrcUL9CA8ECxnB2khe5fbhsdKzy07VmQEtEzcnZcjR6Nlf3X5M0ogKTThWquM6ifYzLDUjnE5K3VTRBJMRHtCOoQJHVPnZ7NgJOjFKH4WxNCU0mqm/JzIcKTWOAtMZYT1Ui95U/M/rpDq89DMmklRTQeaLwpQjHaPp56jPJCWajw3BRDJzKyJDLDHRJp+SCcFdfHmZNGtV96x6flcr16/yOIpwBMdwCi5cQB1uoAEeEGDwDK/wZgnrxXq3PuatBSufOYQ/sD5/AN3cjg0=</latexit>

• No decomposition of gluon contribution

Jg

<latexit sha1_base64="wtw7+fofhqEwQXsZQSuz1Ago2g0=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYiJYhbugaGERsBGrCF4SSM6wt9lLluzuHbt7QjjyG2wsFLH1B9n5b9wkV2jig4HHezPMzAsTzrRx3W9nZXVtfWOzsFXc3tnd2y8dHDZ1nCpCfRLzWLVDrClnkvqGGU7biaJYhJy2wtHN1G89UaVZLB/MOKGBwAPJIkawsZJfuXscVHqlslt1Z0DLxMtJGXI0eqWvbj8mqaDSEI617nhuYoIMK8MIp5NiN9U0wWSEB7RjqcSC6iCbHTtBp1bpoyhWtqRBM/X3RIaF1mMR2k6BzVAvelPxP6+TmugqyJhMUkMlmS+KUo5MjKafoz5TlBg+tgQTxeytiAyxwsTYfIo2BG/x5WXSrFW98+rFfa1cv87jKMAxnMAZeHAJdbiFBvhAgMEzvMKbI50X5935mLeuOPnMEfyB8/kDzqqOAw==</latexit>

Jq

<latexit sha1_base64="3/dr0G2OHsiGKz9kyF/yWIIzoqI=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LLaCp5IURQ8eCl7EUwXTFtpYNttNu3SzibsboYT+Bi8eFPHqD/Lmv3Hb5qCtDwYe780wMy9IOFPacb6twsrq2vpGcbO0tb2zu2fvHzRVnEpCPRLzWLYDrChngnqaaU7biaQ4CjhtBaPrqd96olKxWNzrcUL9CA8ECxnB2khe5fbhsdKzy07VmQEtEzcnZcjR6Nlf3X5M0ogKTThWquM6ifYzLDUjnE5K3VTRBJMRHtCOoQJHVPnZ7NgJOjFKH4WxNCU0mqm/JzIcKTWOAtMZYT1Ui95U/M/rpDq89DMmklRTQeaLwpQjHaPp56jPJCWajw3BRDJzKyJDLDHRJp+SCcFdfHmZNGtV96x6flcr16/yOIpwBMdwCi5cQB1uoAEeEGDwDK/wZgnrxXq3PuatBSufOYQ/sD5/AN3cjg0=</latexit>

•       and       can be obtained  
from moments of GPDs                                                    

•                   are gauge dependent 
BUT measurable 

•             can be obtained from Wigner distr.         `qz, `
g
z

<latexit sha1_base64="Wp+V7gJXRcdIJtJhR9VEFMBAZa0=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTPYCi5KSYqiuCq4cVnBXqCNYTKdtEMnkzgzEdrYha/ixoUibn0Nd76N0zQLbf1h4OM/53DO/F7EqFSW9W3klpZXVtfy64WNza3tHXN3rynDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3g1rbceiJA05LdqFBEnQH1OfYqR0pZrHpS6hLG7e3dc7pZhyn13XHLNolWxUsFFsDMogkx11/zq9kIcB4QrzJCUHduKlJMgoShmZFLoxpJECA9Rn3Q0chQQ6STp/RN4rJ0e9EOhH1cwdX9PJCiQchR4ujNAaiDna1Pzv1onVv6Fk1AexYpwPFvkxwyqEE7DgD0qCFZspAFhQfWtEA+QQFjpyAo6BHv+y4vQrFbs08rZTbVYu8ziyINDcAROgA3OQQ1cgzpoAAwewTN4BW/Gk/FivBsfs9ackc3sgz8yPn8AfVKVGQ==</latexit>

{

Y. Guo, X. Ji, K. Shiells, NPB 96 (2021) 115440; X. Ji, F. Yuan, Y. Zhao, Nature Rev. Phys. 3 (2021) 1 

Jg

<latexit sha1_base64="JktVSwQxLGyAi1CY5xvMTxgloM0=">AAAB7HicbVBNSwMxEJ31s9avqkcvwVbwVHaLoicpeBFPFdy20K4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjsrq2vrG5uFreL2zu7efungsKnjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjm6mfuuJKs1i+WDGCQ0EHkgWMYKNlfzK3eOg0iuV3ao7A1omXk7KkKPRK311+zFJBZWGcKx1x3MTE2RYGUY4nRS7qaYJJiM8oB1LJRZUB9ns2Ak6tUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URFdBxmSSGirJfFGUcmRiNP0c9ZmixPCxJZgoZm9FZIgVJsbmU7QheIsvL5NmreqdVy/ua+X6dR5HAY7hBM7Ag0uowy00wAcCDJ7hFd4c6bw4787HvHXFyWeO4A+czx/PRI4F</latexit>

Lq
z

<latexit sha1_base64="WQLpd689XelDX9MGxRF/zA+HSek=">AAAB7nicbVA9SwNBEJ31M8avqKXNYiJYhbugaCUBGwuLCOYDkjPsbfaSJXt75+6eEI/8CBsLRWz9PXb+GzfJFZr4YODx3gwz8/xYcG0c5xstLa+srq3nNvKbW9s7u4W9/YaOEkVZnUYiUi2faCa4ZHXDjWCtWDES+oI1/eHVxG8+MqV5JO/MKGZeSPqSB5wSY6Vm6eb+oftU6haKTtmZAi8SNyNFyFDrFr46vYgmIZOGCqJ123Vi46VEGU4FG+c7iWYxoUPSZ21LJQmZ9tLpuWN8bJUeDiJlSxo8VX9PpCTUehT6tjMkZqDnvYn4n9dOTHDhpVzGiWGSzhYFicAmwpPfcY8rRo0YWUKo4vZWTAdEEWpsQnkbgjv/8iJpVMruafnstlKsXmZx5OAQjuAEXDiHKlxDDepAYQjP8ApvKEYv6B19zFqXUDZzAH+APn8AeBaO/g==</latexit>

Sq

<latexit sha1_base64="XdcX72u2jSKLrkT1x74pCX+jXzo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCp7JbFMVTwYvHivYD2rVk02wbmmTXJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up33qiSrNI3ptxTH2BB5KFjGBjpVb57iF9nJR7xZJbcWdAy8TLSAky1HvFr24/Iomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nZ07QSdW6aMwUrakQTP190SKhdZjEdhOgc1QL3pT8T+vk5jw0k+ZjBNDJZkvChOOTISmv6M+U5QYPrYEE8XsrYgMscLE2IQKNgRv8eVl0qxWvLPK+W21VLvK4sjDERzDKXhwATW4gTo0gMAInuEV3pzYeXHenY95a87JZg7hD5zPH7DijyA=</latexit>

1
2 = Sq(µ) + Lq

z(µ) + Jg(µ)

<latexit sha1_base64="plb6eFunnSe7uTjL4FoNwIkF/Tg=">AAACE3icbZDLSsNAFIYn9VbrLerSTbAVqkJJiqIIQsGNiIuK9gJNWibTSTt0cunMRKgh7+DGV3HjQhG3btz5Nk7TLLT1h4GP/5zDmfPbASVc6Pq3kpmbX1hcyi7nVlbX1jfUza0690OGcA351GdNG3JMiYdrggiKmwHD0LUpbtiDi3G9cY8ZJ753J0YBtlzY84hDEBTS6qgHBdNhEEVGHJXj89v2sGi64f7hdXvYeZjgVbuXQKGj5vWSnkibBSOFPEhV7ahfZtdHoYs9gSjkvGXogbAiyARBFMc5M+Q4gGgAe7gl0YMu5laU3BRre9Lpao7P5POElri/JyLocj5ybdnpQtHn07Wx+V+tFQrn1IqIF4QCe2iyyAmpJnxtHJDWJQwjQUcSIGJE/lVDfSgzEjLGnAzBmD55FurlknFUOr4p5ytnaRxZsAN2QREY4ARUwCWoghpA4BE8g1fwpjwpL8q78jFpzSjpzDb4I+XzB/CunEU=</latexit>

1
2 = Sq(µ) + `qz(µ) + `gz(µ) + Sg(µ)

<latexit sha1_base64="IAGh9A/AWZonFx4s4nmXYnAJ7g0=">AAACJHicbVDLSsNAFJ3UV62vqEs3wVaoCCUpiqIIBTcuK7UPaNowmU7aoZNJnJkIbejHuPFX3LjwgQs3fovTNovaemDg3HPu5c49bkiJkKb5raWWlldW19LrmY3Nre0dfXevJoKII1xFAQ14w4UCU8JwVRJJcSPkGPouxXW3fzP264+YCxKwezkIccuHXUY8gqBUkqNf5WyPQxRbo7g4uq60H/K2Hx2f2JhSZzhbtbvOcFpV2t0JyTl61iyYExiLxEpIFiQoO/qH3QlQ5GMmEYVCNC0zlK0YckkQxaOMHQkcQtSHXdxUlEEfi1Y8OXJkHCmlY3gBV49JY6LOTsTQF2Lgu6rTh7In5r2x+J/XjKR30YoJCyOJGZou8iJqyMAYJ2Z0CMdI0oEiEHGi/mqgHlShSZVrRoVgzZ+8SGrFgnVaOLsrZkuXSRxpcAAOQR5Y4ByUwC0ogypA4Am8gDfwrj1rr9qn9jVtTWnJzD74A+3nFyE6ozY=</latexit>

`qz, `
g
z , S

g

<latexit sha1_base64="YMZSeHKi/vlVv2HkUqqkGJ9R2DI=">AAACBXicbZC7TsMwFIYdrqXcAowwWLRIDFWVVCAQUyUWxiLoRWrSyHGd1KpzwXaQStSFhVdhYQAhVt6BjbfBTTNAyy9Z+vSfc3R8fjdmVEjD+NYWFpeWV1YLa8X1jc2tbX1ntyWihGPSxBGLeMdFgjAakqakkpFOzAkKXEba7vByUm/fEy5oFN7KUUzsAPkh9ShGUlmOflC2CGO9O+ehYlVgxn7GNz2/7Oglo2pkgvNg5lACuRqO/mX1I5wEJJSYISG6phFLO0VcUszIuGglgsQID5FPugpDFBBhp9kVY3iknD70Iq5eKGHm/p5IUSDEKHBVZ4DkQMzWJuZ/tW4ivXM7pWGcSBLi6SIvYVBGcBIJ7FNOsGQjBQhzqv4K8QBxhKUKrqhCMGdPnodWrWqeVE+va6X6RR5HAeyDQ3AMTHAG6uAKNEATYPAInsEreNOetBftXfuYti5o+cwe+CPt8wdIKpch</latexit>

•              can be obtained from pol. PDFs         Sq, Sg

<latexit sha1_base64="PRxzW70xg5tAoqPvUCJ9d8ZDACc=">AAAB8nicbVBNT8JAEN3iF+IX6tFLI5h4IKQlGo0nEi8eMchHUgrZLlvYsN2tu1MTQvgZXjxojFd/jTf/jQv0oOBLJnl5byYz84KYMw2O821l1tY3Nrey27md3b39g/zhUVPLRBHaIJJL1Q6wppwJ2gAGnLZjRXEUcNoKRrczv/VElWZSPMA4pn6EB4KFjGAwklesdx9LnVK9Oyj28gWn7MxhrxI3JQWUotbLf3X6kiQRFUA41tpznRj8CVbACKfTXCfRNMZkhAfUM1TgiGp/Mj95ap8ZpW+HUpkSYM/V3xMTHGk9jgLTGWEY6mVvJv7neQmE1/6EiTgBKshiUZhwG6Q9+9/uM0UJ8LEhmChmbrXJECtMwKSUMyG4yy+vkmal7F6UL+8rhepNGkcWnaBTdI5cdIWq6A7VUAMRJNEzekVvFlgv1rv1sWjNWOnMMfoD6/MHj1eQHA==</latexit>

Sq

<latexit sha1_base64="XdcX72u2jSKLrkT1x74pCX+jXzo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCp7JbFMVTwYvHivYD2rVk02wbmmTXJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up33qiSrNI3ptxTH2BB5KFjGBjpVb57iF9nJR7xZJbcWdAy8TLSAky1HvFr24/Iomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nZ07QSdW6aMwUrakQTP190SKhdZjEdhOgc1QL3pT8T+vk5jw0k+ZjBNDJZkvChOOTISmv6M+U5QYPrYEE8XsrYgMscLE2IQKNgRv8eVl0qxWvLPK+W21VLvK4sjDERzDKXhwATW4gTo0gMAInuEV3pzYeXHenY95a87JZg7hD5zPH7DijyA=</latexit>

Sg

<latexit sha1_base64="B4r05A1vsAZZMCbHIp/Nm0Q9IQE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJ4CrtBUTwFvHiMaB6QrGF2MkmGzM4uM71CWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zSeujYjUA45j7od0oERfMIpWapbuH9PBpNQtFN2yOwNZJl5GipCh1i18dXoRS0KukElqTNtzY/RTqlEwySf5TmJ4TNmIDnjbUkVDbvx0du6EnFqlR/qRtqWQzNTfEykNjRmHge0MKQ7NojcV//PaCfav/FSoOEGu2HxRP5EEIzL9nfSE5gzl2BLKtLC3EjakmjK0CeVtCN7iy8ukUSl75+WLu0qxep3FkYNjOIEz8OASqnALNagDgxE8wyu8ObHz4rw7H/PWFSebOYI/cD5/AKGmjxY=</latexit>

`gz

<latexit sha1_base64="7676HuYjaMqC+OIUCxIf5CJrIpM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoicpePFYwX5gG8tmO2mXbjZhdyPU0H/hxYMiXv033vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHTRUlkmKDRjySbZ8o5ExgQzPNsR1LJKHPseWPrqd+6xGlYpG40+MYvZAMBAsYJdpI9+Uucv4w6D2Ve8WSU3FmsJeJm5ESZKj3il/dfkSTEIWmnCjVcZ1YeymRmlGOk0I3URgTOiID7BgqSIjKS2cXT+wTo/TtIJKmhLZn6u+JlIRKjUPfdIZED9WiNxX/8zqJDi69lIk40SjofFGQcFtH9vR9u88kUs3HhhAqmbnVpkMiCdUmpIIJwV18eZk0qxX3rHJ+Wy3VrrI48nAEx3AKLlxADW6gDg2gIOAZXuHNUtaL9W59zFtzVjZzCH9gff4A2a+QXw==</latexit>

`qz

<latexit sha1_base64="E+RVL7X2SaHjnY8c+mguoxaVmfo=">AAAB8XicbVBNT8JAEJ3iF+IX6tFLI5h4Ii3R6MmQePGIiYARKtkuU9iw3dbdrQk2/AsvHjTGq//Gm//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeWWlldW1/LrhY3Nre2d4u5eU0WJpNigEY/krU8UciawoZnmeBtLJKHPseUPLyd+6xGlYpG40aMYvZD0BQsYJdpId+UOcn7/0H0qd4slp+JMYS8SNyMlyFDvFr86vYgmIQpNOVGq7Tqx9lIiNaMcx4VOojAmdEj62DZUkBCVl04vHttHRunZQSRNCW1P1d8TKQmVGoW+6QyJHqh5byL+57UTHZx7KRNxolHQ2aIg4baO7Mn7do9JpJqPDCFUMnOrTQdEEqpNSAUTgjv/8iJpVivuSeX0ulqqXWRx5OEADuEYXDiDGlxBHRpAQcAzvMKbpawX6936mLXmrGxmH/7A+vwB6PWQaQ==</latexit>

`gz + Sg + lq,potz = Jg

<latexit sha1_base64="TpLjn4+dHNrzJUKU08T4/M5x1cA="></latexit>

`qz � lq,potz = Lq
z

<latexit sha1_base64="s+UEVS0UaMidUnLIrbxZcrGvKn8="></latexit>

<latexit sha1_base64="LNJkcF5HCf0k1EQC7hjSmPIsnFw=">AAACEnicbVDLSsNAFJ3UV42vqEs3wSK0KiUpaN0IFTcuK9gHNLVMprft0MkkzkyEEvoNbvwVNy4UcevKnX/j9LGorQcuHM65l3vv8SNGpXKcHyO1tLyyupZeNzc2t7Z3rN29qgxjQaBCQhaKuo8lMMqhoqhiUI8E4MBnUPP71yO/9ghC0pDfqUEEzQB3Oe1QgpWWWlbO86FLeQIPHAuBB8fDrHl1f3Lp5E494O0ZvWVlnLwzhr1I3CnJoCnKLevba4ckDoArwrCUDdeJVDPBQlHCYGh6sYQIkz7uQkNTjgOQzWT80tA+0krb7oRCF1f2WJ2dSHAg5SDwdWeAVU/OeyPxP68Rq85FM6E8ihVwMlnUiZmtQnuUj92mAohiA00wEVTfapMeFpgonaKpQ3DnX14k1ULePc+f3RYypeI0jjQ6QIcoi1xURCV0g8qoggh6Qi/oDb0bz8ar8WF8TlpTxnRmH/2B8fUL87qc/g==</latexit>

(A+ = 0),



Quark and Gluon Spin contributions

I. Borsa, et al., PRL133,151901, 2024

NNLO global QCD analysis

Gluon and Quarks almost saturate spin (JM) sum rule        small contribution from OAM



We are constantly improving the knowledge of the contributions to the spin of the nucleon

However the details on the flavor and sea contributions are still sketchy

Quark Spin Gluon Spin

EIC Yellow Report: arXiv: 2103.05419

Impact of future EIC  
for quark and gluon spin contributions

EIC

What about a direct measurement of orbital angular momentum?



Hermes Coll., JHEP 06 (2008) 066JLab Hall A, Phys. Rev. Lett. 99 (2007) 242501

extractions from HERMES 
data using two different 
models

QCDSF: PoS (Lattice 2007) 158

LHPC: PRD77 (2008) 094502

Lattice results

DFJK, EPJC39 (2005) 1

GPDs extracted from form factors

Orbital Angular momentum of the proton 
 from available GPD measurements 

Improved accuracy with JLab12 and future EIC measurements! 

J
q,g = 1

2

R 1
�1 dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))

<latexit sha1_base64="qz/qj1T/1hU0vX4tNrlvg2EytGs="></latexit>

Lq = Jq � Sq

<latexit sha1_base64="DAkEUNI6cUzLeKTh4R3KqacXNSg=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYCJ4MewGxVyEgBcRDxHNA5JNmJ3MJkNmXzOzgbDkO7x4UMSrH+PNv3GS7EETCxqKqm66u5yQM6lM89tYWV1b39jMbGW3d3b39nMHh3UZxILQGgl4IJoOlpQzn9YUU5w2Q0Gx53DacIY3U78xokKywH9S45DaHu77zGUEKy3ZhftOdH3Xic4fO1Ghm8ubRXMGtEyslOQhRbWb+2r3AhJ71FeEYylblhkqO8FCMcLpJNuOJQ0xGeI+bWnqY49KO5kdPUGnWukhNxC6fIVm6u+JBHtSjj1Hd3pYDeSiNxX/81qxcst2wvwwVtQn80VuzJEK0DQB1GOCEsXHmmAimL4VkQEWmCidU1aHYC2+vEzqpaJ1Ubx8KOUr5TSODBzDCZyBBVdQgVuoQg0IRPAMr/BmjIwX4934mLeuGOnMEfyB8fkDHuWRAA==</latexit>



dark bars: connected light bars: disconnected contributions (quarks & gluons) 

Results at physical pion mass at the scale of 2 GeV

Momentum Total angular momentum

gravitomagnetic sum rule:
X

q=u,d,s

Bq(0) +Bg(0) = �0.099(91)(28)

<latexit sha1_base64="jBPAmhrGH3mgboHp64Bi66IduzA="></latexit>

Alexandrou et al. [Extended Twist Mass Coll.],  
Phys.Rev.D 101 (2020), 094513 

Sum rules from lattice QCD



Quark spin Quark orbital angular momentum Jq � 1

2
�⌃q

<latexit sha1_base64="Z6dq2oL/VcOsD2p0Fed+So9ONTQ="></latexit>

dark bars: connected light bars: disconnected contributions (quarks & gluons) 

Alexandrou et al., Phys.Rev.D 101 (2020), 094513 

Spin and orbital angular momentum from lattice QCD



Comparison Lattice QCD and Phenomenology

PDFLattice17: average of Lattice QCD results from the community white paper,  Prog.Part.Nucl.Phys. 100 (2018) 107

Overall fair agreement between lattice calculations and phenomenological fits

Lattice QCD results could provide useful inputs to global fits of polarized PDFs

The uncertainties of the two have comparable size

Q2 = 4 GeV2

<latexit sha1_base64="dvnsdJhqj9khVV3QqFfPcltqmR4=">AAAB+HicbVDLSgNBEJz1GeMjqx69DGYFT2E3RPSgEPCgxwTMA5JNmJ30JkNmH8zMCnHJl3jxoIhXP8Wbf+Mk2YMmFjQUVd10d3kxZ1LZ9rextr6xubWd28nv7u0fFMzDo6aMEkGhQSMeibZHJHAWQkMxxaEdCyCBx6HljW9nfusRhGRR+KAmMbgBGYbMZ5QoLfXNglXvlW8qFr6DptUrW32zaJfsOfAqcTJSRBlqffOrO4hoEkCoKCdSdhw7Vm5KhGKUwzTfTSTEhI7JEDqahiQA6abzw6f4TCsD7EdCV6jwXP09kZJAykng6c6AqJFc9mbif14nUf6Vm7IwThSEdLHITzhWEZ6lgAdMAFV8ogmhgulbMR0RQajSWeV1CM7yy6ukWS45ldJFvVysXmdx5NAJOkXnyEGXqIruUQ01EEUJekav6M14Ml6Md+Nj0bpmZDPH6A+Mzx8zXJDV</latexit>

Quark spingA ⌘ h1i�u+ � h1i�d+

<latexit sha1_base64="amEAQN2liXmPgTLLi1ZB2AlEQxo="></latexit>



Nucleon Structure Properties

em @µJ
µ
em = 0 hN 0|Jµ

em|Ni Q, µ

@µJ
µ
weak = 0 hN 0|Jµ

weak|Niweak gA, gp

@µT
µ⌫
grav = 0 hN 0|Tµ⌫

grav|Nigravity

Qprot = 1.602176487(40)⇥ 10�19 C

µprot = 2.792847356(23)µN

Mprot = 938.272013(23)MeV

gA = 1.2694(28)

gp = 8� 12

J =
1

2

can be accessed from GPDs in hard exclusive reactions

M. Polyakov and P. Schweitzer, Int. J. Mod. Phys. A33 (2018) 1830025 

MN , J,D

<latexit sha1_base64="Dfm80V4f41ZzRSdMf0IFmKrf6MQ=">AAACEXicbVBNS8NAEN3Ur1q/oh69BItQpJSkKPZY0IMISgX7AW0pm820XbrZxN2NEEL/ghf/ihcPinj15s1/47bNQVsfDDzem2FmnhsyKpVtfxuZpeWV1bXsem5jc2t7x9zda8ggEgTqJGCBaLlYAqMc6ooqBq1QAPZdBk13dD7xmw8gJA34nYpD6Pp4wGmfEqy01DMLHRcGlCdwz7EQOD4e5657N8Wr4kUHuPdL7pl5u2RPYS0SJyV5lKLWM786XkAiH7giDEvZduxQdRMsFCUMxrlOJCHEZIQH0NaUYx9kN5l+NLaOtOJZ/UDo4sqaqr8nEuxLGfuu7vSxGsp5byL+57Uj1a90E8rDSAEns0X9iFkqsCbxWB4VQBSLNcFEUH2rRYZYYKJ0iDkdgjP/8iJplEvOSen0tpyvVtI4sugAHaICctAZqqJLVEN1RNAjekav6M14Ml6Md+Nj1pox0pl99AfG5w8MGJ0f</latexit>

D =
4

5
d1 =

<latexit sha1_base64="fiOCYSM+f0dAHx5Mh1ms0af370s=">AAACG3icbVDLSsNAFJ3UV62vqEs3wSKIi5KUFrspFHThsoJ9QFPKZHLTDp1M4sxEKCH/4cZfceNCEVeCC//G6WOhrQcGDuecy517vJhRqWz728itrW9sbuW3Czu7e/sH5uFRW0aJINAiEYtE18MSGOXQUlQx6MYCcOgx6Hjjq6nfeQAhacTv1CSGfoiHnAaUYKWlgVl2PRhSnsI9x0LgyUVWuK67gcAkrWRpNfMHTt0F7v8KDMyiXbJnsFaJsyBFtEBzYH66fkSSELgiDEvZc+xY9VMsFCUMsoKbSIgxGeMh9DTlOATZT2e3ZdaZVnwriIR+XFkz9fdEikMpJ6GnkyFWI7nsTcX/vF6iglo/pTxOFHAyXxQkzFKRNS3K8qkAothEE0wE1X+1yAjrYpSus6BLcJZPXiXtcsmplKq35WKjtqgjj07QKTpHDrpEDXSDmqiFCHpEz+gVvRlPxovxbnzMozljMXOM/sD4+gF1KqGm</latexit>



Dispersion relation approach



N(p) N(p0)

�⇤(Q2) �

t ⌧ ⌫, Q2

crossing symmetric variable

DVCS tensor at twist 2:

unpolarized quark long. polarized quark

⌫ =
s� u

4MN
t = (p0 � p)2

x� ⇠ x+ ⇠

x : average fraction of quark  
  longitudinal momentum

⇠ : fraction of longitudinal   
 momentum transfer

t : nucleon momentum  
 transfer

DVCS at leading twist

A2 = �E

<latexit sha1_base64="b82FAAJQaQuag2FuWJS/EXGlq8w=">AAAB+HicbVBNS8NAEJ34WetHox69LLaCF0tSFHsRKiJ4rGA/oA1hs922SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KYM6Ud59taWV1b39jMbeW3d3b3Cvb+QVNFiSS0QSIeyXaAFeVM0IZmmtN2LCkOA05bwehm6rceqVQsEg96HFMvxAPB+oxgbSTfLpSu/crVWdolmKPbScm3i07ZmQEtEzcjRchQ9+2vbi8iSUiFJhwr1XGdWHsplpoRTif5bqJojMkID2jHUIFDqrx0dvgEnRilh/qRNCU0mqm/J1IcKjUOA9MZYj1Ui95U/M/rJLpf9VIm4kRTQeaL+glHOkLTFFCPSUo0HxuCiWTmVkSGWGKiTVZ5E4K7+PIyaVbK7nn54r5SrFWzOHJwBMdwCi5cQg3uoA4NIJDAM7zCm/VkvVjv1se8dcXKZg7hD6zPH39tkao=</latexit>

A1 = H+ E

<latexit sha1_base64="ROsWvS+jjQLzWoMpxdLqahulZN4=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDrSAIJSmK3QgVEbqsYC/QhjCZTtuhkwszE6GEbHwVNy4UcetjuPNtnLZZaOsPAx//OYcz5/cizqSyrG8jt7K6tr6R3yxsbe/s7pn7By0ZxoLQJgl5KDoelpSzgDYVU5x2IkGx73Ha9sa303r7kQrJwuBBTSLq+HgYsAEjWGnLNY9KN659nfQI5qiens/hLi25ZtEqWzOhZbAzKEKmhmt+9fohiX0aKMKxlF3bipSTYKEY4TQt9GJJI0zGeEi7GgPsU+kkswNSdKqdPhqEQr9AoZn7eyLBvpQT39OdPlYjuVibmv/VurEaVJ2EBVGsaEDmiwYxRypE0zRQnwlKFJ9owEQw/VdERlhgonRmBR2CvXjyMrQqZfuifHlfKdaqWRx5OIYTOAMbrqAGdWhAEwik8Ayv8GY8GS/Gu/Exb80Z2cwh/JHx+QNDipTj</latexit>

A3 = H̃

<latexit sha1_base64="dQm33RkIBOkjIyPolNBxxDnTN3M=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUmqYjdCxU2XFewDmhAmk9t26OTBzEQooeCvuHGhiFu/w51/47TNQlsPXDiccy/33uMnnEllWd/Gyura+sZmYau4vbO7t28eHLZlnAoKLRrzWHR9IoGzCFqKKQ7dRAAJfQ4df3Q39TuPICSLowc1TsANySBifUaJ0pJnHpdvvYsbRzEeAM4cSjhuTMqeWbIq1gx4mdg5KaEcTc/8coKYpiFEinIiZc+2EuVmRChGOUyKTiohIXREBtDTNCIhSDebnT/BZ1oJcD8WuiKFZ+rviYyEUo5DX3eGRA3lojcV//N6qerX3IxFSaogovNF/ZRjFeNpFjhgAqjiY00IFUzfiumQCEKVTqyoQ7AXX14m7WrFvqxc3VdL9VoeRwGdoFN0jmx0jeqogZqohSjK0DN6RW/Gk/FivBsf89YVI585Qn9gfP4AJNeUSw==</latexit>

A4 = Ẽ

<latexit sha1_base64="ZEZfykc6OooYJeB2b38uG4uwh4I=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUlKxW6EigguK9gHNCFMJtN26OTBzI1QQsFfceNCEbd+hzv/xmmbhbYeuHA4517uvcdPBFdgWd/Gyura+sZmYau4vbO7t28eHLZVnErKWjQWsez6RDHBI9YCDoJ1E8lI6AvW8Uc3U7/zyKTicfQA44S5IRlEvM8pAS155nH52qtdOcBFwHDmUCLw7aTsmSWrYs2Al4mdkxLK0fTMLyeIaRqyCKggSvVsKwE3IxI4FWxSdFLFEkJHZMB6mkYkZMrNZudP8JlWAtyPpa4I8Ez9PZGRUKlx6OvOkMBQLXpT8T+vl0K/7mY8SlJgEZ0v6qcCQ4ynWeCAS0ZBjDUhVHJ9K6ZDIgkFnVhRh2AvvrxM2tWKXatc3FdLjXoeRwGdoFN0jmx0iRroDjVRC1GUoWf0it6MJ+PFeDc+5q0rRj5zhP7A+PwBIdqUSQ==</latexit>

<latexit sha1_base64="cbhM+cbUdVZSyegBEb6nPzWHKBk="></latexit>

Hµω =
4∑

i=1

Ai(ω, t, Q
2)Oµω

i



Twist-2 DVCS amplitudes

•Involve singlet GPDs:

•Imaginary part: GPD at             x = ⇠

<latexit sha1_base64="YBjnKLPUtAqgNaO94rkSr8izfWk=">AAACD3icbVDLSsNAFJ3UV42vqks3waKIi5IUxW6EghuXFewDmlAmk9t26GQSZybSEPoHbvwVNy4UcevWnX/j9LGorQcuHM65l3vv8WNGpbLtHyO3srq2vpHfNLe2d3b3CvsHDRklgkCdRCwSLR9LYJRDXVHFoBULwKHPoOkPbsZ+8xGEpBG/V2kMXoh7nHYpwUpLncKp60OP8gweOBYCp+cjc3jtDqkLPJgTO4WiXbInsJaJMyNFNEOtU/h2g4gkIXBFGJay7dix8jIsFCUMRqabSIgxGeAetDXlOATpZZN/RtaJVgKrGwldXFkTdX4iw6GUaejrzhCrvlz0xuJ/XjtR3YqXUR4nCjiZLuomzFKRNQ7HCqgAoliqCSaC6lst0scCE6UjNHUIzuLLy6RRLjkXpcu7crFamcWRR0foGJ0hB12hKrpFNVRHBD2hF/SG3o1n49X4MD6nrTljNnOI/sD4+gXNhZ0d</latexit>

•Real part involves convolution integral:          

(i = 1, . . . , 4)

<latexit sha1_base64="OIcBr8WuA/toATBE4zguYSWVQOE=">AAACGHicbVDLSgMxFM3UVx1fVZdugkWoUupMqdiNUHDjsoJ9QFtKJr1tQzOZMckIw9DPcOOvuHGhiNvu/BvTx6JWD1w4nHNvcu/xQs6UdpxvK7W2vrG5ld62d3b39g8yh0d1FUSSQo0GPJBNjyjgTEBNM82hGUogvseh4Y1up37jCaRigXjQcQgdnwwE6zNKtJG6mcu2BwMmEngUREoSX4xtnGM3br7dC7TKl87bIHpLbjeTdQrODPgvcRckixaodjMT8xKNfBCacqJUy3VC3UmI1IxyGNvtSEFI6IgMoGWoID6oTjI7bIzPjNLD/UCaEhrP1OWJhPhKxb5nOn2ih2rVm4r/ea1I98udhIkw0iDo/KN+xLEO8DQl3GMSqOaxIYRKZnbFdEgkodpkaZsQ3NWT/5J6seCWClf3xWylvIgjjU7QKcohF12jCrpDVVRDFD2jV/SOPqwX6836tL7mrSlrMXOMfsGa/ACKGJ9v</latexit>

F
+
i = {H+ + E

+
,�E

+
, H̃

+
, Ẽ

+}

<latexit sha1_base64="RLhfR5iy/f8xnbJw7f7XSeLgK5I="></latexit>

*the dependence on      is implicit Q2

<latexit sha1_base64="O+Wg9wOLrqklhAn3U/THlQdWbX0=">AAACDXicbVDLSsNAFJ34rPEVdekmWAVxUZKi2GXBjcsW7APaWCaTm3boZBJnJkII/QE3/oobF4q4de/Ov3H6WNTWAxcO59zLvff4CaNSOc6PsbK6tr6xWdgyt3d29/atg8OmjFNBoEFiFou2jyUwyqGhqGLQTgTgyGfQ8oc3Y7/1CELSmN+pLAEvwn1OQ0qw0lLPOu360Kc8hweOhcDZxcis35e7wIM5qWcVnZIzgb1M3BkpohlqPeu7G8QkjYArwrCUHddJlJdjoShhMDK7qYQEkyHuQ0dTjiOQXj75ZmSfaSWww1jo4sqeqPMTOY6kzCJfd0ZYDeSiNxb/8zqpCiteTnmSKuBkuihMma1iexyNHVABRLFME0wE1bfaZIAFJkoHaOoQ3MWXl0mzXHIvS1f1crFamcVRQMfoBJ0jF12jKrpFNdRABD2hF/SG3o1n49X4MD6nrSvGbOYI/YHx9QvEaZv4</latexit>

Ai(⇠, t) =

Z 1

0
dxF+

i (x, ⇠, t)


1

x� ⇠ + i✏
+

1

x+ ⇠ � i✏

�

<latexit sha1_base64="OCr1BMvCZIZ1BoRhD8BF1GhEW7I="></latexit>

F+
i (x, ⇠, t) = Fi(x, ⇠, t)� Fi(�x, ⇠, t)

<latexit sha1_base64="wSE2Zk5eJpPt/vj0HmVtQ2v1sFU="></latexit>

ReAi(⇠, t) = P
Z 1

0
dxF+

i (x, ⇠, t)


1

x� ⇠
+

1

x+ ⇠

�

<latexit sha1_base64="mI5JjJXnivB4tVE0orVQQaqL/dw="></latexit>

ImAi(⇠, t) = �⇡F+
i (⇠, ⇠, t)

<latexit sha1_base64="oAXtzb5C+RyNfWnCkqYJwBFXi9I="></latexit>



Dispersion relations at fixed t and Q2

: analytical functions in the complex    plane, with cuts on the real axis ⌫

•Crossing symmetry and analyticity

Ai(⌫, t) = Ai(�⌫, t)

<latexit sha1_base64="7t/WtC4czZG1825JaNhBT8RwZ0w=">AAACIHicbZDLSsNAFIYn9VbrLerSTbAIVbQkRWk3QsWNywr2Ak0pk+lpHTqZxJmJEEIfxY2v4saFIrrTp3HSdlFbfxj4+M85nDm/FzIqlW1/G5ml5ZXVtex6bmNza3vH3N1ryCASBOokYIFoeVgCoxzqiioGrVAA9j0GTW94ndabjyAkDfidikPo+HjAaZ8SrLTVNcuuBwPKE3jgWAgcn4xyV11acHl0qo4vUzybsAu8N9PVNfN20R7LWgRnCnk0Va1rfrm9gEQ+cEUYlrLt2KHqJFgoShiMcm4kIcRkiAfQ1sixD7KTjA8cWUfa6Vn9QOjHlTV2ZycS7EsZ+57u9LG6l/O11Pyv1o5Uv9JJKA8jBZxMFvUjZqnAStOyelQAUSzWgImg+q8WuccCE6UzzekQnPmTF6FRKjrnxYvbUr5amcaRRQfoEBWQg8qoim5QDdURQU/oBb2hd+PZeDU+jM9Ja8aYzuyjPzJ+fgHA5qKx</latexit>

Ai(⌫
⇤, t) = A⇤

i (⌫, t)

<latexit sha1_base64="rbdOvQK+Qb33V0Rx38br7zVV5q8=">AAACI3icbVDLSsNAFJ34rPFVdekmWIRapCRFsQhCxY3LCvYBTVsm09t26GQSZyZCCf0XN/6KGxdKcePCf3HaZlFbDwycc+693LnHCxmVyra/jZXVtfWNzdSWub2zu7efPjisyiASBCokYIGoe1gCoxwqiioG9VAA9j0GNW9wN6nXnkFIGvBHNQyh6eMep11KsNJWO33tetCjPIYnjoXAw9zIvG3TrMujVu5cnd1o0cpNpBYu8M5cYzudsfP2FNYycRKSQQnK7fTY7QQk8oErwrCUDccOVTPGQlHCYGS6kYQQkwHuQUNTjn2QzXh648g61U7H6gZCP66sqTs/EWNfyqHv6U4fq75crE3M/2qNSHWLzZjyMFLAyWxRN2KWCqxJYFaHCiCKDTXBRFD9V4v0scBE6VhNHYKzePIyqRbyzkX+8qGQKRWTOFLoGJ2gLHLQFSqhe1RGFUTQC3pDH+jTeDXejbHxNWtdMZKZI/QHxs8vwJ2jsg==</latexit>

energy variables: and⌫ =
s� u

4MN
=

Q2

4MN⇠

<latexit sha1_base64="NnuRTx4sYJPmtOqpgkremxkfrag="></latexit>

⌫0 =
Q2

4MNx

<latexit sha1_base64="3TIIF0TUWQzKCESDDdv0DOiDdJs=">AAACIXicbVDLSgMxFM3UV62vqks3wSKKizJTFLsRCm7cKC3YVujUkknvtMFMZkwy4jDMr7jxV9y4UKQ78WdMHwtfBwKHc87l5h4v4kxp2/6wcnPzC4tL+eXCyura+kZxc6ulwlhSaNKQh/LaIwo4E9DUTHO4jiSQwOPQ9m7Pxn77HqRiobjSSQTdgAwE8xkl2ki9YtX1YMBECneCSEmSw6zginj/1PUloWnjppKlRxe9S/yQuSD632K9Ysku2xPgv8SZkRKaod4rjtx+SOMAhKacKNVx7Eh3UyI1oxzM2lhBROgtGUDHUEECUN10cmGG94zSx34ozRMaT9TvEykJlEoCzyQDoofqtzcW//M6sfar3ZSJKNYg6HSRH3OsQzyuC/eZBKp5Ygihkpm/YjokphttSi2YEpzfJ/8lrUrZOSofNyqlWnVWRx7toF10gBx0gmroHNVRE1H0iJ7RK3qznqwX690aTaM5azazjX7A+vwCGVWkEQ==</latexit>

Ai(⌫, t)

<latexit sha1_base64="fFnET1g5djIuOgIy91y7QydRPrc=">AAACFHicbVDLSsNAFJ3UV42vqks3wSLUByUpil1W3LisYB/QhDKZ3LSDk0mcmQgl9CPc+CtuXCji1oU7/8bpY1FbD1w4nHMv997jJ4xKZds/Rm5peWV1Lb9ubmxube8UdveaMk4FgQaJWSzaPpbAKIeGoopBOxGAI59By7+/HvmtRxCSxvxODRLwItzjNKQEKy11C6euDz3KM3jgWAg8OBmaV11acnl6po5d4MGM0y0U7bI9hrVInCkpoinq3cK3G8QkjYArwrCUHcdOlJdhoShhMDTdVEKCyT3uQUdTjiOQXjZ+amgdaSWwwljo4soaq7MTGY6kHES+7oyw6st5byT+53VSFVa9jPIkVcDJZFGYMkvF1ighK6ACiGIDTTARVN9qkT4WmCido6lDcOZfXiTNStk5L1/cVoq16jSOPDpAh6iEHHSJaugG1VEDEfSEXtAbejeejVfjw/ictOaM6cw++gPj6xe4tJ6W</latexit>

Im ⌫

<latexit sha1_base64="Edc7ZmkC3W35fUJmr8q4hPkb1tw=">AAACF3icbVDLSgNBEJyNrxhfqx69DAZBRMJuUMwx4EVvEcwDsiHMTjrJkJnZdWZWCEv+wou/4sWDIl715t84eRxiYkFDUdVNd1cYc6aN5/04mZXVtfWN7GZua3tnd8/dP6jpKFEUqjTikWqERANnEqqGGQ6NWAERIYd6OLge+/VHUJpF8t4MY2gJ0pOsyygxVmq7hSCEHpMpPEiiFBmejXJpoAS+FaPgPJBJALIzZ7bdvFfwJsDLxJ+RPJqh0na/g05EEwHSUE60bvpebFopUYZRDqNckGiICR2QHjQtlUSAbqWTv0b4xCod3I2ULWnwRJ2fSInQeihC2ymI6etFbyz+5zUT0y21UibjxICk00XdhGMT4XFIuMMUUMOHlhCqmL0V0z5RhBobZc6G4C++vExqxYJ/Ubi8K+bLpVkcWXSEjtEp8tEVKqMbVEFVRNETekFv6N15dl6dD+dz2ppxZjOH6A+cr1/My6BL</latexit>

⌫

<latexit sha1_base64="+9L5M+cpx8tytUXIRarEUlT9x1g=">AAACDXicbVBNS8NAEN34WetX1KOXYBXEQ0mKYo8FLx4r2A9oQtlsJu3SzSbuboQQ+ge8+Fe8eFDEq3dv/hu3bQ619cHA470ZZub5CaNS2faPsbK6tr6xWdoqb+/s7u2bB4dtGaeCQIvELBZdH0tglENLUcWgmwjAkc+g449uJn7nEYSkMb9XWQJehAechpRgpaW+eer6MKA8hweOhcDZxbjs8tQFHsxJfbNiV+0prGXiFKSCCjT75rcbxCSNgCvCsJQ9x06Ul2OhKGGgV6QSEkxGeAA9TTmOQHr59JuxdaaVwApjoYsra6rOT+Q4kjKLfN0ZYTWUi95E/M/rpSqseznlSaqAk9miMGWWiq1JNFZABRDFMk0wEVTfapEhFpgoHWBZh+AsvrxM2rWqc1m9uqtVGvUijhI6RifoHDnoGjXQLWqiFiLoCb2gN/RuPBuvxofxOWtdMYqZI/QHxtcvWJicVg==</latexit>

R

<latexit sha1_base64="9BI8wPxvI9kyhvYLAxnUCConB4k=">AAACC3icbVBNS8NAEN3Ur1q/oh69hBZBPJSkKPZY8OKxiv2AJpTNdtIu3Wzi7kYIoXcv/hUvHhTx6h/w5r9x2+ZQWx8MPN6bYWaeHzMqlW3/GIW19Y3NreJ2aWd3b//APDxqyygRBFokYpHo+lgCoxxaiioG3VgADn0GHX98PfU7jyAkjfi9SmPwQjzkNKAEKy31zbLrw5DyDB44FgKn55PSnQt8sCD0zYpdtWewVomTkwrK0eyb3+4gIkkIXBGGpew5dqy8DAtFCYNJyU0kxJiM8RB6mnIcgvSy2S8T61QrAyuIhC6urJm6OJHhUMo09HVniNVILntT8T+vl6ig7mWUx4kCTuaLgoRZKrKmwVgDKoAolmqCiaD6VouMsMBE6fhKOgRn+eVV0q5VnYvq5W2t0qjncRTRCSqjM+SgK9RAN6iJWoigJ/SC3tC78Wy8Gh/G57y1YOQzx+gPjK9fidGbVQ==</latexit>

R ! 1

<latexit sha1_base64="IExleTBJKiDO4F69Re58BW17uMo=">AAACHnicbVDLSgMxFM34rPVVdekmWARxUWZE0WXBjcsqthU6pWTSO21oJjMmd5Rh6Je48VfcuFBEcKV/Y/pYqPVA4OScc0nuCRIpDLrulzM3v7C4tFxYKa6urW9slra2GyZONYc6j2WsbwJmQAoFdRQo4SbRwKJAQjMYnI/85h1oI2J1jVkC7Yj1lAgFZ2ilTunED6AnVA63imnNssNh8crXotdHe43vqS9UiBn1QXV/ZDqlsltxx6CzxJuSMpmi1il9+N2YpxEo5JIZ0/LcBNs50yi4hGHRTw0kjA9YD1qWKhaBaefj9YZ03ypdGsbaHoV0rP6cyFlkTBYFNhkx7Ju/3kj8z2ulGJ61c6GSFEHxyUNhKinGdNQV7QoNHGVmCeNa2L9S3meacbSNFm0J3t+VZ0njqOIdV04uj8rVs2kdBbJL9sgB8cgpqZILUiN1wskDeSIv5NV5dJ6dN+d9Ep1zpjM75Becz2/MmqN+</latexit>

•Cauchy integral formula
Ai(⌫, t) =

1

2⇡i

I

C
d⌫0

Ai(⌫0, t)

⌫0 � ⌫

<latexit sha1_base64="ywSnNlAQg8s7XiylKJe0K/SaaA8="></latexit>

Re ⌫

<latexit sha1_base64="1wEjPzU0yV+iI6nvB8Nu4L9mlmg=">AAACF3icbVDLSsNAFJ3UV42vqEs3g0UQkZIUxS4LblxWsQ9oQplMb9uhk0mcmQgl9C/c+CtuXCjiVnf+jdPHorYeuHA4517uvSdMOFPadX+s3Mrq2vpGftPe2t7Z3XP2D+oqTiWFGo15LJshUcCZgJpmmkMzkUCikEMjHFyP/cYjSMVica+HCQQR6QnWZZRoI7Wdoh9Cj4kMHgSRkgzPRnbmywjfwcg/90Xqg+jMmW2n4BbdCfAy8WakgGaotp1vvxPTNAKhKSdKtTw30UFGpGaUw8j2UwUJoQPSg5ahgkSggmzy1wifGKWDu7E0JTSeqPMTGYmUGkah6YyI7qtFbyz+57VS3S0HGRNJqkHQ6aJuyrGO8Tgk3GESqOZDQwiVzNyKaZ9IQrWJ0jYheIsvL5N6qehdFC9vS4VKeRZHHh2hY3SKPHSFKugGVVENUfSEXtAbereerVfrw/qctuas2cwh+gPr6xfObaBM</latexit>



 Unsubtracted Dispersion Relations

non-convergent integrals for  A2

<latexit sha1_base64="vPK58/vTwzH6A4fLZisS5LachfM=">AAACB3icbVDLSsNAFJ34rPFVdSnIYBHERUmKr2XFjcsK9gFNCJPpbTt0MgkzE6GE7tz4K25cKOLWX3Dn3zhtI2jrgQtnzrmXufeECWdKO86XtbC4tLyyWliz1zc2t7aLO7sNFaeSQp3GPJatkCjgTEBdM82hlUggUcihGQ6ux37zHqRisbjTwwT8iPQE6zJKtJGC4oEXQo+JjHDWEyejq6BieyA6P++gWHLKzgR4nrg5KaEctaD46XVimkYgNOVEqbbrJNrPiNSMchjZXqogIXRAetA2VJAIlJ9N7hjhI6N0cDeWpoTGE/X3REYipYZRaDojovtq1huL/3ntVHcv/YyJJNUg6PSjbsqxjvE4FNxhEqjmQ0MIlczsimmfSEK1ic42IbizJ8+TRqXsnpbPbiul6nkeRwHto0N0jFx0garoBtVQHVH0gJ7QC3q1Hq1n6816n7YuWPnMHvoD6+MbafKY+w==</latexit>

(i = 1, . . . , 4)

<latexit sha1_base64="OIcBr8WuA/toATBE4zguYSWVQOE=">AAACGHicbVDLSgMxFM3UVx1fVZdugkWoUupMqdiNUHDjsoJ9QFtKJr1tQzOZMckIw9DPcOOvuHGhiNvu/BvTx6JWD1w4nHNvcu/xQs6UdpxvK7W2vrG5ld62d3b39g8yh0d1FUSSQo0GPJBNjyjgTEBNM82hGUogvseh4Y1up37jCaRigXjQcQgdnwwE6zNKtJG6mcu2BwMmEngUREoSX4xtnGM3br7dC7TKl87bIHpLbjeTdQrODPgvcRckixaodjMT8xKNfBCacqJUy3VC3UmI1IxyGNvtSEFI6IgMoGWoID6oTjI7bIzPjNLD/UCaEhrP1OWJhPhKxb5nOn2ih2rVm4r/ea1I98udhIkw0iDo/KN+xLEO8DQl3GMSqOaxIYRKZnbFdEgkodpkaZsQ3NWT/5J6seCWClf3xWylvIgjjU7QKcohF12jCrpDVVRDFD2jV/SOPqwX6836tL7mrSlrMXOMfsGa/ACKGJ9v</latexit>

 Subtracted Dispersion Relations 

subtraction at ⌫ = 0

<latexit sha1_base64="GSSOOnCxC7ioaEFDKTa6Ev+BEIE=">AAACCXicdVDLSgNBEJyNrxhfqx69DAZBPITZoDE5CAEvHiOYB2RDmJ10kiGzs8vMrBCWXL34K148KOLVP/Dm3zh5CCpa0FBUddPdFcSCa0PIh5NZWl5ZXcuu5zY2t7Z33N29ho4SxaDOIhGpVkA1CC6hbrgR0IoV0DAQ0AxGl1O/eQtK80jemHEMnZAOJO9zRo2Vui72AxhwmVLBB/Jk4svkguR8kL0vpevmSYFYlEp4Srwy8SypVMrFYgV7M4uQPFqg1nXf/V7EkhCkYYJq3fZIbDopVYYzAZOcn2iIKRvRAbQtlTQE3Ulnn0zwkVV6uB8pW9Lgmfp9IqWh1uMwsJ0hNUP925uKf3ntxPTLnZTLODEg2XxRPxHYRHgaC+5xBcyIsSWUKW5vxWxIFWXGhpezIXx9iv8njWLBOy2cXRfz1fIijiw6QIfoGHnoHFXRFaqhOmLoDj2gJ/Ts3DuPzovzOm/NOIuZffQDztsncAGaKA==</latexit>

ReA2(⌫, t) = A2(0, t) +
2

⇡
⌫2P

Z 1

⌫0

ImA2(⌫
0, t)

d⌫0

⌫0(⌫02 � ⌫2)

<latexit sha1_base64="mZvXEJWsp7o+H4kKOikgFJAGyLg="></latexit>

ReAi(⌫, t) =
2

⇡

Z 1

⌫0

ImAi(⌫
0, t)

⌫0d⌫0

⌫02 � ⌫2

<latexit sha1_base64="nhT11+pn4TAJL+Hyq0XbbQstTQA="></latexit>



⌫ = s�u
4MN

crossing symmetric 
variable 

Fixed 
Q2 = 2GeV2

<latexit sha1_base64="5M2RGU3my8/31UqVX2ph2XKnHrs=">AAACHXicbVDLSgMxFM34rONr1KWbYBFEpMwMvjZCwYUuW7AP6NSSSW/bYCYzJhmhDP0RN/6KGxeKuHAj/o3pY1GrBwKHc87l5p4w4Uxp1/225uYXFpeWcyv26tr6xqaztV1VcSopVGjMY1kPiQLOBFQ00xzqiQQShRxq4d3l0K89gFQsFje6n0AzIl3BOowSbaSWcxyE0GUig3tBpCT9w4FdvvUv/OAoC2SEr6A6uPXtAER7KtJy8m7BHQH/Jd6E5NEEpZbzGbRjmkYgNOVEqYbnJrqZEakZ5TCwg1RBQugd6ULDUEEiUM1sdN0A7xuljTuxNE9oPFKnJzISKdWPQpOMiO6pWW8o/uc1Ut05b2ZMJKkGQceLOinHOsbDqnCbSaCa9w0hVDLzV0x7RBKqTaG2KcGbPfkvqfoF77hwUvbzxdNJHTm0i/bQAfLQGSqia1RCFUTRI3pGr+jNerJerHfrYxydsyYzO+gXrK8fcqyhfA==</latexit>
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Dispersion relations in terms of GPDs

Anikin, Teryaev (2007); Kumericki-Passek, Mueller, Passek (2008); Diehl, Ivanov (2007); Polyakov, Vanderhaeghen (2008)

once subtracted fixed-t DR in the variable x

ReA2(⇠, t) = �(t) +
2

⇡
P
Z 1

0

dx

x

ImA2(x, t)

(⇠2/x2 � 1)

<latexit sha1_base64="OuCfBI9yZw0OF/Gw7H8DriSc5Uo="></latexit>

•difference between convolution and dispersion integrals:

�(t) = P
Z 1

0
dx

⇥
E+(x, x, t)� E+(x, ⇠, t)

⇤  1

x� ⇠
+

1

x+ ⇠

�

<latexit sha1_base64="mj1L/4W0bmkHg5622aD+/0jHD6E="></latexit>

•imaginary part in terms of GPDs: ImA2(x, t) = ⇡E+(x, ⇠ = x, t)

<latexit sha1_base64="SXthhfJ6o1av/jANTvqYSgyVMMU="></latexit>

ReA2(⇠, t) = �(t)� P
Z 1

0
dxE+(x, x, t)


1

x� ⇠
+

1

x+ ⇠

�

<latexit sha1_base64="IYSUhWfkj+YBjWCjdiTaoQiJ8QI="></latexit>

• real part from convolution integral: 

ReA2(⇠, t) = �P
Z 1

0
dxE+(x, ⇠, t)


1

x� ⇠
+

1

x+ ⇠

�

<latexit sha1_base64="Mgq7r5wT0d4Qtd+YkTmWjVCTFB0="></latexit>



Subtraction Function

Anikin, Teryaev (2007); Radyushkin (2012)

�(t) = P
Z 1

0
dx

⇥
E+(x, x, t)� E+(x, ⇠, t)

⇤  1

x� ⇠
+

1

x+ ⇠

�

<latexit sha1_base64="mj1L/4W0bmkHg5622aD+/0jHD6E="></latexit>

⇠

<latexit sha1_base64="29r3sUVoTr9+NQV5YC+S3t7pMF0=">AAACDnicbVBNS8NAEN3Urxq/qh69BEtBPJSkKPZY8OKxgv2AJpTNZtIu3Wzi7kYsob/Ai3/FiwdFvHr25r9x2+ZQWx8MPN6bYWaenzAqlW3/GIW19Y3NreK2ubO7t39QOjxqyzgVBFokZrHo+lgCoxxaiioG3UQAjnwGHX90PfU7DyAkjfmdGifgRXjAaUgJVlrqlyquDwPKM7jnWAg8Pp+Y7iM1XeDBgtYvle2qPYO1SpyclFGOZr/07QYxSSPgijAsZc+xE+VlWChKGOgdqYQEkxEeQE9TjiOQXjZ7Z2JVtBJYYSx0cWXN1MWJDEdSjiNfd0ZYDeWyNxX/83qpCuteRnmSKuBkvihMmaVia5qNFVABRLGxJpgIqm+1yBALTJRO0NQhOMsvr5J2repcVC9va+VGPY+jiE7QKTpDDrpCDXSDmqiFCHpCL+gNvRvPxqvxYXzOWwtGPnOM/sD4+gWSsJxo</latexit>

Time-Reversal invariance: GPD even in   :  

�(t) = 2P
Z 1

�1
dx

1

x
[E(x, x, t)� E(x, 0, t)]

<latexit sha1_base64="hkWXMmkVU7khtPubf3nQmVQNyD4="></latexit>

E(x, x, t) = E(x,�x, t)

<latexit sha1_base64="6lM0kJT/ovwtULdpUiMAD76dWvU="></latexit>

formally put ⇠ = 0
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Subtraction Function: relation with D-term
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Polinomiality of Mellin moments of GPDs 
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Highest moment generated by Polyakov-Weiss D-Term e(n)n+1 = �
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Subtraction Function: relation with D-term

Gegenbauer expansion of D-term D(z, t) = (1� z2)
1X

n=1
n odd

dn(t)C
(3/2)
n (z)

<latexit sha1_base64="fh05u5gynkJzgts6ag1VK/AGp8Q="></latexit>

Relation to EMT for factors
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Extraction of D-term form factor

Girod, Elouadrhiri, Burkert,Nature 557 (2018) 7705; Burkert, et al., Rev. Mod. Phys. 95 (2023) 014002

Extraction from data:  
- neglecting gluon contribution  
- assuming:

CH(t) = �2
X

q

e2
q
�q(t)
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CH(0) = �2.27± 0.16± 0.36
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Fit to data: CH(t) =
CH(0)

(1� t/M2)↵

<latexit sha1_base64="SfapoyemyIXbB9vXsL9uMNrguwQ="></latexit>

M2 = 1.02± 0.13± 0.21GeV2
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� = 2.76± 0.23± 0.48
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• Fourier transform in coordinate space:

Mechanical properties of the nucleon

Polyakov, Schweitzer, IJMA 33 (2018) 1830025; 

Lorcé, Moutarde, Trawinski, EPJ C79 (2019) 89 

shear forces isotropic pressure
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radial pressure  
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s(r) tangential pressure  
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Source: Freese, Miller, PRD104 (2021)
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pr(r) > 0



 data before 6 GeV JLab
6 GeV JLab data

best fit

�QSM
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Pressure distributions from data

Girod, Elouadrhiri,Burkert, Nature 557 (2018) 7705
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• Gluon contribution neglected  

• Systematic errors including model-dependent assumptions in the extraction 

• More flexible analyses based on unconstrained artificial neural network techniques give results compatible with zero 
with large uncertainties (Kumericki, 2019; Dutrieux et al., 2021)

Source: L. Elouadrhiri



Necessary to verify model assumptions in the exp extraction 
with more data coming  from JLab, COMPASS and the future EIC, EIcC

Kumericki, Nature 570 (2019) 7759; Dutrieux et al, Eur. Phys. J. C81 (2021) 4

CLAS data, with fixed param., 
Girod et al.

global fit to DVCS data  
with artificial neural networks

X

q

dq1 < 0
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in all model calculations 
for a stable proton

CLAS data, with neural networks 
Kumericki



Gluonic EMT Form Factors
Exp (Hall C, JLab): Duran et al., Nature 615 (2023) 7954 
Lattice: Pefkou, Hackett, Shanahan, PRD105 (2022) 054509

t (GeV2)
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- JLab22 crucial for these measurements: high luminosity and leverage in t

- EIC: complementary measurements for    photo- and electro-production, but require L=100 fb-1 ⌥
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- proof of concept of feasibility to extract gluonic structure   

- preliminary new results from GlueX and further measurements planned with SOLID at JLab

J/ 
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holographic approach

GPD approach

Lattice
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LATTICE

Proton size

(GPD approach)
(holographic approach)

(DVCS JLab data)
(updated GPD approach)
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Source: Hackett, Pefkou, Shanahan,  
PRL132 (2024)

• Proton mechanical quark radius is ~30% smaller than charge radius 

• Gluon contributions extend the radial (mass and mech) size of the proton beyond that of the  
quark contributions

• The separate quark and gluon contributions are renormalization scale dependent  
(results shown at                    )
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µ2 = 4GeV2

mech mass charge


