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RECOVERING THE BACKGROUND FIELD METHOD
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BACKGROUND FIELD METHOD IN HISTORY

The generator of connected graphs is:

W[J] = → i ln[Z[J]] ′ W̃[J, σ] = → i ln[Z̃[J, σ]]

Classical fields:  Q = αW[J]
αJ

′ Q̃ = αW̃[J, σ]
αJ

Effective action or generator of 1PI:                                                    
 Δ[Q] = W[J] → J − Q ′ Δ̃[Q̃, σ] = W̃[J, σ] → J − Q̃
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MÉTODO DE CAMPO DE FONDO EN LA HISTORIA

We re-write previous definitions
Z̃[J, σ] = Z[J ]e→iJ−σ

W̃[J, σ] = W[J ] → J − σ

Q̃ = Q → σ

Δ̃[Q̃, σ] = (W[J ] → J − σ) → J − (Q → σ)
= Δ[Q] = Δ[Q̃ + σ]

Δ[σ] = Δ̃[0,σ]
The effective action expressed in terms of the background field 
is the same as the effective action of the dynamic field and the 

background field, when the former vanishes: the dynamic fields 
are only virtual.
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GAUGE IN THE BACKGROUND FIELD METHOD (BACKGROUND FIELD GAUGE)

Δ̃[0,A] = Δ[A]

Gauge fixing: If is calculated in the gauge  then 
the result is the same as   with   a .


Green functions may differ, but cross section is the same

Δ̃[0,A] G̃a = G̃a(Q, A)
Δ[Q] Ga = G̃a(Q → A, A) Q = A

Explicit gauge invariance: there is a choice of gauge fixing term  
such that   is an invariant functional of A: 

G̃a

Δ̃[0,A]
G̃a = ⟨μQa

μ + gf abcAb,μQc
μ

With this choice  is invariante forΔ̃[Q̃, A]

… and   keeps A gauge invariance Δ̃[0,A]
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The hadronic tensors we consider have two causally independent sectors that 
exchange real emissions.

Wμν
DY = ∫ d4y

(2π)4 e→i(yq) ∫ [Dq̄(+)Dq(+)DA(+)]∫ [Dq̄(→)Dq(→)DA(→)]

⟩ ⋅*(→)
p1

⋅*(→)
p2

eiS(+)
QCD→iS(→)

QCD J†(→)
μ (y)J(+)

ν (0) ⋅(+)
p1

⋅(+)
p2

For each fermion field we have two copies of QCD fields: causal (+, also 
negative frequency) and anticausal (-, also positive frequency).

BACKGROUND FIELD EXPANSION METHOD
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MODES

q(±)(x) = ψ (±)(x) + q(±)
n (x) + q(±)

n̄ (x)
A(±)

μ (x) = B(±)
μ (x) + A(±)

n μ (x) + A(±)
n̄ μ (x)

Dynamical field

Dynamical field

{⟨+, ⟨→, ⟨T} qn̄ ⃗ Q{1, γ2, γ} qn̄,
{⟨+, ⟨→, ⟨T} Aμ

n̄ ⃗ Q{1, γ2, γ} Aμ
n̄

There is a scaling of the momentum of the fields…

…and we can introduce dynamic and background fields…

[⟨μαAC + gf ABC(A(±)B
n̄ μ + A(±)B

n μ )]B(±)μ C = 0Gauge fixing
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⋅p1
= ⋅p1

[q̄n̄, qn̄, An̄], ⋅p2
= ⋅p2

[q̄n, qn, An]

Hadrons are formed only from collinear fields.

kμ = k+n̄μ + k→nμ + kμ
T con n2 = n̄2 = 0, n − n̄ = 1



MODES

Each collinear field has “good” and “bad” 
components selected by standard projectors 

(~SCET)

qn̄(x) = ℓn̄(x) + κn̄(x) ℓn̄(x) = /̄n /n
2 qn̄(x), κn̄(x) = /n /̄n

2 qn̄(x)

ϵ+D→[An̄]ℓn̄ = → /DT[An̄]κn̄

ϵ→D+[An̄]κn̄ = → /DT[An̄]ℓn̄

A+
n̄ ⊥ 1, AμT

n̄ ⊥ γ, A→
n̄ ⊥ γ2,

ℓn̄/n ⊥ γ, κn̄/n ⊥ γ2

A+
n ⊥ γ2, AμT

n ⊥ γ, A→
n ⊥ 1

κn̄/n ⊥ γ ℓn̄/n

Finally..
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FORMAL RESULT

Wμν
DY(unsub.)

= ∫ d4y
(2π)4 e→i(yq)

⟩ ∫ [Dq̄(+)
n̄ Dq(+)

n̄ DA(+)
n̄ ][Dq̄(→)

n̄ Dq(→)
n̄ DA(→)

n̄ ]eiS(+)
QCD[q̄n̄,qn̄,An̄]→iS(→)

QCD[q̄n̄,qn̄,An̄]

⟩ ∫ [Dq̄(+)
n Dq(+)

n DA(+)
n ][Dq̄(→)

n Dq(→)
n DA(→)

n ]eiS(+)
QCD[q̄n,qn,An]→iS(→)

QCD[q̄n,qn,An]

⟩ ⋅*(→)
p1

[q̄n̄, qn̄, An̄]⋅*(→)
p2

[q̄n, qn, An] Γμν
eff[q̄n̄, q̄n, . . . ](y) ⋅(+)

p1
[q̄n̄, qn̄, An̄]⋅(+)

p2
[q̄n, qn, An]
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FORMAL RESULT

Γμν
eff[q̄n̄, q̄n, . . . ](y) = ∫ [Dψ̄ (+)Dψ (+)DB(+)][Dψ̄ (→)Dψ (→)DB(→)]eiS(+)

QCD[ψ̄,ψ,B]→iS(→)
QCD[ψ̄,ψ,B]eiS(+)

int →iS(→)
int

⟩ J†(→)
μ [ψ̄ + q̄n̄ + q̄n, . . . ](y)J(+)

ν [ψ̄ + q̄n̄ + q̄n, . . . ](0)

Γμν
eff[q̄n̄, q̄n, . . . ](y) =

≡

∑
N=0

∑
k

Γμν
N,k[q̄n̄, q̄n, . . . ](y)

The dynamic (hard) degrees of freedom are integrated, obtaining

And we expand in a series of operators

Where N is the power counting 
and k=twist or lists the operators

∞μν
N,k ⊥ γN+4

Γμν
N,(a,b)[q̄n̄, q̄n, . . . ](y) = Cμν

N,(a+b)(y) ∂ Φa[q̄n̄, qn̄, An̄] ∂ Φb[q̄n, qn, An]
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LEADING POWER AND LEADING ORDER HADRONIC TENSOR
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Φ ji
11,n̄({y→,0}, yT) = ℓ̄(→)

n̄,i (y→n + yT) ℓ(+)
n̄, j (0),

Φ ji
11,n̄({y→,0}, yT) = ℓ(→)

n̄, j (y→n + yT) ℓ̄(+)
n̄,i (0) .

Φ ji
11,n({y+,0}, yT) = ℓ̄(→)

n,i (y+n̄ + yT) ℓ(+)
n, j (0),

Φ ji
11,n({y+,0}, yT) = ℓ(→)

n, j (y+n̄ + yT) ℓ̄(+)
n,i (0) .

Γμν
LP(y) =

ϵμ
T,ijϵν

T,kl

Nc
(Φli

11,n̄ Φ jk
11,n+Φ jk

11,n̄ Φli
11,n)

ℓq
n

ℓq̄
n̄

ℓq̄
n

ℓq
n̄

  y    sectors can now be separatedn̄ n

Quark

antiQuark

En el gauge del cono de luz:



WILSON LINES AND GAUGE INVARIANT BLOCKS
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W(x) = [x + L̄n̄] = ≫ exp [ig∫
0

L̄
ds (n − A(x + sn̄))] = Wn

W(x) = [x + Ln] = ≫ {exp [ig∫
0

L̄
ds (n̄ − A(x + sn))]} = Wn̄

λ = W†ℓ

λ = W†ℓ

gΛμ = W†(iDμW ) = W†[i⟨μW + gAμW]

gΛμ = W†(iDμW ) = W†[i⟨μW + gAμW]

To recover gauge invariance, the fields are redefined with Wilson lines 
(which “dress” the fields with gluons) -colineal or -colineal)n n̄



WILSON LINES AND SOFT GAUGE INVARIANT BLOCKS
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Sn̄(x) = [x + L̄n̄] = ≫ exp [ig∫
0

L̄
ds (n − A(x + sn̄))]

Sn(x) = [x + Ln] = ≫ {exp [ig∫
0

L̄
ds (n̄ − A(x + sn))]}

⋅ = S†
n̄ψ

⋅ = S†
nψ

gΛμ
n̄ = S†

n̄(iDμSn̄) = S†
n̄[i⟨μSn̄ + gAμSn̄]

gΛμ
n = S†

n(iDμSn) = S†
n[i⟨μSn + gAμSn]

More Wilson lines are needed to solve superposition problems 
(zero-bin problem)



 NEXT-TO-LEADING POWER 
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⌘̄n̄

⇠n A

⇠̄n̄

⌘n
B

⇠̄n̄

⇠n

An̄

C

⇠̄n̄

⇠n

An

D

An̄

⇠n

⇠̄n

E

⇠̄n̄

An̄

⇠n

F

“Bad” component
Contributions

(Hard) background contributions

A. Vladimirov, V. Moos, I.S. JHEP 01 (2022) 110, O. Del Rio, M. Jaarsma, I.S., W. Waalewijn, in progress

The main purpose of introducing BFM is to write a proper expansion at 
NLP  and start the study of power corrections



RECENT DEVELOPMENTS: NEXT-TO-LEADING POWER
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“Bad” component
Contributions Hard background contributions

⇠̄n̄

⇠n 1

⌘̄n̄

⇠n 2

⇠̄n̄

⌘n 3

⇠̄n̄

⇠n

An̄

4

⇠̄n̄

⇠n An̄
5

⇠̄n̄

⇠n

An̄

6

⇠̄n̄

⇠n

An̄

7

⇠̄n̄

⇠n

An̄

8

⇠̄n̄

⇠n

An̄

9

⇠̄n̄

⇠n

An̄

10

LP NLP
A. Vladimirov, V. Moos, I.S. JHEP 01 (2022) 110



RECENT DEVELOPMENTS: NEW OBSERVABLES TO NLP

Production of di-jet in  with 
hemisphere dependent algorithms: 

Asymmetries at NLP

e+e→

Jets de higher twist
Pictures from M. Jaarsma talk at SCET2024, 
R. F. Del Castillo, M. Jaarsma,  I. Scimemi., W. Waalewijn, JHEP 02 (2024) 074
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SUMMARY OF DEFINITIONS AT LP
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TMD EVOLUTION
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Coupled evolution of TMD …

⇣
d

d⇣
�F (µ, ⇣) = ��(µ)

µ
d

dµ
D(µ, b) = �(µ)
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µ2 d

dµ2
Ff h(x, b;µ, ⇣) =

�F (µ, ⇣)

2
Ff h(x, b;µ, ⇣)

⇣
d

d⇣
Ff h(x, b;µ, ⇣) = �D(µ, b)Ff h(x, b;µ, ⇣)
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TMD (standard) anomalous dimension

TMD rapidity anomalous dimension

Collinear overlap



AMBIGUITY IN THE TMD EVOLUTION
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Coupled evolution of TMD and truncation of the perturbative 
series

⇣
d

d⇣
�F (µ, ⇣) = �µ

d

dµ
D(µ, b)
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Integrability Condition…

…ensures the path independence of the evolution factor…

R[b; (µf , ⇣f ) ! (µi, ⇣i)] = exp

Z

P

✓
�F (µ, ⇣)

dµ

µ
�D(µ, b)

d⇣

⇣

◆�
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AMBIGUITY IN THE TMD EVOLUTION
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Coupled evolution of TMD and truncation of the perturbative 
series



AMBIGUITY IN THE TMD EVOLUTION
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⇣
d

d⇣
�F (µ, ⇣) 6= �µ

d

dµ
D(µ, b)
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Coupled evolution of TMD and truncation of the perturbative 
series

In practice due to the truncation of the perturbative series:
Transitivity and reversibility of evolution is lost

For Q=Mz the solution path dependence enormous: 
 at b=0.5 an error of about 18% at N3LO on the evolution factor R



EVOLUTION FIELD: NOTATION AND IDEAL CASE
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The evolution scales
are treated  equally ~⌫ =

✓
ln

µ2

1 GeV2 , ln
⇣

1 GeV2

◆
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~r =
d

d~⌫
= (µ2 d

dµ2
, ⇣

d

d⇣
), curl = (�⇣

d

d⇣
, µ2 d

dµ2
)
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Differentiation

E(~⌫, b) = (
�F (~⌫)

2
,�D(~⌫, b))
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Evolution field

~rF (x, b;~⌫) = E(~⌫, b)F (x, b;~⌫)
<latexit sha1_base64="vbZrLp1EOJ9s1bLfitEEa4tWQVA="></latexit><latexit sha1_base64="vbZrLp1EOJ9s1bLfitEEa4tWQVA="></latexit><latexit sha1_base64="vbZrLp1EOJ9s1bLfitEEa4tWQVA="></latexit><latexit sha1_base64="vbZrLp1EOJ9s1bLfitEEa4tWQVA="></latexit>

TMD Evolution 

Integrability Condition

and Scalar Potential

~r⇥E = 0 ) E(~⌫, b) = ~rU(~⌫, b)
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lnR[b;~⌫f ! ~⌫i] = U(~⌫f , b)� U(~⌫i, b)

with

U(~⌫, b) =

Z ⌫1 �(s)s� �V (s)

2
ds�D(~⌫, b)⌫2 + const(b)
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Evolution kernel 



2D EVOLUTION FIELD: NOTATION AND IDEAL CASE
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=saddle point

Singularities: Landau pole (on the left, not shown) 

E(~⌫saddle, b) = ~0
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Equipotential/null-evolution curves: ~!(t,~⌫B , b) = (t,!(t,~⌫B , b)) ! d~!

dt
· ~rU(~!, b) = 0
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µ = µsaddle and ~⌫B = ~⌫saddle
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Special null-evolution curves:

In the saddle 
point all 
anomalous 
dimensions are 0 
(No evolution)



TRUNCATION OF THE PERTURBATIVE SERIES
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The truncation introduces a path difference
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The path dependence is enhanced by the difference in  rapidity scale

At large value of impact parameter the  breaking of integrability condition becomes crucial
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E(~⌫, b) = Ẽ(~⌫, b) +⇥(~⌫, b)
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Helmholtz decomposition
of evolution fields

curlẼ = 0, ~r · ~⇥ = 0, Ẽ ·⇥ = 0.
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Basic properties
of evolution fields

Scalar potentials Ẽ(~⌫, b) = ~rŨ(~⌫, b) ⇥(~⌫, b) = curlV (~⌫, b)
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curlE = curl⇥ =
��(~⌫, b)

2
6= 0
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The integrability condition is re-established defining the evolution kernel as

lnR[b;~⌫f ! ~⌫i] = Ũ(~⌫f , b)� Ũ(~⌫i, b)
<latexit sha1_base64="nA6j1seplfftQ05/5buJNvqrtwE="></latexit><latexit sha1_base64="nA6j1seplfftQ05/5buJNvqrtwE="></latexit><latexit sha1_base64="nA6j1seplfftQ05/5buJNvqrtwE="></latexit><latexit sha1_base64="nA6j1seplfftQ05/5buJNvqrtwE="></latexit>

r2Ũ(~⌫, b) =
1

2

d�F (~⌫)

d⌫1
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Ideally one could
repair the truncation
using decomposition of 
the evolution field

However in order to fix
completely the evolution potential
one needs boundary condition for

the evolution field:
at the moment no theoretically solid

non-perturbative input is known
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µ0
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D(µ, b) =

Z µ

µ0

dµ0

µ0 �(µ
0) +D(µ0, b)
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Ũ(~⌫, b;µ0) =

Z ⌫1

lnµ2
0

�(s)(s� ⌫2)� �V (s)

2
ds�D(µ0, b)⌫2 + const(b)
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lnR[b; (µf , ⇣f ) ! (µi, ⇣i);µ0] =

Z µf

µi

dµ

µ
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� �V (µ)
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This is a mixture of 

solution 1 and 2. 

The solution dependence

is parameterized by µ0
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��(µ0, b) = 0
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The minimization occurs

only when one finds a

such that

In order to compare fits 

one should agree on a 

conventional

scale  

µ0
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The truncation effects should be minimized by the choice of µ0
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Clear advantages: 
• No more the intermediate scale 
• Path independence 
• Simplicity 
• We achieve a clear separation of evolution and non-

perturbative  part of the TMD

µ0
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�M (µ, ⇣, b) = (�(µ)� ��(µ, b))l⇣ � �V (µ)
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Ũ(~⌫, b) =

Z ⌫1 (�(s)� ��(s, b))s� �V (s)

2
ds�D(~⌫, b)⌫2 + const(b)
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lnR[b; (µf , ⇣f ) ! (µi, ⇣i)] = �
Z µf

µi

dµ
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(2D(µ, b) + �V (µ)) +D(µf , b) ln
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�D(µi, b) ln

✓
µ2
i

⇣i

◆

<latexit sha1_base64="j9UkIrWXxB5JrerTQay1+GZOkrM="></latexit><latexit sha1_base64="j9UkIrWXxB5JrerTQay1+GZOkrM="></latexit><latexit sha1_base64="j9UkIrWXxB5JrerTQay1+GZOkrM="></latexit><latexit sha1_base64="j9UkIrWXxB5JrerTQay1+GZOkrM="></latexit>



EQUIVALENT TMDS: EQUIPOTENTIAL LINES

79

The 2-D evolution just connects TMDs on different 
equipotential lines
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The green line evolves first on an equipo!n"al line
and then on a vertical line.

Field lines orthogonal 
to equipotential lines
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The TMDs  one equipotential lines are not evolved 
so one can define a TMD by a single parameter line  

F (x, b;~⌫B) = F (x, b;~⌫0B), ~⌫0B 2 ~!(~⌫B , b).
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One can have an evolution only when moving  between 
different lines

F (x, b;~⌫B) = R[b;~⌫B ! ~⌫0B ]F (x, b;~⌫0B)
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Outcome: the modeling of the non-perturbative part of the TMD does not 
depend anymore on the relation between renormalization scale and 
coordinate parameter.

Question: Is there a preferred line?



⇣-prescription
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F (x, b;µf , ⇣f ) = R[b; (µf , ⇣f ) ! (µf , ⇣µf (~⌫B , b))]F (x, b;~⌫B)
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We have just to evolve between different equipotential/null-evolution line

This is realized choosing           such that           ⇣µ(b)
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∼(μsaddle, b) = 0
ϵF(μsaddle, ϕsaddle) = 0

With boundary condition

The TMD on the saddle point  has no evolution (Optimal TMD).
We write it as F(x,b) (NO scale!!)



MODELING NON-PERTURBATIVE INPUTS FOR TMD EXTRACTION

83

E288

Perturbative Wilson coefficient matching PDF

Asymptotic (small-b) limit of TMD 
for large transverse momentum

ATLAS

x

Experiments at different energy allow to 
explore different parts of the distributions

The only  thing  that we are left to do is modeling including the 
asymptotic limit

Recall Q Ψ qT fixed

Non-perturbative non-
asymptotic part
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d�

dQ2dyd(q2T )
=

4⇡

3Nc

P
sQ2

X

GG0

zGG0

ll0 (q)
X

ff 0

zGG0

ff 0 |CV (q, µ)|2
Z

d2~b

4⇡
ei(

~b~q)

⇥ Ff h1(x1,~b;µ, ⇣)Ff 0 h2(x2,~b;µ, ⇣) + Y,

Lepton tensor
 cuts E.w. factors

Hard
Coefficient

Ff h(x,b;µf , ⇣f ) = Rf [b; (µf , ⇣f ) (µi, ⇣i)]Ff h(x,b;µi, ⇣i)

Rf [b; (µf , ⇣f ) (µi, ⇣i)] = exp

Z

P

✓
�f
F (µ, ⇣)

dµ

µ
�Df (µ,b)

d⇣

⇣

◆�

Low energy 
TMD

Evolution
factor

Ff h(x,~b;µ, ⇣) =
X

q

Z 1

x

dz

z
Cf q(z,Lµ;µ, ⇣)fq h

⇣x
z
, µ

⌘
fNP (z,b)

Matching (Wilson)
coefficient

PDF Gaussian?
Exponential?

Power corrections at high qT

x

Ff𝒜h(x, 𝒪b) = ∑
q

∫ dz
z

Cf𝒜q(z, Lμ)fq𝒜h ( x
z

, μ) fNP(x, b)-prescription 
( )
ϕ
(μi, ϕi) = (μsaddle, ϕsaddle)

In principle μ ↔ μ

Generic prescription
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dδ
dqT

⊥ H∫ d2b e→iqT−bT[R − F − D](b)

CHECK THE T-SHIRT: CAN YOU RECOGNIZE EACH TERM?
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The potential has level lines (zero evolution curves) and a 
saddle point

⃗E (νsaddle, b) = ⃗⟶ U(νsaddle, b)) = 1
2 (ϵF(νsaddle), → ∼(νsaddle, b)) = 0

F(x, b, μsaddle, ϕsaddle) = Fopt(x, b)

F(x, b, μ, ϕ) = R(b, μ, ϕ)Fopt(x, b) = exp[→∼(b)ln(ϕ/ϕsaddle)]Fopt(x, b)
The saddle point has a non-perturbative definition calculable as a kernel function  and 

allows defining optimal, scale-independent TMDs



TMD’S IN  COORDINATE SPACE FROM ART25

TMDPDFs

-TMDFFπ

K-TMDFF
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Integro-differentials equations Double scale differential equacions
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µ2 d

dµ2
fq(x, µ) =

X

f 0

Z 1

x

dy

y
Pq!q0(y)fq0

✓
x

y
, µ

◆

Non-diagonals in flavor 
space Diagonals in flavor space

The Collins-Soper kernel   is a fundamental QCD quantity (as the strong coupling)∼

 = UV renormalization scaleμ
 = rapidity scaleϕ

Evolution of TMD and PDF. The CS kernel.

89

DGLAP EQUATIONS                                    COLLINS-SOPER EQUATIONS

d
d ln ϕ

∼(b, μ) = Δcusp(μ) = → d
d ln μ

ϵF(μ, ϕ)

ϵF(μ, ϕ) = → ϵV(μ) + Δcusp(μ)ln μ2

ϕ

d
d ln μ

F(x, b; μ, ϕ) = ϵF(μ, ϕ)F(x, b; μ, ϕ)

d
d ln ϕ

F(x, b; μ, ϕ) = → ∼(b, μ)F(x, b; μ, ϕ){



TRANSVERSE MOMENTUM MOMENTS

➤ TMMs are weighted integrals with an upper cut-off

 The upper cut-off becomes the scale at which the collinear functions are 
evaluated  
 TMMs obey DGLAP equations   
 We provide a definition for all moments
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M[�]
⌫1...⌫n

(x, µ) ⌘
Z µ

d2~kT ~kT⌫1 ...~kT⌫nF
[�](x, kT )

<latexit sha1_base64="2zYZ20NaVJ5CDzM6s1643Tj8eQU="></latexit>

M⇤[�]
⌫1...⌫n

(x, µ) ⌘
Z µ

d2~kT ~kT⌫1 ...~kT⌫nF
[�](x, kT ;µ, µ

2)

for TMDs in the -prescription which has no scale dependenceϕ

for TMDs in the general prescription
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For 0-moment: M. Ebert, J. Michel, I. Stewart, Z. Sun,  JHEP 07 (2022) 129



Fourier transformation: angular integrations are trivial 

4

We call these integrals in Eqs. (6,7) Transverse Momentum Moments (TMMs). In what follows we show that (and

similarly for
⇤

M)

M
[�]

⌫1...⌫n
(x, µ) = M[�]

⌫1...⌫n
(x, µ) +O(µ�2), (8)

where we assume that the cut-o↵ scale µ is su�ciently large, to neglect O(µ�2) corrections. We prove that the TMMs
obtained with Eqs. (6,7) (after the appropriate subtractions) coincide with the collinear quantities from Eq. (4)

computed in some minimal subtraction scheme, that we call the TMD-scheme for M and TMD2-scheme for
⇤

M. It
means that TMM obeys the same evolution as the corresponding collinear matrix element, with the kernel that di↵ers
from the one in MS at order ↵

2
s
(i.e. at NLO). In some cases, it is possible to introduce a finite renormalization

constant to match the TMD-, TMD2-, and the MS-schemes. Note, that the cut-o↵ parameter µ in Eq. (6,7) is the
renormalization scale for the collinear distribution.

Importantly, the numerical values of (6) and (7) are not the same, despite both being equivalent to the same
collinear matrix element. TMMs (6) and (7) correspond to collinear matrix elements evaluated in di↵erent schemes,
which can be reduced to MS-scheme by di↵erent factors (see Section V). In other words,

M
[�]

⌫1...⌫n
(x, µ)/

⇤
M

[�]

⌫1...⌫n
(x, µ) = 1 +O(↵s). (9)

Detailed discussions on the relationship between the zeroth moment of unpolarized TMDs or Sivers TMD and the
corresponding collinear functions can be found in Refs. [42, 44, 48, 50, 61, 71]. Higher moments are more intricate as
they are associated with power corrections in the OPE.

III. PARAMETRIZATION OF TMDS IN POSITION AND MOMENTUM SPACE

The standard parameterization [53] of the TMD matrix element in Eq. (1) reads

eF [�
+
](x, b) = ef1(x, b) + i✏
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T
bµsT⌫M
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1T
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µ⌫

T
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�+µ⌫ = ✏
30µ⌫ with ✏
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T
= +1, gµ⌫

T
= g

µ⌫
� n

µ
n̄
⌫
� n̄

µ
n
⌫ , � and sT are the longitudinal and transverse

components of the spin-vector. The mass parameter M is a typical nonperturbative scale, often chosen to be the mass
of the hadron. It is worth noting that a TMD depends solely on the absolute value of the transverse coordinate b. In
momentum space, the parameterization is given by
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The TMDs in each space are related to each other by the Hankel transform

F (x, kT ) =
M

2n

n!

Z
1

0

dbb

2⇡

✓
b

kT

◆n

Jn(bkT ) eF (n)(x, b;µ, ⇣), (12)

which is obtained by the angular integration in the Fourier transform of Eq. (1), as b and kT are absolute values of
the transverse coordinate and momentum vectors. In Eq. (12) we introduce a superscript (n) and explicitly apply the
following relation [72] for TMDs in b-space

eF (n)(x, bT ;µ, ⇣) ⌘ n!

✓
�1

M2b
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◆n

eF (x, b;µ, ⇣) =
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0
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Note that for real functions f , this Hankel transform is also real, and f̃
(n) possesses the same mass dimension for

all n. Therefore, the correspondence between the functions in Eq. (10) and Eq. (13) is
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Formally one has [72]
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where f
(n)(x) is often referred to as the n-th moment of the TMD.

The superscripts (0), (1), (2) in Eqs. (14) help to keep track of the asymptotic behavior of the TMDs and they are
important for the discussion of TMMs in the following Sections. The large-kT asymptotic of the TMDs are power-like
and in kT -space one has
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(k2
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, (16)

accompanied by powers of logarithms ln(kT ), where f represents one of the TMDs from the right-hand side of Eq. (11),

and m is the corresponding superscript of ef (m)(x, b) from Eqs. (14).

IV. EVOLUTION OF TMDS AND ⇣-PRESCRIPTION

The treatment of evolution scales plays a central role in the derivations of relations between 3D and 1D struc-
tures. In this section, we recap the main elements of TMD evolution and the ⇣-prescription. The detailed definition
and derivations can be found in Refs. [52, 73]. For the reader’s convenience, we collect several useful formulas in
Appendix A.

All TMDs depend on two renormalization scales, µ, the UV evolution scale, and ⇣, the rapidity evolution scale. In
the position space, the dependence on (µ, ⇣) is governed by two evolution equations [4]
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where eF represents any TMD in b-space from LHS of Eq. (10), and D is the Collins-Soper kernel 2. The TMD
anomalous dimension �F has the following form
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Here, �cusp is the cusp-anomalous dimension, and �V is the vector anomalous dimension. The coe�cients of the
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2 D = �K̃/2, where K̃ is the Collins-Soper kernel in the notation of Ref [4]. It is a universal object for all quarks. For gluons, the
Collins-Soper kernel is di↵erent, and we do not explicitly consider gluons in this paper, hence we do not assign the flavor index to it.
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and derivations can be found in Refs. [52, 73]. For the reader’s convenience, we collect several useful formulas in
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➤ Operation  is defined as×

➤ Its properties:  logarithmic divergence,  power 
divergence in 

n = m n = m + l
μ

➤ The logarithmic divergence for  is the UV divergence that 
corresponds to the divergence of the collinear functions

n = m
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This point has the advantage of being uniquely defined and such that the values of ⇣µ are finite at all values of µ
(which is not guaranteed for any arbitrary equipotential line defined by Eq. (26)). The TMD defined on the line that
passes through the saddle point, Eqs. (29,30), is called the optimal TMD and is conventionally defined without explicit
scales, as discussed in Refs.[52, 73]. Another advantage of the optimal TMD on the equipotential line passing through
the saddle point is that the resulting TMD is inherently independent of the Collins-Soper kernel by construction, due
to Eq. (29).

Phenomenological studies that use ⇣-prescription proved to be very fruitful and include Refs. [14, 15, 49, 50,
52, 73, 78–80], along with the latest extraction of TMDs from Drell-Yan data performed at an approximate N4LL
accuracy [22].

V. THE ZEROTH TRANSVERSE MOMENTUM MOMENT

The zeroth TMM relates TMDs to the collinear (twist-two) parton distribution functions. In this Section, we
demonstrate that the zeroth TMM corresponds to the collinear PDF and exhibits the correct DGLAP evolution.
Specifically, we show that it can be precisely matched to the MS collinear PDF through a finite renormalization
constant.

The zeroth TMM is simply the momentum integral of the TMD given in Eq.(6). Upon substituting the parametriza-
tion for particular Dirac structures (10), we obtain
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The last term contributes as ⇠ µ
�2, because the pretzelocity TMD, h?

1T
, behaves as k

�6

T
at large kT . Since we are

considering the large-µ regime, we will neglect this term.
To simplify the notations, we introduce operation G, see also Ref. [42],
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Z
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d
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f(x, kT ) . (32)

In Eq. (32) the first index n can be any integer, while the second index m is the index of the TMD f̃ from Eqs. (14) in
b-space, that corresponds to the TMD f . Notice that without the upper cut-o↵, one recovers the usual n-th moment
of the TMD, as given by Eq. (15). With this notation and using Eq. (16) we obtain the following properties:

Gm,m[f ](x, µ) / log(µ) ,

Gm+l,m[f ](x, µ) / µ
2l for m+ l � 0 . (33)

That is, for any TMD in b-space of index m, the operation Gm,m exhibits logarithmic divergence, the operation Gm+l,m

has power like divergence of order l if l > 0, and Gm+l,m is convergent if l < 0. In what follows for the zeroth moment,
where indices are (0, 0), the index n is not a free parameter but is defined by the index m of the TMD. For simplicity,
we use a single subscript in the case where n = m, so that Gn,n ⌘ Gn. Hence, we have

Gn[f ](x, µ) =

Z
µ

d
2kT

✓
k2

T

2M2

◆n

f(x, kT ) =
1

n!

Z
1

0

db µ

✓
µb

2

◆n

Jn+1(µb) ef (n)(x, b), (34)

where Jn+1 is the Bessel function of the first kind. In this notation, Eqs. (31) turns into

M
[�

+
](x, µ) = G0[f1](x, µ), (35)
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to Eq. (29).
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accuracy [22].
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The zeroth TMM relates TMDs to the collinear (twist-two) parton distribution functions. In this Section, we
demonstrate that the zeroth TMM corresponds to the collinear PDF and exhibits the correct DGLAP evolution.
Specifically, we show that it can be precisely matched to the MS collinear PDF through a finite renormalization
constant.
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In Eq. (32) the first index n can be any integer, while the second index m is the index of the TMD f̃ from Eqs. (14) in
b-space, that corresponds to the TMD f . Notice that without the upper cut-o↵, one recovers the usual n-th moment
of the TMD, as given by Eq. (15). With this notation and using Eq. (16) we obtain the following properties:

Gm,m[f ](x, µ) / log(µ) ,

Gm+l,m[f ](x, µ) / µ
2l for m+ l � 0 . (33)

That is, for any TMD in b-space of index m, the operation Gm,m exhibits logarithmic divergence, the operation Gm+l,m

has power like divergence of order l if l > 0, and Gm+l,m is convergent if l < 0. In what follows for the zeroth moment,
where indices are (0, 0), the index n is not a free parameter but is defined by the index m of the TMD. For simplicity,
we use a single subscript in the case where n = m, so that Gn,n ⌘ Gn. Hence, we have
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where Jn+1 is the Bessel function of the first kind. In this notation, Eqs. (31) turns into
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➤ Without cut-off it corresponds to the conventional  moment of 
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nth

m f̃

TMDS IN -SPACE AND  OPERATIONb ×

92



➤ The  TMM is0th

7

�cusp(µ0) ln

✓
µ
2
0

⇣0

◆
� �V (µ0) = 0. (30)

This point has the advantage of being uniquely defined and such that the values of ⇣µ are finite at all values of µ
(which is not guaranteed for any arbitrary equipotential line defined by Eq. (26)). The TMD defined on the line that
passes through the saddle point, Eqs. (29,30), is called the optimal TMD and is conventionally defined without explicit
scales, as discussed in Refs.[52, 73]. Another advantage of the optimal TMD on the equipotential line passing through
the saddle point is that the resulting TMD is inherently independent of the Collins-Soper kernel by construction, due
to Eq. (29).

Phenomenological studies that use ⇣-prescription proved to be very fruitful and include Refs. [14, 15, 49, 50,
52, 73, 78–80], along with the latest extraction of TMDs from Drell-Yan data performed at an approximate N4LL
accuracy [22].
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The zeroth TMM relates TMDs to the collinear (twist-two) parton distribution functions. In this Section, we
demonstrate that the zeroth TMM corresponds to the collinear PDF and exhibits the correct DGLAP evolution.
Specifically, we show that it can be precisely matched to the MS collinear PDF through a finite renormalization
constant.
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In Eq. (32) the first index n can be any integer, while the second index m is the index of the TMD f̃ from Eqs. (14) in
b-space, that corresponds to the TMD f . Notice that without the upper cut-o↵, one recovers the usual n-th moment
of the TMD, as given by Eq. (15). With this notation and using Eq. (16) we obtain the following properties:
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That is, for any TMD in b-space of index m, the operation Gm,m exhibits logarithmic divergence, the operation Gm+l,m

has power like divergence of order l if l > 0, and Gm+l,m is convergent if l < 0. In what follows for the zeroth moment,
where indices are (0, 0), the index n is not a free parameter but is defined by the index m of the TMD. For simplicity,
we use a single subscript in the case where n = m, so that Gn,n ⌘ Gn. Hence, we have
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where Jn+1 is the Bessel function of the first kind. In this notation, Eqs. (31) turns into
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This point has the advantage of being uniquely defined and such that the values of ⇣µ are finite at all values of µ
(which is not guaranteed for any arbitrary equipotential line defined by Eq. (26)). The TMD defined on the line that
passes through the saddle point, Eqs. (29,30), is called the optimal TMD and is conventionally defined without explicit
scales, as discussed in Refs.[52, 73]. Another advantage of the optimal TMD on the equipotential line passing through
the saddle point is that the resulting TMD is inherently independent of the Collins-Soper kernel by construction, due
to Eq. (29).

Phenomenological studies that use ⇣-prescription proved to be very fruitful and include Refs. [14, 15, 49, 50,
52, 73, 78–80], along with the latest extraction of TMDs from Drell-Yan data performed at an approximate N4LL
accuracy [22].
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The zeroth TMM relates TMDs to the collinear (twist-two) parton distribution functions. In this Section, we
demonstrate that the zeroth TMM corresponds to the collinear PDF and exhibits the correct DGLAP evolution.
Specifically, we show that it can be precisely matched to the MS collinear PDF through a finite renormalization
constant.
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In Eq. (32) the first index n can be any integer, while the second index m is the index of the TMD f̃ from Eqs. (14) in
b-space, that corresponds to the TMD f . Notice that without the upper cut-o↵, one recovers the usual n-th moment
of the TMD, as given by Eq. (15). With this notation and using Eq. (16) we obtain the following properties:
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That is, for any TMD in b-space of index m, the operation Gm,m exhibits logarithmic divergence, the operation Gm+l,m

has power like divergence of order l if l > 0, and Gm+l,m is convergent if l < 0. In what follows for the zeroth moment,
where indices are (0, 0), the index n is not a free parameter but is defined by the index m of the TMD. For simplicity,
we use a single subscript in the case where n = m, so that Gn,n ⌘ Gn. Hence, we have
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where Jn+1 is the Bessel function of the first kind. In this notation, Eqs. (31) turns into
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where sL and sT are the longitudinal and transverse components of the proton’s spin. TMDs f1, g1, and h1 are known
as the unpolarized, helicity, and transversity TMDs, respectively.

At large values of kT the TMDs f1, g1, and h1 behave as k
�2

T
, see Eq. (16), (potentially multiplied by powers

of ln(kT )) [81]. Therefore, the integrals G0 diverge logarithmically as µ becomes large. This is, in essence, the UV
divergence associated with the DGLAP evolution of the corresponding collinear distributions. Therefore, the zeroth
TMMs, Eqs. (35-37), exhibit logarithmic divergences similar to those in the collinear PDFs:

G0[F ](x, µ) = f
(TMD)(x, µ) +O(µ�2), (38)

where F represents the TMDs f1, g1, and h1, and f
(TMD) is related to unpolarized (q(x)), helicity (�q(x)), and

transversity (�q(x)) collinear PDFs, respectively:

G0[f1](x, µ) = q
(TMD)(x, µ) +O(µ�2),

G0[g1](x, µ) = �q
(TMD)(x, µ) +O(µ�2), (39)

G0[h1](x, µ) = �q
(TMD)(x, µ) +O(µ�2).

These relations were considered in Ref. [61] at NLL and then studied in detail in Ref. [42]. The label “(TMD)”
is used to distinguish the functions resulting from the operation G0 from the collinear functions themselves. We
will demonstrate that the resulting functions f (TMD) obey the same DGLAP evolution equations as collinear PDFs.
Therefore, the label “(TMD)” indicates that the collinear PDF is evaluated in a particular TMD-scheme, which is
a minimal subtraction scheme, but it does not coincide with MS-scheme [82, 83]. The transformation between the

TMD-scheme and the conventional MS-scheme can be performed by a finite renormalization constant Z
MS/TMD,

which we derive below. The schemes di↵er also for TMMs evaluated with the optimal TMDs, Eq. (6), or with TMDs
at general scales, Eq. (7). We consider these cases one by one, starting with the ⇣-prescription.

A. Optimal TMDs

To derive Eq. (38) and verify its properties, we exploit the correspondence between the large-µ asymptotic behavior
of Hankel integrals and the small-b asymptotic behavior of the integrand [84]. The small-b asymptotic of a TMD can
be computed using the operator product expansion (OPE). For TMDs f1, g1, and h1, the OPE takes the form

eFf (x, b) =
X

f 0

Z
1

x

dy

y

eCf f 0(y, µOPE)ff 0

✓
x

y
, µOPE

◆
+O(b2) ⌘ eC ⌦ f +O(b2), (40)

where eC is the coe�cient function that depends on b via LO = ln(µ2

OPE
b2/4e�2�E ). Here we explicitly indicate the

flavor labels f of the TMD and introduce the convolution notation “⌦” that implies Mellin convolution and summation
over flavors f 0 (quarks, anti-quarks, and gluons)

eC ⌦ f ⌘

X

f 0

Z
1

x

dy

y

eCf f 0 (y, µ) ff 0

✓
x

y
, µ

◆
=

X

f 0

Z
1

x

dy

y

eCf f 0

✓
x

y
, µ

◆
ff 0 (y, µ) . (41)

Notice that this convolution is not commutative (for instance see terms such as C1 ⌦P1 ⌦P1 in Eq. (42)) because the
kernels are not symmetric in flavor space. The expression in Eq. (40) is independent of µOPE as the dependence on
this scale cancels between PDF evolution and the coe�cient function, rendering the LHS of Eq. (40) scale invariant.
For the optimal TMD, the perturbative coe�cient function takes the following form:

eC = 1+ ↵s (�P1LO + C1) + ↵
2

s


P1 ⌦ P1 � �0P1

2
L2

O
� (P2 + C1 ⌦ P1 � �0C1)LO + C2

�

+↵
3

s

h
�

�
P1 ⌦ P1 ⌦ P1 � 3�0P1 ⌦ P1 + 2�2

0
P1

� L3

O

6
(42)

+
�
P1 ⌦ P2 + P2 ⌦ P1 + C1 ⌦ P1 ⌦ P1 � 3�0C1 ⌦ P1 � 2�0P2 � �1P1 + 2�2

0
C1

� L2

O

2

In practice we obtain PDF in a certain  scheme (we call it TMD-scheme)
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M
[�

+
�
5
](x, µ) = sLG0[g1](x, µ), (36)

M
[i�

↵+
�
5
](x, µ) = s

↵

T
G0[h1](x, µ), (37)

where sL and sT are the longitudinal and transverse components of the proton’s spin. TMDs f1, g1, and h1 are known
as the unpolarized, helicity, and transversity TMDs, respectively.

At large values of kT the TMDs f1, g1, and h1 behave as k
�2

T
, see Eq. (16), (potentially multiplied by powers

of ln(kT )) [81]. Therefore, the integrals G0 diverge logarithmically as µ becomes large. This is, in essence, the UV
divergence associated with the DGLAP evolution of the corresponding collinear distributions. Therefore, the zeroth
TMMs, Eqs. (35-37), exhibit logarithmic divergences similar to those in the collinear PDFs:

G0[F ](x, µ) = f
(TMD)(x, µ) +O(µ�2), (38)

where F represents the TMDs f1, g1, and h1, and f
(TMD) is related to unpolarized (q(x)), helicity (�q(x)), and

transversity (�q(x)) collinear PDFs, respectively:

G0[f1](x, µ) = q
(TMD)(x, µ) +O(µ�2),

G0[g1](x, µ) = �q
(TMD)(x, µ) +O(µ�2), (39)

G0[h1](x, µ) = �q
(TMD)(x, µ) +O(µ�2).

These relations were considered in Ref. [61] at NLL and then studied in detail in Ref. [42]. The label “(TMD)”
is used to distinguish the functions resulting from the operation G0 from the collinear functions themselves. We
will demonstrate that the resulting functions f (TMD) obey the same DGLAP evolution equations as collinear PDFs.
Therefore, the label “(TMD)” indicates that the collinear PDF is evaluated in a particular TMD-scheme, which is
a minimal subtraction scheme, but it does not coincide with MS-scheme [82, 83]. The transformation between the

TMD-scheme and the conventional MS-scheme can be performed by a finite renormalization constant Z
MS/TMD,

which we derive below. The schemes di↵er also for TMMs evaluated with the optimal TMDs, Eq. (6), or with TMDs
at general scales, Eq. (7). We consider these cases one by one, starting with the ⇣-prescription.

A. Optimal TMDs

To derive Eq. (38) and verify its properties, we exploit the correspondence between the large-µ asymptotic behavior
of Hankel integrals and the small-b asymptotic behavior of the integrand [84]. The small-b asymptotic of a TMD can
be computed using the operator product expansion (OPE). For TMDs f1, g1, and h1, the OPE takes the form

eFf (x, b) =
X

f 0

Z
1

x

dy

y

eCf f 0(y, µOPE)ff 0

✓
x

y
, µOPE

◆
+O(b2) ⌘ eC ⌦ f +O(b2), (40)

where eC is the coe�cient function that depends on b via LO = ln(µ2

OPE
b2/4e�2�E ). Here we explicitly indicate the

flavor labels f of the TMD and introduce the convolution notation “⌦” that implies Mellin convolution and summation
over flavors f 0 (quarks, anti-quarks, and gluons)

eC ⌦ f ⌘

X

f 0

Z
1

x

dy

y

eCf f 0 (y, µ) ff 0

✓
x

y
, µ

◆
=

X

f 0

Z
1

x

dy

y

eCf f 0

✓
x

y
, µ

◆
ff 0 (y, µ) . (41)

Notice that this convolution is not commutative (for instance see terms such as C1 ⌦P1 ⌦P1 in Eq. (42)) because the
kernels are not symmetric in flavor space. The expression in Eq. (40) is independent of µOPE as the dependence on
this scale cancels between PDF evolution and the coe�cient function, rendering the LHS of Eq. (40) scale invariant.
For the optimal TMD, the perturbative coe�cient function takes the following form:

eC = 1+ ↵s (�P1LO + C1) + ↵
2

s


P1 ⌦ P1 � �0P1

2
L2

O
� (P2 + C1 ⌦ P1 � �0C1)LO + C2

�

+↵
3

s

h
�

�
P1 ⌦ P1 ⌦ P1 � 3�0P1 ⌦ P1 + 2�2

0
P1

� L3

O

6
(42)

+
�
P1 ⌦ P2 + P2 ⌦ P1 + C1 ⌦ P1 ⌦ P1 � 3�0C1 ⌦ P1 � 2�0P2 � �1P1 + 2�2

0
C1

� L2

O

2
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� (P3 + C1 ⌦ P2 + C2 ⌦ P1 � 2�0C2 � �1C1)LO + C3

i
+O(↵4

s
),

where the leading term 1 ⌘ �ff 0�(1 � y) represents the unity convolution, Cn are the finite parts of the coe�cient
function free from any logarithmic dependence, and Pn stand for the perturbative coe�cients of the DGLAP kernel,
as given by

µ
2

d

dµ2
f(x, µ) =

 
1X

n=1

↵
n

s
(µ)Pn(x)

!
⌦ f(x, µ) = P ⌦ f(x, µ). (43)

Furthermore, �n represent the coe�cients of the QCD beta-function, defined by

µ
2

d

dµ2
↵s(µ) = �

1X

n=0

�n↵
n+2

s
(µ). (44)

Expressions for the coe�cient functions for the unpolarized TMD can be found in Refs. [30, 31, 63, 67] up to
↵
3
s
-order, for helicity TMD in Ref. [61, 64] up to ↵

1
s
, and for transversity TMD in Ref. [65] up to ↵

2
s
. The expressions

presented in these references apply to general scales (µ, ⇣), and in Appendix A 2 we provide the rules to render those
into ⇣-prescription. It is essential to emphasize that all computations are in the MS-scheme, and consequently, PDFs
in Eq. (40) are defined in the MS-scheme.

The relationship between the small-b and large-µ asymptotic expansions with logarithmic terms is explored in
detail in Refs. [85, 86]. Generally, power-suppressed terms in b contribute to power-suppressed terms in µ, and
the logarithmic singularities at b ! 0 turn into logarithmic singularities at µ ! 1. For the leading power term,
the asymptotic behavior for b ! 0 and µ ! 1 are connected by simple replacement rules LO ! �`̀̀, L2

O
! `̀̀

2,
L3

O
! �`̀̀

3
� 4⇣3, etc., see Ref. [85] (here `̀̀ = ln(µ2

/µ
2

OPE
)). The OPE in Eq. (40) is independent of µOPE, and

therefore, it is conventional to set µOPE = µ (and hence `̀̀ = 0). Thus, the asymptotic form of Eq. (38) reads

G0[F ](x, µ) =

⇢
1+ ↵sC1 + ↵

2

s
C2 (45)

+↵
3

s

h2⇣3
3

�
P1 ⌦ P1 ⌦ P1 � 3�0P1 ⌦ P1 + 2�2

0
P1

�
+ C3

i
+O(↵4

s
)

�
⌦ f(x, µ) +O(µ�2),

where ↵s is evaluated at µ. Upon di↵erentiating this expression, we obtain:

µ
2

d

dµ2
f
(TMD)(x, µ) = P

0
⌦ f

(TMD)(x, µ). (46)

Here, the evolution kernel P 0 deviates from the MS DGLAP kernel P (defined in Eq. (43)) starting at order ↵2
s

P
0
� P = �↵

2

s
�0C1 � ↵

3

s
(2�0C2 � �0C1 ⌦ C1 + �1C1) +O(↵4

s
). (47)

Thus, we have established that the function f
(TMD) is a collinear PDF that obeys the DGLAP equation but is

computed in a scheme di↵erent from MS. As we stated in the previous subsection, we refer to this scheme as the
TMD-scheme. The same result holds for helicity and transversity zeroth TMM, employing the pertinent DGLAP
kernels P and coe�cient functions C.

The transition from the TMD-scheme to the MS-scheme is accomplished through multiplication by a finite renor-
malization matrix Z

f
(MS)

f
(x, µ) =

X

f 0

Z
1

x

dy

y
Z

MS/TMD

f f 0 (y, µ)f (TMD)

f 0

✓
x

y
, µ

◆
, (48)

where the PDF on the left-hand side is the collinear PDF in MS scheme (explicitly indicated by the superscript MS).

Expressions for the finite renormalization constant ZMS/TMD can be obtained by eliminating terms in Eq. (47). The
result reads

Z
MS/TMD = 1� ↵sC1 � ↵

2

s
(C2 � C1 ⌦ C1) (49)

�↵
3

s


C3 + C1 ⌦ C1 ⌦ C1 � C1 ⌦ C2 � C2 ⌦ C1 +

2⇣3
3

P1 ⌦ (P1 � �0 · 1)⌦ (P1 � 2�0 · 1)

�
+O(↵4

s
).

R. Wong, Computers & Mathematics with Applications 3, 271 (1977). 
R. F. MacKinnon, Mathematics of Computation 26, 515 (1972).



All scales in theTMD are set to  and we have a DGLAP equationμ
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� (P3 + C1 ⌦ P2 + C2 ⌦ P1 � 2�0C2 � �1C1)LO + C3

i
+O(↵4

s
),

where the leading term 1 ⌘ �ff 0�(1 � y) represents the unity convolution, Cn are the finite parts of the coe�cient
function free from any logarithmic dependence, and Pn stand for the perturbative coe�cients of the DGLAP kernel,
as given by

µ
2

d

dµ2
f(x, µ) =

 
1X

n=1

↵
n

s
(µ)Pn(x)

!
⌦ f(x, µ) = P ⌦ f(x, µ). (43)

Furthermore, �n represent the coe�cients of the QCD beta-function, defined by

µ
2

d

dµ2
↵s(µ) = �

1X

n=0

�n↵
n+2

s
(µ). (44)

Expressions for the coe�cient functions for the unpolarized TMD can be found in Refs. [30, 31, 63, 67] up to
↵
3
s
-order, for helicity TMD in Ref. [61, 64] up to ↵

1
s
, and for transversity TMD in Ref. [65] up to ↵

2
s
. The expressions

presented in these references apply to general scales (µ, ⇣), and in Appendix A 2 we provide the rules to render those
into ⇣-prescription. It is essential to emphasize that all computations are in the MS-scheme, and consequently, PDFs
in Eq. (40) are defined in the MS-scheme.

The relationship between the small-b and large-µ asymptotic expansions with logarithmic terms is explored in
detail in Refs. [85, 86]. Generally, power-suppressed terms in b contribute to power-suppressed terms in µ, and
the logarithmic singularities at b ! 0 turn into logarithmic singularities at µ ! 1. For the leading power term,
the asymptotic behavior for b ! 0 and µ ! 1 are connected by simple replacement rules LO ! �`̀̀, L2

O
! `̀̀

2,
L3

O
! �`̀̀

3
� 4⇣3, etc., see Ref. [85] (here `̀̀ = ln(µ2

/µ
2

OPE
)). The OPE in Eq. (40) is independent of µOPE, and

therefore, it is conventional to set µOPE = µ (and hence `̀̀ = 0). Thus, the asymptotic form of Eq. (38) reads

G0[F ](x, µ) =

⇢
1+ ↵sC1 + ↵

2

s
C2 (45)

+↵
3

s

h2⇣3
3

�
P1 ⌦ P1 ⌦ P1 � 3�0P1 ⌦ P1 + 2�2

0
P1

�
+ C3

i
+O(↵4

s
)

�
⌦ f(x, µ) +O(µ�2),

where ↵s is evaluated at µ. Upon di↵erentiating this expression, we obtain:

µ
2

d

dµ2
f
(TMD)(x, µ) = P

0
⌦ f

(TMD)(x, µ). (46)

Here, the evolution kernel P 0 deviates from the MS DGLAP kernel P (defined in Eq. (43)) starting at order ↵2
s

P
0
� P = �↵

2

s
�0C1 � ↵

3

s
(2�0C2 � �0C1 ⌦ C1 + �1C1) +O(↵4

s
). (47)

Thus, we have established that the function f
(TMD) is a collinear PDF that obeys the DGLAP equation but is

computed in a scheme di↵erent from MS. As we stated in the previous subsection, we refer to this scheme as the
TMD-scheme. The same result holds for helicity and transversity zeroth TMM, employing the pertinent DGLAP
kernels P and coe�cient functions C.

The transition from the TMD-scheme to the MS-scheme is accomplished through multiplication by a finite renor-
malization matrix Z

f
(MS)

f
(x, µ) =

X

f 0

Z
1

x

dy

y
Z

MS/TMD

f f 0 (y, µ)f (TMD)

f 0

✓
x

y
, µ

◆
, (48)

where the PDF on the left-hand side is the collinear PDF in MS scheme (explicitly indicated by the superscript MS).

Expressions for the finite renormalization constant ZMS/TMD can be obtained by eliminating terms in Eq. (47). The
result reads

Z
MS/TMD = 1� ↵sC1 � ↵

2

s
(C2 � C1 ⌦ C1) (49)

�↵
3

s


C3 + C1 ⌦ C1 ⌦ C1 � C1 ⌦ C2 � C2 ⌦ C1 +

2⇣3
3

P1 ⌦ (P1 � �0 · 1)⌦ (P1 � 2�0 · 1)

�
+O(↵4

s
).
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� (P3 + C1 ⌦ P2 + C2 ⌦ P1 � 2�0C2 � �1C1)LO + C3

i
+O(↵4

s
),

where the leading term 1 ⌘ �ff 0�(1 � y) represents the unity convolution, Cn are the finite parts of the coe�cient
function free from any logarithmic dependence, and Pn stand for the perturbative coe�cients of the DGLAP kernel,
as given by

µ
2

d

dµ2
f(x, µ) =

 
1X

n=1

↵
n

s
(µ)Pn(x)

!
⌦ f(x, µ) = P ⌦ f(x, µ). (43)

Furthermore, �n represent the coe�cients of the QCD beta-function, defined by

µ
2

d

dµ2
↵s(µ) = �

1X

n=0

�n↵
n+2

s
(µ). (44)

Expressions for the coe�cient functions for the unpolarized TMD can be found in Refs. [30, 31, 63, 67] up to
↵
3
s
-order, for helicity TMD in Ref. [61, 64] up to ↵

1
s
, and for transversity TMD in Ref. [65] up to ↵

2
s
. The expressions

presented in these references apply to general scales (µ, ⇣), and in Appendix A 2 we provide the rules to render those
into ⇣-prescription. It is essential to emphasize that all computations are in the MS-scheme, and consequently, PDFs
in Eq. (40) are defined in the MS-scheme.

The relationship between the small-b and large-µ asymptotic expansions with logarithmic terms is explored in
detail in Refs. [85, 86]. Generally, power-suppressed terms in b contribute to power-suppressed terms in µ, and
the logarithmic singularities at b ! 0 turn into logarithmic singularities at µ ! 1. For the leading power term,
the asymptotic behavior for b ! 0 and µ ! 1 are connected by simple replacement rules LO ! �`̀̀, L2

O
! `̀̀

2,
L3

O
! �`̀̀

3
� 4⇣3, etc., see Ref. [85] (here `̀̀ = ln(µ2

/µ
2

OPE
)). The OPE in Eq. (40) is independent of µOPE, and

therefore, it is conventional to set µOPE = µ (and hence `̀̀ = 0). Thus, the asymptotic form of Eq. (38) reads

G0[F ](x, µ) =

⇢
1+ ↵sC1 + ↵

2

s
C2 (45)

+↵
3

s

h2⇣3
3

�
P1 ⌦ P1 ⌦ P1 � 3�0P1 ⌦ P1 + 2�2

0
P1

�
+ C3

i
+O(↵4

s
)

�
⌦ f(x, µ) +O(µ�2),

where ↵s is evaluated at µ. Upon di↵erentiating this expression, we obtain:

µ
2

d

dµ2
f
(TMD)(x, µ) = P

0
⌦ f

(TMD)(x, µ). (46)

Here, the evolution kernel P 0 deviates from the MS DGLAP kernel P (defined in Eq. (43)) starting at order ↵2
s

P
0
� P = �↵

2

s
�0C1 � ↵

3

s
(2�0C2 � �0C1 ⌦ C1 + �1C1) +O(↵4

s
). (47)

Thus, we have established that the function f
(TMD) is a collinear PDF that obeys the DGLAP equation but is

computed in a scheme di↵erent from MS. As we stated in the previous subsection, we refer to this scheme as the
TMD-scheme. The same result holds for helicity and transversity zeroth TMM, employing the pertinent DGLAP
kernels P and coe�cient functions C.

The transition from the TMD-scheme to the MS-scheme is accomplished through multiplication by a finite renor-
malization matrix Z

f
(MS)

f
(x, µ) =

X

f 0

Z
1

x

dy

y
Z

MS/TMD

f f 0 (y, µ)f (TMD)

f 0

✓
x

y
, µ

◆
, (48)

where the PDF on the left-hand side is the collinear PDF in MS scheme (explicitly indicated by the superscript MS).

Expressions for the finite renormalization constant ZMS/TMD can be obtained by eliminating terms in Eq. (47). The
result reads

Z
MS/TMD = 1� ↵sC1 � ↵

2

s
(C2 � C1 ⌦ C1) (49)

�↵
3

s


C3 + C1 ⌦ C1 ⌦ C1 � C1 ⌦ C2 � C2 ⌦ C1 +

2⇣3
3

P1 ⌦ (P1 � �0 · 1)⌦ (P1 � 2�0 · 1)

�
+O(↵4

s
).

Therefore it is the same as PDFs but computed in a different scheme.  
The difference in splitting functions is of order  and it is calculableχ2
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We call this scheme TMD-scheme and the coefficient to transform to  
scheme reads

MS

9

� (P3 + C1 ⌦ P2 + C2 ⌦ P1 � 2�0C2 � �1C1)LO + C3

i
+O(↵4

s
),

where the leading term 1 ⌘ �ff 0�(1 � y) represents the unity convolution, Cn are the finite parts of the coe�cient
function free from any logarithmic dependence, and Pn stand for the perturbative coe�cients of the DGLAP kernel,
as given by

µ
2

d

dµ2
f(x, µ) =

 
1X

n=1

↵
n

s
(µ)Pn(x)

!
⌦ f(x, µ) = P ⌦ f(x, µ). (43)

Furthermore, �n represent the coe�cients of the QCD beta-function, defined by

µ
2

d

dµ2
↵s(µ) = �

1X

n=0

�n↵
n+2

s
(µ). (44)

Expressions for the coe�cient functions for the unpolarized TMD can be found in Refs. [30, 31, 63, 67] up to
↵
3
s
-order, for helicity TMD in Ref. [61, 64] up to ↵

1
s
, and for transversity TMD in Ref. [65] up to ↵

2
s
. The expressions

presented in these references apply to general scales (µ, ⇣), and in Appendix A 2 we provide the rules to render those
into ⇣-prescription. It is essential to emphasize that all computations are in the MS-scheme, and consequently, PDFs
in Eq. (40) are defined in the MS-scheme.

The relationship between the small-b and large-µ asymptotic expansions with logarithmic terms is explored in
detail in Refs. [85, 86]. Generally, power-suppressed terms in b contribute to power-suppressed terms in µ, and
the logarithmic singularities at b ! 0 turn into logarithmic singularities at µ ! 1. For the leading power term,
the asymptotic behavior for b ! 0 and µ ! 1 are connected by simple replacement rules LO ! �`̀̀, L2

O
! `̀̀

2,
L3

O
! �`̀̀

3
� 4⇣3, etc., see Ref. [85] (here `̀̀ = ln(µ2

/µ
2

OPE
)). The OPE in Eq. (40) is independent of µOPE, and

therefore, it is conventional to set µOPE = µ (and hence `̀̀ = 0). Thus, the asymptotic form of Eq. (38) reads

G0[F ](x, µ) =

⇢
1+ ↵sC1 + ↵

2

s
C2 (45)

+↵
3

s

h2⇣3
3

�
P1 ⌦ P1 ⌦ P1 � 3�0P1 ⌦ P1 + 2�2

0
P1

�
+ C3

i
+O(↵4

s
)

�
⌦ f(x, µ) +O(µ�2),

where ↵s is evaluated at µ. Upon di↵erentiating this expression, we obtain:

µ
2

d

dµ2
f
(TMD)(x, µ) = P

0
⌦ f

(TMD)(x, µ). (46)

Here, the evolution kernel P 0 deviates from the MS DGLAP kernel P (defined in Eq. (43)) starting at order ↵2
s

P
0
� P = �↵

2

s
�0C1 � ↵

3

s
(2�0C2 � �0C1 ⌦ C1 + �1C1) +O(↵4

s
). (47)

Thus, we have established that the function f
(TMD) is a collinear PDF that obeys the DGLAP equation but is

computed in a scheme di↵erent from MS. As we stated in the previous subsection, we refer to this scheme as the
TMD-scheme. The same result holds for helicity and transversity zeroth TMM, employing the pertinent DGLAP
kernels P and coe�cient functions C.

The transition from the TMD-scheme to the MS-scheme is accomplished through multiplication by a finite renor-
malization matrix Z

f
(MS)
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(x, µ) =

X

f 0

Z
1

x

dy
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Z

MS/TMD

f f 0 (y, µ)f (TMD)

f 0

✓
x

y
, µ

◆
, (48)

where the PDF on the left-hand side is the collinear PDF in MS scheme (explicitly indicated by the superscript MS).

Expressions for the finite renormalization constant ZMS/TMD can be obtained by eliminating terms in Eq. (47). The
result reads
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2⇣3
3

P1 ⌦ (P1 � �0 · 1)⌦ (P1 � 2�0 · 1)

�
+O(↵4

s
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� (P3 + C1 ⌦ P2 + C2 ⌦ P1 � 2�0C2 � �1C1)LO + C3

i
+O(↵4

s
),

where the leading term 1 ⌘ �ff 0�(1 � y) represents the unity convolution, Cn are the finite parts of the coe�cient
function free from any logarithmic dependence, and Pn stand for the perturbative coe�cients of the DGLAP kernel,
as given by

µ
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d

dµ2
f(x, µ) =
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n=1

↵
n
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(µ)Pn(x)

!
⌦ f(x, µ) = P ⌦ f(x, µ). (43)

Furthermore, �n represent the coe�cients of the QCD beta-function, defined by

µ
2

d

dµ2
↵s(µ) = �

1X

n=0

�n↵
n+2

s
(µ). (44)

Expressions for the coe�cient functions for the unpolarized TMD can be found in Refs. [30, 31, 63, 67] up to
↵
3
s
-order, for helicity TMD in Ref. [61, 64] up to ↵

1
s
, and for transversity TMD in Ref. [65] up to ↵

2
s
. The expressions
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/µ
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OPE
)). The OPE in Eq. (40) is independent of µOPE, and

therefore, it is conventional to set µOPE = µ (and hence `̀̀ = 0). Thus, the asymptotic form of Eq. (38) reads

G0[F ](x, µ) =

⇢
1+ ↵sC1 + ↵

2

s
C2 (45)

+↵
3

s

h2⇣3
3

�
P1 ⌦ P1 ⌦ P1 � 3�0P1 ⌦ P1 + 2�2

0
P1

�
+ C3

i
+O(↵4

s
)

�
⌦ f(x, µ) +O(µ�2),

where ↵s is evaluated at µ. Upon di↵erentiating this expression, we obtain:

µ
2

d

dµ2
f
(TMD)(x, µ) = P

0
⌦ f

(TMD)(x, µ). (46)

Here, the evolution kernel P 0 deviates from the MS DGLAP kernel P (defined in Eq. (43)) starting at order ↵2
s

P
0
� P = �↵

2

s
�0C1 � ↵

3

s
(2�0C2 � �0C1 ⌦ C1 + �1C1) +O(↵4

s
). (47)

Thus, we have established that the function f
(TMD) is a collinear PDF that obeys the DGLAP equation but is

computed in a scheme di↵erent from MS. As we stated in the previous subsection, we refer to this scheme as the
TMD-scheme. The same result holds for helicity and transversity zeroth TMM, employing the pertinent DGLAP
kernels P and coe�cient functions C.

The transition from the TMD-scheme to the MS-scheme is accomplished through multiplication by a finite renor-
malization matrix Z

f
(MS)

f
(x, µ) =

X

f 0

Z
1

x

dy

y
Z

MS/TMD

f f 0 (y, µ)f (TMD)

f 0

✓
x

y
, µ

◆
, (48)

where the PDF on the left-hand side is the collinear PDF in MS scheme (explicitly indicated by the superscript MS).
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FIG. 2. Comparison of unpolarized PDF for u and d quarks determined from the unpolarized TMD (extraction ART23 [22]), as
a function of µ at fixed x = 0.1. The plot shows the deviation from the MS-value which was used in the fit of TMD (extraction

MSHT20 [87]). Di↵erent lines correspond to di↵erent orders of correction factor ZMS/TMD.

FIG. 3. Comparison of uncertainty bands for unpolarized PDF for u and d quarks as a function of x at fixed µ = 20 GeV.
The blue band is the uncertainty band determined from the uncertainty band of unpolarized TMD (extraction ART23 [22]).
The yellow band is the uncertainty band for unpolarized PDF (extraction MSHT20 [87]). Comparison is done with N2LO

ZMS/TMD.

The first TMMs are expressed via the transformation G1 ⌘ G1,1, Eqs. (34), and they are given by:

M
[�

+
]

µ
(x, µ) = �✏T,µ⌫s

⌫

T
MG1[f

?

1T
](x, µ), (61)

M
[�

+
�
5
]

µ
(x, µ) = �sTµMG1[g

?

1T
](x, µ), (62)

M
[i�

↵+
�
5
]

µ
(x, µ) = ��gT,µ↵MG1[h

?

1L
](x, µ)� ✏T,µ↵MG1[h

?

1
](x, µ). (63)

These quantities can be interpreted as the average displacement of the transverse momentum of a parton within a
polarized hadron [24, 46–48, 90, 91]. Their non-zero values are a consequence of the presence of the spin, whether it
be the spin of the proton or the parton. Notice that all functions in b-space have index (1), and the operation Gn,m

(34) is performed with n = m = 1. This corresponds to the first moment of TMDs in the momentum space from
Eq. (15).

The small-b expansion structure for these TMDs di↵ers from what was considered in Section V for f1, g1, and h1.
Schematically this OPE can be expressed as

eF (x, b) =
X

t

[ eCt(LO)⌦ t](x) +O(b2), (64)

where t represents collinear distributions of twist-two, -three, or -four, and ⌦ denotes an integral convolution in

Above  GeV the correspondence is quite preciseμ 𝒲 5
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FIG. 1. Comparison of unpolarized PDF for u and d quarks determined from the unpolarized TMD (central values of ART23
extraction [22]), as a function of x at fixed µ = 10 (the upper row) and 20 GeV (the bottom row). The plots show the deviation
from the MS-value which was used in the fit of TMD (extraction MSHT20 [87]). Dashed orange lines, dotted blue lines, and

solid green lines correspond to LO, NLO, and N2LO order of factor ZMS/TMD.

Figure 2 shows ZMS/TMD
⌦ G0[f1](x, µ) at x = 0.1 as a function of µ and compares it to MSHT20 [87]. This figure

demonstrates that f (TMD) reproduces very well the evolution of collinear PDF. One can see that the agreement starts
from µ ⇠ 5 GeV. For lower values of the scale µ, the power corrections are substantial, and caution should be exercised
in the application of our formulas.

Lastly, Figure 3 illustrates that the uncertainty band of TMD reproduces the uncertainty band of collinear PDF.
This is a feature of the ART23 extraction, which incorporates PDF uncertainty into the TMD uncertainty band.
Figure 3 provides an important consistency test demonstrating that the input PDF is recovered completely with the
correct uncertainty band. Possibly one can consider this feature in a broader context of proposed joined fits of TMDs
and PDFs. TMM discussed in this paper can be utilized as an additional consistency check for the output of such a
fit for the mean values and for the uncertainty bands.

VI. THE FIRST TRANSVERSE MOMENTUM MOMENT

The first TMMs read:

M
[�

+
]

µ
(x, µ) =

Z
µ

d
2kTkTµF

[�
+
](x, kT ) = �

Z
µ

d
2kTkTµ✏

⇢⌫

T

kT⇢sT⌫

M
f
?

1T
(x, kT ),

M
[�

+
�5]

µ
(x, µ) =

Z
µ

d
2kTkTµF

[�
+
�
5
](x, kT ) = �

Z
µ

d
2kTkTµ

(kT · sT )

M
g
?

1T
(x, kT ), (60)

M
[i�

↵+
�
5
]

µ
(x, µ) =

Z
µ

d
2kTkTµF

[i�
↵+

�
5
](x, kT ) =

Z
µ

d
2kTkTµ

�k
↵

T

M
h
?

1L
(x, kT )�

Z
µ

d
2kTkTµ

✏
↵⇢

T
kT⇢

M
h
?

1
(x, kT ).

➤ TMDs are from ART 23 extraction V. Moos, I. Scimemi, A. Vladimirov, and P. Zurita, (2023), 
arXiv:2305.07473
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momentum fractions. Two notable di↵erences between Eq. (40) and Eq. (64) are noteworthy. Firstly, twist-three and
twist-four distributions t depend on two or more collinear momentum fractions. Therefore, the convolution with the
coe�cient function projects several variables onto a single variable x in the LHS of Eq. (64). For example, the leading
term for the small-b expansion of the Sivers function is a projection [92, 93] of twist-three distributions T (x1, x2, x3)
onto the Qiu-Sterman function

ef?(1)

1T
(x, b) = ±⇡T (�x, 0, x) +O(↵s, b

2). (65)

where ± corresponds to either SIDIS, “� ” or Drell-Yan, “ + ”. The corresponding coe�cient function at the zeroth
order in ↵s is �(x2)�(x + x1)�(x � x3). The second di↵erence is that the formula (64) relates one TMD to several
collinear distributions. For instance, the Sivers TMD f

?

1T
is related to the twist-three distribution T (x1, x2, x3), and

(starting from NLO) to the twist-three distribution �T (x1, x2, x3) [69]. The worm-gear-T TMD g
?

1T
is related to

the twist-two helicity distributions �q and to the twist-three distributions T and �T [70], and so forth. Explicitly
[70, 94]:

G1[f
?

1T
](x, µ) = ±

⇡

2
T

(TMD)(�x, 0, x;µ) +O(µ�2),

G1[g
?

1T
](x, µ) =

x

2

Z
1

x

dy

y
�q

(TMD)(y, µ) + x

Z
1

�1

dy1dy2dy3�(y1 + y2 + y3)

Z
1

0

d↵�(x� ↵y3)
h

�T
(TMD)(y123;µ)

y
2
2

+
T

(TMD)(y123;µ)��T
(TMD)(y123;µ)

2y2y3

i
+O(µ�2), (66)

G1[h
?

1L
](x, µ) = �

x
2

2

Z
1

x

dy

y
�q

(TMD)(y, µ)

�x

Z
1

�1

dy1dy2dy3�(y1 + y2 + y3)

Z
1

0

d↵↵�(x� ↵y3)H
(TMD)(y123;µ)

y3 � y2

y
2
2
y3

+O(µ�2),

G1[h
?

1
](x, µ) = ⌥

⇡

2
E

(TMD)(�x, 0, x;µ) +O(µ�2),

where the shorthand y123 ⌘ y1, y2, y3, functions T , �T , H and E are twist-3 collinear PDFs whose explicit definitions
can be found in Refs. [70, 95, 96]. The signs of the first and the last equation should be understood as Drell-Yan, the
upper signs, and SIDIS, the lower sign.

These features are also characteristics of the collinear matrix elements M[�]

µ from Eq. (4) which lack definite twist
and consequently represent a mixture of di↵erent contributions.

The perturbative structure of coe�cient eCt in the ⇣-prescription follows a form similar to Eq. (42). It can be written
as

eCt = Rt ⌦
�
1+ ↵s (�P1tLO + C1t) +O(↵2

s
)
�
, (67)

where Rt is the projection operator, and Pt =
P

n
↵
n
s
Pnt. The projection operator Rt projects the multi-variable

higher-twist distribution to the single variable x. For instance, in the case of Sivers function the operation Rt is
⇡�(x2)�(x1+x2+x3)�(x3�x), which being integrated with twist-three distribution T (x1, x2, x3) results into Eq. (65).
The coe�cients C1t are known for all TMDs except h

?

1T
, see Refs. [69, 70, 97–99]. The presence of the projection

operator does not allow one to turn Mµ to the MS-scheme, as it would require a convolution with all variables xi.
Nevertheless, the di↵erence between Mµ in TMD-scheme and the MS-scheme starts at NLO, alike for the zeroth
TMM. To demonstrate this, one can di↵erentiate Mµ with respect to the scale and from Eq. (67) one obtains

µ
2

d

dµ2
G1[F ](x, µ) = Rt ⌦ P

0

t
⌦ t+O(↵2

s
), (68)

where F represents any of the TMDs appearing in Eqs. (61-63). The right-hand-side of Eq. (68) is the LO evolution
of Mµ in the MS-scheme. At NLO, there is a term containing the one-loop finite part C1t, which deviates from the
expression in the MS-scheme (see Eq. (47)) and so we have P 0

t
�Pt = O(↵2

s
). Note, that presently the twist-3 evolution

kernel is known only at order ↵s. Thus, collinear distributions determined by TMMs are as precise as determinations
by other methods.

There is one “accidental” exception from this general rule. Namely, the Boer-Mulders function h
?
1
that has C1t that

commutes with the projector C1t = �⇣2CF1 [70]. Also Boer-Mulder function is chiral-odd, and does not mix with
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DGLAP-type…
…With a difference at NLO
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where the shorthand y123 ⌘ y1, y2, y3, functions T , �T , H and E are twist-3 collinear PDFs whose explicit definitions
can be found in Refs. [70, 95, 96]. The signs of the first and the last equation should be understood as Drell-Yan, the
upper signs, and SIDIS, the lower sign.

These features are also characteristics of the collinear matrix elements M[�]

µ from Eq. (4) which lack definite twist
and consequently represent a mixture of di↵erent contributions.

The perturbative structure of coe�cient eCt in the ⇣-prescription follows a form similar to Eq. (42). It can be written
as

eCt = Rt ⌦
�
1+ ↵s (�P1tLO + C1t) +O(↵2

s
)
�
, (67)

where Rt is the projection operator, and Pt =
P

n
↵
n
s
Pnt. The projection operator Rt projects the multi-variable

higher-twist distribution to the single variable x. For instance, in the case of Sivers function the operation Rt is
⇡�(x2)�(x1+x2+x3)�(x3�x), which being integrated with twist-three distribution T (x1, x2, x3) results into Eq. (65).
The coe�cients C1t are known for all TMDs except h

?

1T
, see Refs. [69, 70, 97–99]. The presence of the projection

operator does not allow one to turn Mµ to the MS-scheme, as it would require a convolution with all variables xi.
Nevertheless, the di↵erence between Mµ in TMD-scheme and the MS-scheme starts at NLO, alike for the zeroth
TMM. To demonstrate this, one can di↵erentiate Mµ with respect to the scale and from Eq. (67) one obtains

µ
2

d

dµ2
G1[F ](x, µ) = Rt ⌦ P

0

t
⌦ t+O(↵2

s
), (68)

where F represents any of the TMDs appearing in Eqs. (61-63). The right-hand-side of Eq. (68) is the LO evolution
of Mµ in the MS-scheme. At NLO, there is a term containing the one-loop finite part C1t, which deviates from the
expression in the MS-scheme (see Eq. (47)) and so we have P 0

t
�Pt = O(↵2

s
). Note, that presently the twist-3 evolution

kernel is known only at order ↵s. Thus, collinear distributions determined by TMMs are as precise as determinations
by other methods.

There is one “accidental” exception from this general rule. Namely, the Boer-Mulders function h
?
1
that has C1t that

commutes with the projector C1t = �⇣2CF1 [70]. Also Boer-Mulder function is chiral-odd, and does not mix with
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FIG. 4. The first TMM for the Sivers function (extraction [49, 50]) for di↵erent flavors, computed at µ = 10 GeV.

twist-3 gluon distributions. Therefore, in this case, one can find the NLO part of the transformation factor between
TMD and MS-schemes

✓
1 + as(µ)CF

⇡
2

6

◆
G1[h

?

1
] = ⌥

⇡

2
E(�x, 0, x)(1 +O(a2

s
)), (69)

where E is the chiral-odd distribution of twist-3, see definition in Refs. [70, 96]. However, one can not expect that
such construction would be possible beyond NNLO.

Thus, the first TMM Mµ is related to Mµ computed in the TMD-scheme. Since the matrix element Mµ is not an
autonomous function (in the sense that it mixes with other functions by the QCD evolution), one cannot transformMµ

to the MS-scheme without using extra information. Certainly, the connections between twist-3 and TMD functions
present intriguing avenues for further theoretical and phenomenological investigations [48, 71].

A. General scales

At general scales, the OPE can be formally represented as

eF (x, b;µOPE, µTMD, ⇣) =
X

t

[Ct(LO,LT , `̀̀T )⌦ t](x) +O(b2), (70)

where the summation is over collinear distributions of twist-two, -three, or -four, and ⌦ denotes an integral convolution
in momentum fractions. Analogously to the case discussed earlier, the coe�cient Ct contains the projection operator
Rt, preventing the direct transformation of the first TMMs, Mµ, to the MS-scheme. Therefore, the persisting
challenges in the transformation from the TMD scheme to the MS-scheme, previously observed for the optimal TMD
case, continue to apply at general scales, even when considering the specific set of scales of Eq. (51).

B. Phenomenological example

The Sivers function has attracted considerable attention in the literature [24, 46–50, 90, 91]. This function is
related [92, 93] to the Qiu-Sterman function and provides a 3D snapshot of the transversely polarized nucleon. One

of the interesting features of the Sivers function is encoded in its first TMM M
[�

+
]

µ , as it can be interpreted as the
average transverse momentum shift of partons with given x due to the spin-orbital interactions [47].

We compute M[�
+
]

µ using recent extractions of the Sivers function at N3LO [49, 50]. In these extractions, u, d, and

sea quark Sivers functions were determined. Figure 4 illustrates M[�
+
]

µ for u, d, and sea quarks based on Refs. [49, 50].
If one integrates over x, the result can be interpreted as the mean transverse momentum shift of a parton in a

transversely polarized hadron. Let us denote [47]

hkf

T,⌫
i(µ) =

Z
1

0

dxM
[�

+
]

⌫,f
(x, µ), (71)
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where f is the flavor index. As seen from Eq. (62), for a hadron polarized in the ŷ direction, we have ⌫ = 1. For the
extraction from [50], we obtain the following values at µ = 10 GeV

hku

T,1
i = �0.011+0.011

�0.023
GeV, hkd

T,1
i = 0.17+0.21

�0.17
GeV, hksea

T,1
i = �0.26+0.26

�0.32
GeV, (72)

where the uncertainties are computed according to Ref. [50]. It is worth noting that the errors in these quantities are
correlated. These numbers are consistent with lattice QCD results from Ref. [100] that give the Sivers shift for u� d

quarks in the range of hku�d

T,1
i = �0.3 · · ·� 0.15 GeV.

The so-called Burkardt sum rule [47] conjectures that the sum over all hkT,1i is zero. [AP] This and other sum
rules for TMDs were studied in Ref. [29]. In our notations, this can be expressed as

X

f=q,q̄,g

Z
1

0

dxM
[�

+
]

⌫,f
(x, µ) =

X

f=q,q̄,g

hkf

T,⌫
i = 0. (73)

While the Burkardt sum rule is not formally proven in QCD, it has been verified in model computations, as shown in
previous studies [101, 102]. If we define the following sum as

X

f=q,q̄,g

hkf

T,⌫
i = hkT,⌫i , (74)

then, intriguingly, the Burkardt sum rule exhibits autonomous evolution at LO [103]

µ
2

d

dµ2
hkT,⌫i = �

↵s

2⇡
CAhkT,⌫i+O(↵2

s
). (75)

Therefore, if hkT,⌫i is zero at the initial scale, it continues to be zero at other scales. For the specific case of the
extraction from Ref. [50], we find that, at µ = 10 GeV, the result for the sum over quark flavors is

X

f=q,q̄

hkf

T,1
i = hkT,1i � hkg

T,1
i = �0.14+0.14

�0.31
GeV. (76)

This allows us to estimate the contribution of the gluon Sivers function as hkg

T,1
i ' 0.14+0.31

�0.14
GeV, assuming the

validity of the Burkardt sum rule Eq. (74). Therefore based on Ref. [50], one could anticipate potentially sizable gluon
Sivers functions, comparable in magnitude to the Sivers function for the d-quark, even though the error band is large.

VII. THE SECOND TRANSVERSE MOMENTUM MOMENT

Now, we proceed to derive expressions for the second TMMs:

M
[�

+
]

µ⌫
(x, µ) =

Z
µ

d
2kTkTµkT⌫F

[�
+
](x, kT ) =

Z
µ

d
2kTkTµkT⌫f1(x, kT ),

M
[�

+
�5]

µ⌫
(x, µ) =

Z
µ

d
2kTkTµkT⌫F

[�
+
�
5
](x, kT ) = �

Z
µ

d
2kTkTµkT⌫g1(x, kT ), (77)

M
[i�

↵+
�
5
]

µ⌫
(x, µ) =

Z
µ

d
2kTkTµkT⌫F

[i�
↵+

�
5
](x, kT ) = s

↵

T

Z
µ

d
2kTkTµkT⌫h1(x, kT )

�

Z
µ

d
2kTkTµkT⌫

k2

T

M2

✓
g
↵⇢

T

2
+

k
↵

T
k
⇢

T

k2

T

◆
sT⇢h

?

1T
(x, kT ).

By considering the operation defined in Eq. (32) with n ! n+ 1 and m ! n, we obtain

Gn+1,n[F ](x, µ) =

Z
µ

d
2kT

✓
k2

T

2M2

◆n+1

F (x, kT ) (78)

=
1

2M2n!

Z
1

0

db µ
3

✓
µb

2

◆n (n+ 1)Jn+1(µb)� Jn+3(µb)

n+ 2
eF (n)(x, b),

which, for the second moment, contributes solely with indices (1, 0), leading to
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which, for the second moment, contributes solely with indices (1, 0), leading to

potentially sizable gluon Sivers function
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The asymptotic power divergence part is computed analytically …
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M
[�

+
]

µ⌫,div
(x, µ) = �gT,µ⌫M

2
G1,0[f1], (79)

M
[�

+
�
5
]

µ⌫,div
(x, µ) = ��gT,µ⌫M

2
G1,0[g1], (80)

M
[i�

↵+
�
5
]

µ⌫,div
(x, µ) = sT,↵gT,µ⌫M

2
G1,0[h1] + (gT,µ↵sT,⌫ + gT,⌫↵sT,µ � gT,µ⌫sT,↵)

M
2

2
G2[h

?

1T
]. (81)

Notice that the contributions of f1, g1, and h1 involve the operation G1,0, while h
?

1T
contributes to the second TMM

through G2. The subscript “div” in Eqs. (79-81), indicates that these functions exhibit power divergences at large
µ, as discussed below. The very last term of Eq. (81) corresponds to the collinear counterpart of the pretzelocity.
It incorporates twist-three and twist-four distributions [33] and reproduces the MS expression up to NLO. Its lnµ
divergence is the same UV divergence as in the corresponding twist-4 operator, and doing the same derivations as
in Section V, we conclude that this TMM reproduces the collinear counterpart of the pretzelocity h

?

1T
function.

To establish a connection between Eqs. (79-81) and the matrix elements in Eq. (4), it is necessary to examine the
small-b OPE up to the first power of b2. The general form of this expansion is given by

eF (x, b) = eC ⌦ f + b
2
X

k

eC(2)

k
⌦ f

tw 4

k
+O(b4), (82)

where the first term is presented in Eq. (40), and the second term represents the power correction, typically involving
distributions of twist-four and target mass corrections. The coe�cients eC(2) are presently unknown (except for the
target-mass corrections part at the tree order [33]). Notably, at the tree order, the b

2-term in the OPE Eq. (82) is
equivalent to the matrix element M in Eq. (5) (with appropriately contracted indices). Thus, to relate Mµ⌫,div and

Mµ⌫ , it is necessary to subtract the leading small-b contribution, eC ⌦ f .
The integrals of the type Gn+1,n behave as / µ

2 at large µ reproducing the UV power divergence of the corresponding
operator Mµ⌫ , which is defined in Eq.(4). However, in the dimensional regularization and the MS-scheme, these power
divergences are omitted. Therefore, to match with the MS scheme, one needs to subtract the leading / µ

2 behaviour
from Mµ⌫ . The resulting function Mµ⌫ is the matrix element Mµ⌫ computed in a minimal subtraction scheme
(TMD-scheme), which coincides with MS up to NLO. This relation is proven analogously to the approach used in the
previous Sections.

The asymptotic part of Gn+1,n can be computed analytically. We express the Gn+1,n transformation as

Gn+1,n[F ](x, µ) =
µ
2

2M2
AS[Gn+1,n[F ]](x, µ) + Gn+1,n[F ](x, µ), (83)

where AS[Gn+1,n[F ]] denotes the leading asymptotic term that can be derived from the first term in the OPE, Eq. (82).
The term Gn+1,n corresponds to Mµ⌫ in the TMD-scheme, and it undergoes logarithmic evolution. Hence, the second
moments in the MS-scheme (up to NLO) are given by

M
[�

+
]

µ⌫
(x, µ) = �gT,µ⌫M

2
G1,0[f1](x, µ), (84)

M
[�

+
�
5
]

µ⌫
(x, µ) = ��gT,µ⌫M

2
G1,0[g1](x, µ), (85)

M
[i�

↵+
�
5
]

µ⌫
(x, µ) = sT,↵gT,µ⌫M

2
G1,0[h1](x, µ) + (gT,µ↵sT,⌫ + gT,⌫↵sT,µ � gT,µ⌫sT,↵)

M
2

2
G2[h

?

1T
](x, µ). (86)

The asymptotic term AS[G1,0[F ]] for the cases f1, g1, and h1 can be derived straightforwardly using Eq. (42). Up to
N3LO, the expression reads:

AS[G1,0[F ]](x, µ) =
n
↵sP1 + ↵

2

s
[P2 + (C1 � P1)⌦ (P1 � �01)]

+↵
3

s

h
P3 + (C1 � P1)⌦ (P2 � �11) + (C2 � P2)⌦ (P1 � 2�01)

� (C1 � P1)⌦ (P1 � �01)⌦ (P1 � 2�01)
i
+O

�
↵
4

s

�o
⌦ f(x, µ), (87)

where f is the collinear PDF corresponding to F . This expression can be numerically computed using existing codes
for TMD phenomenology 5.

5 Most codes for TMD phenomenology, see e.g. Ref. [45], include the computation of the leading terms for the small-b OPE in position
space. In order to obtain Eq. (87), one should replace the logarithmic terms of the coe�cient function in Eq. (42) according to the rule

L0

O
! 0, LO ! �1, L2

O
! �2, L3

O
! �3!, L4

O
! �4! + 16⇣3, etc.,

where L0

O
corresponds to the logarithm-less part of the coe�cient function.

19

FIG. 5. Values of hk2

T i computed for ART23 extraction of unpolarized TMD as a function of µ. Solid and dashed orange lines
are for d-quark, and solid and dashed blue lines are for u-quark. Dashed lines show the value of hk2

T i without subtraction term.

FIG. 6. Values of xhk2

T i computed for ART23 extraction of unpolarized TMD as a function of x at µ = 10 GeV. The two colors
distinguish di↵erent flavors. The uncertainty band is evaluated from the uncertainty band of ART23 extraction.

A meaningful estimate of the width of distributions in the momentum space is via the second TMM, hk2

T
i =

�g
µ⌫

T
M

[�
+
]

µ⌫ = 2M2
G1,0[f1]. An example of the evaluation of hk2

T
i is presented in Fig. 5. It confirms that the

asymptotic term cancels the power growth of the G1,0 transformation.6 The resulting line exhibits a general logarithmic
behavior. In Fig. 5, we do not present uncertainty bands because they are quite large, on the order of 25� 35% for
u and d quarks (at µ = 20 GeV), and 50%� 60% for ū and d̄ quarks.

We have also observed that at large-µ, the curve for AS[G1,0] oscillates (the first sign of oscillation is seen in the
left panel of Fig. 5). This is a result of the number-flavor-variation scheme used in ART23. The change of Nf in the
coe�cient function generates tiny discontinuities in F (x, b) at certain values of b. In turn, they generate oscillations in
the Hankel transform. The oscillations are small (see, e.g., Fig. 2, where the same oscillations are present but barely
visible). However, the subtraction of the asymptotic term amplifies the oscillations by a power factor and a↵ects the
entire procedure. This implies that the determination of second moments places more stringent requirements on the
TMD model.

In Fig. 6, we plot xhk2

T
i as a function of x at µ = 10 GeV. Notice that one can see from Fig. 6 that the width

resulting from ART23 extraction grows with the decrease of x. This growth is associated with the e↵ects of the
gluon shower that is characteristic of high energies. We also see that ART 23 has flavor dependence for widths, with

6 However, the cancellation is not very precise because we use AS[G1,0] only at N3LO. Therefore, at very large values of µ (we have
used µmax = 100 GeV in our studies), one observes a power growth in G1,0. The terms that generate this growth are induced by
higher perturbative order (N4LO in the present example) logarithms in the evolution of f that are not compensated by the coe�cient
function. Thus, the cancellation of the asymptotic term can be facilitated by a minor variation of the scale. We have found that for our
computation, it is su�cient to change µ ! 1.014µ to eliminate the asymptotic term very precisely in a wide range of µ.
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SECOND TMM

×n+1,n[F](x, μ) = μ2

2M2 AS[×n+1,n[F]](x, μ) + ×n+1,n[F](x, μ),

… the width of TMDs
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where f is the flavor index. As seen from Eq. (62), for a hadron polarized in the ŷ direction, we have ⌫ = 1. For the
extraction from [50], we obtain the following values at µ = 10 GeV

hku

T,1
i = �0.011+0.011

�0.023
GeV, hkd

T,1
i = 0.17+0.21

�0.17
GeV, hksea

T,1
i = �0.26+0.26

�0.32
GeV, (72)

where the uncertainties are computed according to Ref. [50]. It is worth noting that the errors in these quantities are
correlated. These numbers are consistent with lattice QCD results from Ref. [100] that give the Sivers shift for u� d

quarks in the range of hku�d

T,1
i = �0.3 · · ·� 0.15 GeV.

The so-called Burkardt sum rule [47] conjectures that the sum over all hkT,1i is zero. [AP] This and other sum
rules for TMDs were studied in Ref. [29]. In our notations, this can be expressed as

X

f=q,q̄,g

Z
1

0

dxM
[�

+
]

⌫,f
(x, µ) =

X

f=q,q̄,g

hkf

T,⌫
i = 0. (73)

While the Burkardt sum rule is not formally proven in QCD, it has been verified in model computations, as shown in
previous studies [101, 102]. If we define the following sum as

X

f=q,q̄,g

hkf

T,⌫
i = hkT,⌫i , (74)

then, intriguingly, the Burkardt sum rule exhibits autonomous evolution at LO [103]

µ
2

d

dµ2
hkT,⌫i = �

↵s

2⇡
CAhkT,⌫i+O(↵2

s
). (75)

Therefore, if hkT,⌫i is zero at the initial scale, it continues to be zero at other scales. For the specific case of the
extraction from Ref. [50], we find that, at µ = 10 GeV, the result for the sum over quark flavors is

X

f=q,q̄

hkf

T,1
i = hkT,1i � hkg

T,1
i = �0.14+0.14

�0.31
GeV. (76)

This allows us to estimate the contribution of the gluon Sivers function as hkg

T,1
i ' 0.14+0.31

�0.14
GeV, assuming the

validity of the Burkardt sum rule Eq. (74). Therefore based on Ref. [50], one could anticipate potentially sizable gluon
Sivers functions, comparable in magnitude to the Sivers function for the d-quark, even though the error band is large.

VII. THE SECOND TRANSVERSE MOMENTUM MOMENT

Now, we proceed to derive expressions for the second TMMs:

M
[�

+
]

µ⌫
(x, µ) =

Z
µ

d
2kTkTµkT⌫F

[�
+
](x, kT ) =

Z
µ

d
2kTkTµkT⌫f1(x, kT ),

M
[�

+
�5]

µ⌫
(x, µ) =

Z
µ

d
2kTkTµkT⌫F

[�
+
�
5
](x, kT ) = �

Z
µ

d
2kTkTµkT⌫g1(x, kT ), (77)

M
[i�

↵+
�
5
]

µ⌫
(x, µ) =

Z
µ

d
2kTkTµkT⌫F

[i�
↵+

�
5
](x, kT ) = s

↵

T

Z
µ

d
2kTkTµkT⌫h1(x, kT )

�

Z
µ

d
2kTkTµkT⌫

k2

T

M2

✓
g
↵⇢

T

2
+

k
↵

T
k
⇢

T

k2

T

◆
sT⇢h

?

1T
(x, kT ).

By considering the operation defined in Eq. (32) with n ! n+ 1 and m ! n, we obtain

Gn+1,n[F ](x, µ) =

Z
µ

d
2kT

✓
k2

T

2M2

◆n+1

F (x, kT ) (78)

=
1

2M2n!

Z
1

0

db µ
3

✓
µb

2

◆n (n+ 1)Jn+1(µb)� Jn+3(µb)

n+ 2
eF (n)(x, b),

which, for the second moment, contributes solely with indices (1, 0), leading to

SECOND TMM
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𝒥 𝒪k2
T⊗q→val.(μ) = ∫

1

0
dx [𝒥 𝒪k2

T⊗q(x, μ) → 𝒥 𝒪k2
T⊗q̄(x, μ)]

The integration in x is finite in the combination

The power divergence coefficients must be subtracted up to the 
order N LO3

𝒥 𝒪k2
T⊗(x, μ) = ∫

μ
d2 𝒪kT 𝒪k2

TF(x, 𝒪kT) → μ2AS[F](x, μ) .



AVERAGE  FROM ART25𝒪k2
T
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PHENOMENOLOGY 
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dδ
d4qd𝒫 = 3

16π
dδ
d4q [(1 + cos2 β) + 1 → 3 cos2 β

2 A0 + sin 2β cos σA1 + sin2 β cos 2σ
2 A2

+sin β cos σA3 + cos βA4 + sin2 β sin 2σA5 + sin 2β sin σA6 + sin β sin σA7]
= 3

16π
dδ
d4q ∑

n=U,0,...,7
Sn(β, σ)An,

In principle we can study polarized and non-polarized processes 
and (many of) the angular asymmetries with their perturbative 
effects of higher orders, with summation and non-perturbative 

effects included (ask Sara…)…

The star process is the production of vector bosons in DY and 
SIDIS, but there is much more…



PHENOMENOLOGY: JETS 
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Data for unpolarized TMD PDF extractions
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ALL INPUTS: 
50 YEARS 
OF PHYSICS 
HISTORY IN 
A FIT
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CS-KERNEL
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Extractions from DY 
and DY+SIDIS work 
only in the 
perturbative region.

MAPNN gives a 
reasonable error 
estimate

Lattice results are in 
between ART23 and 
ART25

Parton shower and 
instanton estimates 
are also in between  
ART23 and ART25



PERSPECTIVES
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I have tried to provide you some basis to understand factorization and 
TMD formalism. Hands-on with Alexey.

Some parts of the formalism are still developing, mainly in higher power 
corrections

There is a plethora of  processes that need to be studied, coded and to 
be discovered.

 Evolution is a fundamental ingredient  (it cannot be optional, unless we 
want a very approximate picture of Nature)



BACK UP



EVOLUTION KERNEL

112

∼(b, μ) = ∼small→b(b*, μ*) + ∫
μ

μ*

dμ𝒟 

μ𝒟 

Δcusp(μ𝒟 ) + ∼NP(b),

b*(b) = b

1 + 𝒪b2

B2NP

, μ*(b) = 2e→ϵE

b*(b) , BNP = 1.5/GeV

∼NP(b) = bb* c0+c1 ln ( b*
BNP )

En el núcleo de evolución de Collins-Soper se combinan elementos 
perturbativos y no perturbativos.



ART25: TMDPDF
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f = u, ū, d, d̄, seaParametrización:  ,                        Ff
NP(x, b) = 1

cosh [(γf
1(1 → x)γ f

3 + γ f
2 x) b]

PDFs de referencia: MSHT20 

En total, 10 parámetros {γu
1 , γu

2 , γu
3 , γū

2, γd
1 , γd

2 , γd
3 , γd̄

2 , γsea
1 , γsea

2 }

f1, f𝒜h(x, b) = ∑
f𝒟 

Cf𝒜f𝒟 (x, b*
OPE

, μOPE) ∂ f1, f𝒟 𝒜h(x, μOPE)Ff
NP

(x, b)

    Coeficientes resúmados a grande-x: O. del Rio, A. Prokudin, I.S., A. Vladimirov e-Print: 2501.17274

b*
OPE

(b) = be→0.04b2 + 2e→ϵE

μOPE(b) (1 → e→0.04b2)
μOPE(b) = 2e→ϵE

b
+ 5 GeV .



ART25: TMDFF

Parameterización for fragmentation:   

,                        D f/h
NP(z, b) =

1 + κh, f
1

b2

z2

cosh (κh
0

b
z )

(h = π+) : f = u, ū, d, rest

Funciones de  fragmentación de referencia: MAPFF1.0 

En total, 10 nuevos parámetros 
{κπ

0 , κπ,u
1 , κπ,d̄

1 , κπ,ū
1 , κπ,r

1 , κK
0 , κK,u

1 , κK,d̄
1 , κK,ū

1 , κK,r
1 }
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(h = K+) : f = u, ū, s, rest

D1, f←h(z, b) = ∑
f𝒟 

≠f←f𝒟 (z, b*(FF)
OPE

, μFF
OPE) ∂ d1, f𝒟 ←h(z, μFF

OPE)D f/h
NP

(z, b)

μFF
OPE(b) = μOPE ( b

z ) = 2e→ϵE z
b

+ 5 GeV,

b*(FF)
OPE

(b) = be→0.04b2 + 2e→ϵE

μFF
OPE(b) (1 → e→0.04b2)



TMDPDF: RESULTS
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MAP  effectbmin

Agreement Less constraints from DY data

There is substantial 
agreement between the 
groups. Problems arise from 
the fit of the SIDIS, as it is 
more sensitive to high values 
of b...



TMDPDF RESULTS: SMALL/LARGE-X VS KT
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TMDFF: RESULTS ( )π
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TMDFF RESULTS (K)
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TMDFF: RESULTADOS ( ) PARA SMALL/LARGE-Z  VS. KTπ
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DIVERGENCES AND RENORMALIZATION OF TMDS AT LP
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Oq(x, bT , µ, ⇣) = Zq(⇣, µ)Rq(⇣, µ)O
bare
q (x, bT )

Oq(z, bT , µ, ⇣) = Zq(⇣, µ)Rq(⇣, µ)O
bare
q (z, bT )

Universal  (=process independent) subtraction constants

Zq

Rq =

p
S(bT )

zero� bin
Rapidity divergences subtraction

UV divergences subtraction


