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RECOVERING THE BACKGROUND FIELD METHOD

Nucl. Phys. B 185 (1981) 189

THE BACKGROUND FIELD METHOD BEYOND ONE LOOP

Vol. B13 (1982) ACTA PHYSICA POLONICA No 1-2

*
L.F. Abbott

CERN-=Geneva
ABSTRACT

The background field approach to multi-locp cal-

culations in gauge field theories is presented. INTRODUCTION TO THE BACKGROUND FIELD METHOD*

A relation between the gauge-invariant effective
action computed using this method and the effec- By L. F. ABBOTT*¥
tive action of the conventional functional app-

roach is derived. Feynman rules are given and

v & CERN, Geneva

renormalization is discussed. It is shown that

the renormalization programme can be carried out .

{ Received July 20, 1981)

without any reference to fields appearing inside

loops. Finally, as an explicit example, the two- . . L.
The background field approach to calculations in gauge field theories is presented.

Conventional functional techniques are reviewed and the background field method is intro-
duced. Feynman rules and renormalization are discussed and, as an example, the Yang-
-Mills f function is computed.

PACS numbers: 11.10.Np, 11.10.Gh

loop contribution to the 8 function of pure
Yang-Mills theory is calculated using the back=-
ground field method.
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BACKGROUND FIELD METHOD IN HISTORY

Recall that the generating functional for disconnected graphs was

Z[J] = [ 5Q exp i[S[Q]+J - Q]. (2.2.1)

Let us define an analogous quantity in which we write the classical action .S as a function
of the field Q plus an arbitrary background field ¢. Thus

Z[J, ¢] = [ 6Q expi[S[Q+¢]+J - Q], (2.2.2)

The generator of connected graphs is:
W[J] = —iln[Z[J]] — W[J,¢] = — i In[Z][J, ¢]]

e —~ oWl[J] - WL, 4]
Classical fields: Q = >0 =
oJ oJ

Effective action or generator of 1PI:

MQl=W[J]-J-0—T110,¢] = WJ,] —J - O
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METODO DE CAMPO DE FONDO EN LA HISTORIA

We re-write previous definitions
ZIJ, ¢) = Z[J1e™? 0=0-¢

WILPl=WIT=J ¢ oy LT[0, Pl = (W] =T - ) —J - (O — )
=T[0]=T[0 + ¢]

[[¢] = [0,¢]

The effective action expressed in terms of the background field
is the same as the effective action of the dynamic field and the
background field, when the former vanishes: the dynamic fields
are only virtual.
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GAUGE IN THE BACKGROUND FIELD METHOD (BACKGROUND FIELD GAUGE)

[10,A] =TJ[A]

Gauge fixing: If I'10,Alis calculated in the gauge G* = GY(Q, A) then
the result is the same as [[O] with G = G*(Q — A,A) a O = A.
Green functions may differ, but cross section is the same

Explicit gauge invariance: there is a choice of gauge fixing term G
such that I[0,A] is an invariant functional of A:
~a _ QlN)a abc A b,y e
L e . ~~G._.aQ’?+gf ATG
With this choice I'[Q, A] is invariante for SAL = —fep4C 4 ia,,w“,
g

~ Aa __ __ gabc AC
..and I'[0,A] keeps A gauge invariance 60, = ~f" Qe
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BACKGROUND FIELD EXPANSION METHOD

For each fermion field we have two copies of QCD fields: causal (+, also
negative frequency) and anticausal (-, also positive frequency).

dty
(i — 0DV 1DEYDa DA 1D D DA
Wi, ,[(27[)46 J[ q"'Dq ]J[ q~'Dq ]
+) —i

=) gH(=) LS —iSocn (=) (+) (+) gy (+)
X‘Ppl lsz ermQcTRac J,M (y)JV (O) \Ppl \sz

The hadronic tensors we consider have two causally independent sectors that
exchange real emissions.
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Hadrons are formed only from collinear fields.

\Ppl — ‘PP1 [Qﬁ’ qi/_p Aﬁ]’ lPPZ — \sz[qna qna An]

W=kt kpenn’=i*=0.n-1=1 There is a scaling of the momentum of the fields...
% (020,01 45 S Q1A% 4) g
{a+9 a_a aT}A,/; S Q{17127/1}Ag

Gn, Ani 9, B ..and we can introduce dynamic and background fields...

i ; Eggggﬁical EEEEE>

\X& A g0 = P + g5 @) + g0 )
Qn, Ay,
QX\ 0_

AP() = BP0 + A0 + A(x)

\? Dynamical field
Gauge fixing [0,51C + g fAFCAP 4 ALBBHIC = 0
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Finally..

Each collinear field has "good” and “bad”
components selected by standard projectors
(TSCET)

i il
q7(x) = &i(x) + nz(x)  Ei(x) = ?qﬁ(x), Na(x) = Eqr‘l(x)

y*D_[A;)E; = — Dl Azln;
Riiin ~ A Eiim
v Dy [Azln; = — DilAz1E;

AF~1, A~ A~ AR
éﬁ/n ~ /1’ i ~ /12
At ~22 AMT~), AT~
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FORMAL RESULT

[
W -
DY (unsub.) (2n)*

e~ i)

[ - —(— _ _ iS() G-, A - —iS©) G-, A -
X [Dq%Jr)Dql(i“L)DAI(;)][Dq’% )Dqé )DA’% )]el Qcpl@idwAil=18¢cpldmqm-Asl

x | [DGPDg Y DAMPIDG) Dg Y DA e S6olant A= iSecoldndn Al

X \P;f_)[qﬁ’ qﬁ, Aﬁ]l}llz_)[gm qn’ An] WZ}}[QFU qna see ]()’) \Pg:_)[q,‘l, q,—,, Aﬁ]‘P](J—;)[én’ qn’ An]
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FORMAL RESULT

The dynamic (hard) degrees of freedom are integrated, obtaining

Wl Gy --- 1) = J[Dw(+)Dw(+)DB(+)] (D2 Dy DB e Sl P B iSocpli Bl =i

X OW+ a5+ @y - NI + G5 + o - 10)

And we expand in a series of operators fh ~ A"
WG G- 10D = D D T G- 1Y) Where N is the power counting

N=0 k and k=twist or lists the operators

W ki G - 1) = CF L ) @ Ol G G Azl @ Ol Gy G Al

Eard coefﬁcie@ Eaerators produ%]
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LEADING POWER AND LEADING ORDER HADRONIC TENSOR

— e ———————————
antiQuark @ élfl]

@ @

no v
YT,ii7T ki

WNy) =

11,7

i 7k LAk el
(@lll,ﬁ O, 0 @111,;1)

c

En el gauge del cono de luz:

O (0 0)yn) = EQ0M R4y E00) O] 1m0k = EJ0mn+ ) 57100
O (W 0hyp = EQ0M T+ EDO). B (170} = EQ0 T+ ) ENO)

61



WILSON LINES AND GAUGE INVARIANT BLOCKS

To recover gauge invariance, the fields are redefined with Wilson lines
(which “dress” the fields with gluons) n-colineal or f1-colineal)

0
Wx) =[x+ Li] =P {exp [ig J_ds (n-Alx + sﬁ))] } =W, y = WT&

L

gof# = WIGD*W) = WTlio"W + gA*W]

0
Wkx)=[x+Ln]=P {exp [ig "ds (m-Alx + Sﬂ))] } = W. Y = W.*f

L

gof# = WIGD*W) = WTlio"W + gA*W]
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WILSON LINES AND SOFT GAUGE INVARIANT BLOCKS

More Wilson lines are needed to solve superposition problems
(zero-bin problem)

0
$;(0 = [x + Lit) = P {exp [igj ds (n- AQx + sﬁ»] } ¥ =Sy
- n

L

gl = STUDKS;) = SI[i0"S; + gA"S;]

0
S,x)=[x+Ln]=P {exp [ig [_ds (m-Alx + sn))] } Y = S’jl’[j

L

gd* = ST(iD*S,) = S'[io"S, + gA*S, ]
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NEXT-TO-LEADING POWER

The main purpose of introducing BFM is to write a proper expansion at
NLP and start the study of power corrections

“Bad” component

(Hard) background contributions
Contributions

A. Vladimirov, V. Moos, |.S. JHEP 01 (2022) 110, O. Del Rio, M. Jaarsma, |.S., W. Waalewijn, in progress 64



RECENT DEVELOPMENTS: NEXT-TO-LEADING POWER

“Bad” component
Contributions

@ @ &
> e
@ 2 & 4 & @ @S
NLP (&) (&) (&) (&)
A. Vladimirov, V. Moos, |.S. JHEP 01 (2022) 110
® of © ©



RECENT DEVELOPMENTS: NEW OBSERVABLES TO NLP

Production of di-jet in ete™ with
hemisphere dependent algorithms:
Asymmetries at NLP

WH = —N, g H1(Q?) /0 ” db? w Ji1(b?) J11(b?)

WAV v M S
LN, [nqi’T + 2 QT] m(Q) [ av? Albllal) ;v 12) 7,y (b?)
0

r
[
(
l )
| C
|
|
|
|
|
|

qt 2r|bllq| "'
ntqr n”‘ﬁ‘]/l 2 /oo 2 J1(|bllal)
+N, |9 AT e (e, dp2 SNl
[ q- a 1o $Ha(6 Q) 0 2 |bl|q|

x {11 (€,6%) Jua(b?) = 12 (b%) Jon (6,7) }

L

Jets de higher twist

Pictures from M. Jaarsma talk at SCET2024,
R. F. Del Castillo, M. Jaarsma, I. Scimemi., W. Waalewijn, JHEP 02 (2024) 074
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SUMMARY OF DEFINITIONS AT LP

§=1(0,6,¢r)

Light cone Wilson lines

<
bare TMDPDE OV (2, by) = Z/ o—izpte” {T [q‘i VT/,?L 6) X)X T [WqujL (‘%)}

bare 1 /df_ —ipte /2 Ty § i + i I g wT _é
bare TMDFF Q"¢ (2, br) = N Z o (o] [W ] 5 ) 1% 57075 (X 55T [qun]a 5 ) 10)

Formal definition of TMD operator
Applying these operators to the hadron states we obtain unsubtracted TMDs

qu(_h(m, bT) = <h|02are($, bT)|h>
Agsn(zbr) = (h|0%7¢(2,br)|h)

To define individual TMD we have to take into account rapidity divergences, UV divergences
and overlap regions

Foen(@br;i¢n) = /S(br;C)(hlZe(n)03" ™ (z, br)|h)
Dy (@,bri ) = V/S(br; €)(hlZe(1)05* ™ (,br)|h)

zero—bin

zero—bin

@ u is scale of UV renormalization.

e ( is scale of rapidity-divergences separation.
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TMD EVOLUTION

COUPLED EVOLUTION OF TMD ...

e S a—_—
TMD (standard) anomalous dimension Collinear overlap
d VF (s G d
I F b; 11, C) = —D(u, b)F b; d

TMD rapidity anomalous dimension
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AMBIGUITY IN THE TMD EVOLUTION

COUPLED EVOLUTION OF TMD AND TRUNCATION OF THE PERTURBATIVE

SERIES
e r—cemm————
Integrability Conditi Cd (1, C) = dD( b)
ntegrability Condition... dC’yF M, — 'ud,u M,

...ensures the path independence of the evolution factor...

< (g, Cr)

RIb: (117, Cr) = (13> G)] = exp [ / (mu, S D(“’b)d_gﬂ

u\
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AMBIGUITY IN THE TMD EVOLUTION

COUPLED EVOLUTION OF TMD AND TRUNCATION OF THE PERTURBATIVE

SERIES
e
AC o Solution 1
(rg,Cr) s :
7 dp
InR = — — D(p;,b) In | ==
ni= [ o) - Dl i ()
(i, Gi) u given in [Collins’ textbook]
T¢ (g, Cr) Solution 2
_ (M du N C_f>
‘ InR= /M p vF (1, Ci) — D(pg,b) In <Ci
(w4, Gi) "
AC (,Uf:C . Solution 3
[ — i
InR = t),C(t
nR= [ (or (ut). >>(uf_ui)£ 0
—D(u(t),b LA LR V7
(1, G) " (u®) )(Cf —Ci)t+Ci)
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AMBIGUITY IN THE TMD EVOLUTION

COUPLED EVOLUTION OF TMD AND TRUNCATION OF THE PERTURBATIVE
SERIES

aman

In practice due to the truncation of the perturbative series: i B i D(u. b
Transitivity and reversibility of evolution is lost Cd( (s Q) 7 —h dp (11,0)

For Q=Mz the solution path dependence enormous:
at b=0.5 an error of about 18% at N3LO on the evolution factor R

0:5 1fg 1.l5 2j0 2f5 015 1f0 1.I5 210 2;5 015 1;0 1.5 2;0 215

b[GeV] b[GeV] b[GeV]

-05F 1+
-1F

-1.0
2
-15¢

-3k
=20

InR NLO .| InR NNLO -4r InR N’LO
-25F =4r

FIG. 3: Comparisons of different solution for In R((Mz, M%) — (s, ui)) where p, = Co/b+ 2. The blue line is the solution 1.
The red Line is the solution 2. The green line is the solution 3. The error band is obtained from the improved D solution at
fo = pi by variation of po € (0.5,2)u;. The blue line with error-band corresponds to the solution used in [18].
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EVOLUTION FIELD: NOTATION AND IDEAL CASE

2
The evolution scales 7 — (1 M 1 q
are treated equall v=1" 25 2
qually 1 GeV 1 GeV
- d 5, d d B d d
Differentiation V= v ~ (u d—/ﬂ’cd_g“)’ curl = (= Cd_cj L dp? )
B.0) = (27 _pib
Evolution field (V ) ) — ( 9 (V ) ))
TMD Evolution ﬁﬁ’(gj7 b; ﬁ) — E(ﬁ7 b)F(gj, b; ﬁ)
Integrability Condition — = —
and Scalar Potential V xE=0= E(V b) VU(”? b)

In R[b; 7y — ;] = U(Vf,b) — U(V;,b)
with
Evolution kernel /yl I'(s)

B SmmmpsSemRETT

s — D(V,b)vy + const(b)
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2D EVOLUTION FIELD: NOTATION AND IDEAL CASE

b=0.2GeV~!
A e; "“/ @ —saddle point
102} /1] 102+ |
N N ‘ In the saddle
point all
K l V< anomalous
1 10 102 1 10 102 M M
2 (GeV? eV dimensions are 0

(No evolution)

Singularities: Landau pole (on the left, not shown)

. . . Y, o S do =
Equipotential/null-evolution curves: d(t, U, b) = (t,w(t, Up,b)) — d—C: -VU(@,b) =0
Special null-evolution curves: b = fsaddle and UVp = Usaddle
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TRUNCATION OF THE PERTURBATIVE SERIES

The truncation introduces a path difference

dD(u,b) -
0T (11, b) = T(p) — =, T =23 0B, i (as)ar td™RLE

I
d/i n=1 k=0
with 3, (as) = ZB ak+2
ST O(aéVHij) with perturbative D -
X“b
TN ~ O(aN*T1L,) with resummed D L,=In (46—2%)

Rlb: {6} 5 {2, G} 1 sty [ s o (G
R[b; {11, C1}—>{M27C2}] 2/52(P1UP2) (#,0) /,uz H (1:0) (C2(M)>

The path dependence is enhanced by the difference in rapidity scale

At large value of impact parameter the breaking of integrability condition becomes crucial
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RECOVERING PATH INDEPENDENCE

Helmholtz decomposition ~

of evolution fields Ideally one could

_ . 5 _ . h .
curlE = 0, V.6 =0 E.©—0 rePalrt e trunca.t1.on
using decomposition of

the evolution field

VU(7,b)  ©(7,b) = curl V (7, b)

Basic properties
of evolution fields

Scalar potentials E(7,b)

oI'(v, b
curlE = curl® = ( 5 ) £ 0
THE INTEGRABILITY CONDITION IS RE-ESTABLISHED DEFINING THE EVOLUTION KERNEL AS
~ ~ However in order to fix
In R[b; U = vl =UW £ b) — U(7;,b) completely the evolution potential
one needs boundary condition for
~ 1dyp(V ion field:

V2 U(7,b) = - Vr (V) the evolution ﬁel.d. |

2 duy at the moment no theoretically solid

non-perturbative input is known
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RECOVERING PATH INDEPENDENCE

dp

—C

It can be done from both sides of the equation.

We modify anomalous dimensions such that integrability restored
dD(u, b)

dvyr (i, Q)
d¢

Improved D

Facilitate

dD _
I‘Ld# - *
by

D)= [ ‘L—“r(u) 4 D(uo0, b)
1o

e In the spirit of [Collins’ text book].

@ Already used in many studies

e However, it is not the best way

Improved ~

vF (1, €) = v (1, €, )
2

yar = (r—émn(%) .

e Completely self consistent

e Very natural
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IMPROVED-D SCENARIO

Hdu! ~ V1 s)(s —vy) — s
m

2
o In pg

The truncation effects should be minimized by the choice of [0

0 Rt 7, 60) = s il = [ 2 (P () = vi)) - / i () - Dl ().

i Cf o M CZ Cz
e ——mme
Aln{ . e .
. ot ¢ . . The minimization occurs
:’:lljﬁlcsmaln;l:duzre o - (1A AN only when one finds a /40
. : | such that
The solution dependence ST (110, b) = 0

is parameterized by L

ATE U U U B B B
DR REERERERI.EBEE

Ty AR A

In order fo compare fits
one should agree on a
conventional L4

scale

N Lot

ARRRRERRE L ARE

"
AN OO

X\
X
N AU 2
A ALY y Y &
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IMPROVED-y SCENARIO

U(7,b) /V1 (Is) = 5F(S’2b))8 —v(s) ds — D(V,b)ve + const(b)

mEdy

In R[b; (Mf>§f) — (i, G)] = — / ? (2D(p, b)) + v () + D(,uf,b) In <Z—;> — D(p4;,b) In ('u—3>

CLEAR ADVANTAGES:

+ NO MORE THE INTERMEDIATE SCALE U

+ PATH INDEPENDENCE

+ SIMPLICITY

+ WE ACHIEVE A CLEAR SEPARATION OF EVOLUTION AND NON-
PERTURBATIVE PART OF THE TMD
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EQUIVALENT TMDS: EQUIPOTENTIAL LINES

The 2-D evolution just connects TMDs on different
equipotential lines

TMD distributions on the same equipotential line are equivalent.

7 [GeV?]

\ ///HHHH
102;

10 ﬁ// _‘
/L)
/\ :

! \\\ | S
1 10 102

— TMD(z, b, 1)
— TMD(z, b, 2)
— TMD(z, b, 3)

We can enumerate them by a lines
not by (u,¢)

This the main idea of (-prescription
F(z,b; 1, ¢) — F(z,b;line)
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EQUIVALENT TMDS: EQUIPOTENTIAL LINES

. Field lines orthogonal

1 5f 1 to equipotential lines
aen)

| A\BAERA R

The green line evolves first on an eclu?pownn’af [ine
and then on a vertical line.
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TMD ON EQUIPOTENTIAL LINES

The TMDs one equipotential lines are not evolved
so one can define a TMD by a single parameter line

F(CIZ‘,[), ﬁB) — F(:U)bv ﬁ/B)7 ﬁ,B = C‘—j(ﬁBvb)

ONE CAN HAVE AN EVOLUTION ONLY WHEN MOVING BETWEEN
DIFFERENT LINES

F(x, b; ﬁB) — R[b, ﬁB — ﬁ/B]F(ZIZ‘, b; ﬁ/B)

Outcome: the modeling of the non-perturbative part of the TMD does not
depend anymore on the relation between renormalization scale and

coordinate parameter.
Question: Is there a preferred line?
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(-prescription

We have just to evolve between different equipotential / null-evolution line
F(z,b;pug,Cr) = RIb; (g, Cp) = (wp, Gy (V5 D)) F (2, b5 0B)

This is realized choosing Cu(b) such that

2 dIn ¢, (b)

dlnp? ’
D(Usaddle- V) =0

Yr(Hsaddle’ $saddle) = 9

The TMD on the saddle point has no evolution (Optimal TMD).
We write it as F(x,b) (NO scale!)

2

(1 €) = Cousp(1) In (%) ().

With boundary condition

) v () = 2D(u, b)
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MODELING NON-PERTURBATIVE INPUTS FOR TMD EXTRACTION

The only thing that we are left to do is modeling including the

asymptotic limit

d
Fq(—h, x, b / chm—f Z bv“vCu ff(—h,( )fNP (JZ,b)

S/

Perturbative Wilson coefficient matching

~

PDF

7k

Non-perturbative non-
asymptotic part

Asymptotic (small-b) limit of TMD
for large transverse momentum

Experiments at different energy allow to
explore different parts of the distributions

E288

Recall Q > g fixed
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CROSS SECTION AND TMD STRUCTURE (GENERAL SCHEME)

Lepton tensor Hard
cuts m Coetficient

do o d2b
z(b(j')
2 5 le fo |CV q, | /
dQ?dyd (g3 3N SQ ff

X Fyep, (:L‘l, b, t, Q) Fprny (T2, b; i, C) #&{f Power corrections at high qT
Evolution Eow energy

factor TMD
Fren(z,b;pg, Cr) = RT[bs (uy, Cr) < (piy G Fpeen (@, 05 3, Gi)

RIb; (g, Cf) = (i Gi)] = e p[/P(vp(u C): D' (u, )%)]

In prmmple.# U

d
Generic prescription Ff<—h Z/ ZCf<_q . ,u, fq<_h .) pr X, b
Matchmg (Wilson) Gaussian?
coefﬁc1ent Exponential?
. N dz
{-prescription F. . (x,b) = [—C (z.L b
feh\ X 0) = fe—g\Z ,u)fq<—h ,,Ll fNP(x )
(1> &) = (Msaddle> Csaddle)) Z

q



CHECK THE T-SHIRT: CAN YOU RECOGNIZE EACH TERM?

do i
— ~H|d*b e7"r"1[R - F - D](b)

dqr
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SUMMERY OF RESUMMATION AND £-PRESCRIPTION

The potential has level lines (zero evolution curves) and a
saddle point

Z \ \ T\
z 1 11 'IRER 1
1 LR A |
\ Vo [ \

107 p[GeV]

10? ,f[c;e\-'ll — 1(; — 102 ;A[Ge\"]’ 1
— . 1
E(Usaddle- ) = V Ultgaddle, 0)) = E(yF(Vsaddle)’ — D(Usaddle- 0) =0

Fx, b, fsaddle Ssaddle) = Fop: D)
F(x,b,p, &) = R(D, 1, OF ,,(x, b) = exp[—2D(b)In({/ s, ddle) 1F opixs D)

The saddle point has a non-perturbative definition calculable as a kernel function and
allows defining optimal, scale-independent TMDs
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TMD'S IN COORDINATE SPACE FROM ART25

TMDPDFs

K-TMDFF



TMD TO COLLINEAR FUNCTION CORRESPONDENCE
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Evolution of TMD and PDF. The CS kernel

DECAPEOUATIONS ™ COLLINSSOPER BOUATIONS ™

Integro-differentials equations

Double scale differential equacions
Non-diagonals in flavor

space Diagonals in flavor space
—*67—5“‘ = T dy e— _;4‘— -,‘:" .
H’UJ dp? fq(iﬁa,u) ;/w ?P’(y)f’ y *

| 1 T b O =y OF (e, b, §) !
! n//t 2

d “\
m Jing. wbie) == 2l pFabip o) |

__

d d
dl_é’@(b M) = Fcusp(,bt) - dl—J’F(ﬂ .C)
u = UV renormalization scale

2
Yr(p, &) = —yy(p) + FCUSp(ﬂ)ln 'u?
§ = rapidity scale

The Collins-Soper kernel & is a fundamental QCD quantity (as the strong coupling)
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TRANSVERSE MOMENTUM MOMENTS

> TMMs are weighted integrals with an upper cut-off

7’

1] = 20 L. L 1]
Mul...yn(xaﬂ) = d kT kTyl---sz/nF (LE,]CT)
for TMDs in the {-prescription which has no scale dependence

R - — —
M () = / &k kry, .k, FY (2, ks g, p?)

for TMDs in the general prescription Ffor 0-moment: M. Ebert, J. Michel, I. Stewart, Z. Sun, JHEP 07 (2022) 129

The upper cut-off becomes the scale at which the collinear functions are

evaluated
TMMs obey DGLAP equations
We provide a definition for all moments
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TMDS IN H-SPACE AND .& OPERATION

Fourier transformation: angular integrations are trivial

D. Boer, L. Gamberg, B. Musch, and A. Prokudin, JHEP 10, 021 (2011)

~ " 21 n! oC Er\"
(xbe7H>C) n (M2bab> (5B7ba:u>C) (bM)n /0 dkr kr (M) J. (ka) (xakT7M7C>

fi(z,0) = f12(x,b), (2, b) = fit" (2,0),
1(z,b) = g (x,b), Gir(,b) = g1 (2, ),
7L1(5U, b) =h l(o) (x,b), ?LfL(a:, b) = ﬁfél)(x, b),
hi-(2,b) = h “”(x b), hi(z,b) = hiy (z,b).

&

Formally im0 0) = [ e (G5 ) 1ok = 100) 91




TMDS IN b-SPACE AND .& OPERATION

» Operation & is defined as

ki

Gunlilie.) = [ ke (5E) sto. k)

» Without cut-off it corresponds to the conventional n' moment of
TMD, m is the corresponding superscript of the TMD f

» Its properties: n = m logarithmic divergence, n = m + [ power
divergence in u

Grn,m[f](, 1) o< log(p) ,
Gt (2, ) o p? for m +1>0

» The logarithmic divergence for n = m is the UV divergence that
corresponds to the divergence of the collinear functions
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ZEROTH TMM

> The 0" TMM is

"]

I 2
M () = / Py FO ), br) = / Pk fi (@, k).

p 5 i
M[7+75](a:,u)=/ PlrFY" 7 (2, kr) = A/ d*krg:(x, kr),

[i0*T~5] g [i0*T~5] N
Mo (J?,,u): d kTF a7 (CE,]{T) = Sr d kThl(x,kT)
H k2 ap o
—/ dhp—L g’—g DL ) spuhiy(a, kr),
T

\ X ,u_z so we drop it
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ZEROTH TMM

M[’Vﬂ(x”u) — go[fl](xalu)a go[fl(a:,u) = C](TMD) (CE,/L) + O(:u_2)7
MY N @) = s1.Golo](z, ), # Golg)(z, 1) = A¢™MP) (@, 1) + O(u™?),
M[iaa+75](xau) — S%QO[hl](x7M)7 gO [hl(il?,/J,) — 5q(TMD) (xalu) + O(M_Z)

Using Wilson coefficients of small-b and large-u asymptotic expansion of
Hankel transform one obtains

. 2 R. Wong, Computers & Mathematics with Applications 3, 271 (1977).
o [F] (:L‘, ,LL) - {1 +asC1 + a’sC2 R. F. MacKinnon, Mathematics of Computation 26, 515 (1972).
263

+o [? (PL®@ P @ P —360P, ® Py + 283 P1) + 03} + C’)(O/S")} ® flz,pn) + O(p3?),
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ZEROTH TMM

$ All scales in the TMD are set to u and we have a DGLAP equation

d
qu—pﬂf(TMD)(x, p) =P @ M) (g ).

& Therefore it is the same as PDFs but computed in a different scheme.

$The difference in splitting functions is of order a? and it is calculable

P —P= —agﬁo(/’l — Oég (25002 — (oC1 ® C1 + 6101) + O(Ozi‘)

T——
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ZEROTH TMM

We call this scheme TMD-scheme and the coefficient to transform to MS
scheme reads

(MS) MS/TMD (TMD) [ T
Z/ ” Zycy (W) p (;vﬂ)

ZMS/TMD 1—a,C — Qg (02 -1 ® Cl)

—a? |C5+CL®CL®Cy — 01®02—C2®01+§P1®(P1 Bo-l)®(P1—2ﬁo-1)]+0(a§)
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ZEROTH TMM

u-quark =z = 0.1 d-quark z = 0.1
66l - -~ LO 7 - -~ LO
—— NLO —— NLO
— 64 — N’LO : N°LO
bo —— MSHT?20 R —— MSHT?20
Q) S :. ......
625 e H
03¢ e - ] RN o e,
N T T s e e T 4 R,
6.0 , __________ . I S a T, -
.' _— mm :_' .......................
3 s T T ==al
5.8k 1R
10 20 30 40 50 10 20 30 40 50
t 1

@Above i > 5 GeV the correspondence is quite precise
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ZEROTH TMM

0.04
u-quark p =10 GeV d-quark p =10 GeV
T 0.02
19p]
=
S~ 0.00
-~
=
5 -0.02f
®
N —0.04f
1074 1
X x
0.04
u-quark p = 20 GeV d-quark p =20 GeV
T 0.02
wn
<< 0.00
i
=
S —0.02f
®
N —0.041
I I I ALl I I I i
1074 0.001 0.010 0.100 1 0.001 0.010 0.100 1
x

» TMDs are from ART 23 extraction

V. Moos, I. Scimemi, A. Vladimirov, and P. Zurita, (2023),
arXiv:2305.07473
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TMD 0-MOMENTS VS ORIGINAL PDF IN ART25

l.loj\\\\\\\ T T T T TTTTT T T T T T TTTT T L

1.05¢

Gol fr]/ A5

ZQ
o
&)
a1

The method Is robust: we recover
the collinear function with
consistent error,
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FIRST TMM

The 1¥ TMM is related to the small-b power expansion of a TMD

Gilfiz)(@,p) = £5TTD(—w,0,23 ) + O(u™),
1

7 gl L
Giloir)(z, p) = 5/ ZyAq(TMD)(y,u)+x/1dy1dyzdy35(y1 +y2+y3)/ da5(£v—ay3)[

0
AT(TMD) (y123; 1) i RS (Y123; 1) — ATTMD) (y123;ﬂ)] S (/)(/fz)
2 2Y2Y3 ’
2 ! dy
Gl ey ) = _7/ géq(TMD)(y,,U»)

1 1 o
—CL’/ dy1dy2dyso(yr + y2 + 93)/ daad(z — ays) H™P) (y193; 1) yzzyin +0(u™?),
—1 0 2

Al T ~(TMD )
gl[hl](xvﬂ) = :F§E( )<—:IZ,O,ZU;,LL)+O(,LL )7
I. S., A. Vladimirov, Eur. Phys. J. C 78, 802 (2018), F. Rein, S. Rodini, A. Schéfer, and A. Vladimirov, JHEP 01, 116 (2023)

The evolution is of the correct ;
DGLAP-type... s g2 @) = R Pl @t +0(a)

...With a difference at NLO P/—P, = O(a?)
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QIU-STERMAN FUNCTIONS

Oscar del Rio, Alexei Prokudin, Ignazio Scimemi, Alexey Vladimirov e-Print: 2402.01836 (2024)

CEven though it is not possible to relate the 1 TMM of the Sivers functions
to the full twist-3 functions with 3 variables T(x;, x,, x3), it is related to Qiu-

Sterman functions 7(—x,0,x; u)

(k1) = —0.011701053 GeV,  (kf,) = 01770757 GeV, (k7)) = 02670755 GeV

(k1) =~ 0.14705:7] GeV potentially sizable gluon Sivers function
1.5 u-quark 3 sea-quarks
1.0t 1
— 0.5} 1
_J,E* 0.0
& 05, - ‘W
-1.0F 1
15 | v : 10 GeV | . | | | ‘
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
X i X

Using M. Bury, A. Prokudin, A. Vladimirov, Phys.Rev.Lett. 126 (2021)

101



SECOND TMM

+
Mby,iuv(xn“) = —gr,uM?G10[fi1],
4.5
M,E]V,(%V](x’u) — _)\gTaMVM2g1,0[gl]v
[i0*T~5] 5 M2 N
Moai (&1) = 87097 M Grolh] + (9700570 + 9TwasSTu = 9T,005T,a) 5~ G2lhir]

The asymptotic power divergence part is computed analytically ...

2
IL{ —
... the width of TMDs (k2) = —g M = 2M2G o[ f1]
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SECOND TMM

Oscar del Rio, Alexei Prokudin, Ignazio Scimemi, Alexey Vladimirov e-Print: 2402.01836 (2024)

n I
M/[];](x’“):/ dszkTukTthﬂ(%kT) = / d’krkr kT, fi(z, kr),

The power divergence coefficients must be subtracted up to the
order N°LO

- H - - -
(k) (x, 1) = J d*krk3F(x, k) — p*AS[F1(x, ).

The integration in x Is finite In the combination

1

(K2)q-val. (1) = J x| 2) 06 0) = GB3) 0|
0
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AVERAGE &2.FROM ART25

0.01 0.1 0.5

2.5

2.0F

(kp)(x)

1.5F

10.:. .................

0.0

05.:. ..................

1 = 20GeV

(Ka(p = 20 GeV)) o = 1.010% GeV?

9

0.001 0.01
1= 20GeV
= 5
—
= o
0.001 0.01
x

(K2 = 20 GeV)). | = — 47534 GeV?
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PHENOMENOLOGY

In principle we can study polarized and non-polarized processes

and (many of) the angular asymmetries with their perturbative

effects of higher orders, with summation and non-perturbative
effects included (ask Sara...)...

do 3 do

_ 1 —3cos’6 sin® @ cos 2¢ n
d*qdQ 167 d%q

An + sin 20 cos A, +
> 0 PA, > 2

[(1 + cos?6) +
15i 6 COS A5 + cos OA, + sin® 0 sin 2¢pAs + sin 20 sin pA, + sin 0 sin ¢A7]

3 do

Tl S (0, A,
167 d*q Z 0-9)

n=U,0,....,7

The star process is the production of vector bosons in DY and
SIDIS, but there is much more...
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PHENOMENOLOGY: JETS

RECALL PREVIOUS STUDIES ONTMD FACTORIZATION AND JETS ...

Based on:
D. Gutierrez-Reyes, |.S., W. Waalewijn, L. Zoppi PRL 121, 162001(2018)
D. Gutierrez-Reyes, |.S., W. Waalewijn, L. Zoppi JHEP 1910 (2019) 031
D. Gutierrez-Reyes, Y. Makris, I.S., V. Vaidya, L. Zoppi JHEP 1908 (2019) 161

.,-+ recoil-free axis

=coll

2

- standard jetaxis " + /7" =0

Standard jet axis (SJA Winner-take-all (WTA) e

Larkoski, Neill, Thaler JHEP 04 (2014) 017

Introduces soft-sensitivity to Recoil invariant. It is not sensitive
axis definition. In TMD to soft radiation. In TMD
factorization works for small R factorization works for all R

AND RECENT RECOIL FREE JET RECOMBINATION SCHEMES..

m 5 m 5
prn; + prh;
pritpr;

AND HADRON JET CORRELATORS THAT APPEAR IN EE-CORRELATIONS

£

Y,-T. Chien, R. Rahn, D.Y. Shao, W. Waalewijn, B. Wu JHEP 02 (2023) 256 A= WTA for m - o

1
I. Moult, H.-X, Zhu JHEP 08 (2018) 160 Jegc®) = ), J dzz C,.;
i Y0
1
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Data for unpolarized TMD PDF extrac

Q[GeV]

1000 |

400

100 |

40

10

1074

1073

107! 1

CDF + DO
(W-boson)

E605 ~
E772 H
E228 H
[ mEan
HE
Q PHENIX HH
r DY 627 COMPASS
SIDIS 582
Total 1209 data points HERMES
I | L | | | L AT |
10~ 1073 1072 107! 1
xT

1 1000

400

1 100

40

110
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ALL INPUTS:

50 YEARS
OF PHYSICS
HISTORY IN
AFIT

Element

Symbol

Comment

Common constants

Mass and width of Z Mz, Tz Mz =91.1876 GeV, I'z = 2.4942 GeV
Mass and width of W | Mw,'w | Mw = 80.379 GeV, ' = 2.089 GeV
Sine 6-Weinberg sw sy = 0.2312 GeV
Quark masses m me = 1.40 GeV, mp = 4.75 GeV

9 same as in MSHT20
QED coupling const. QEM apy(Mz) = 127.955
QCD coupling const. ag =4mag | ag(Mz) = 0.118 taken from MSHT20

Hadron tensor

Hard coef.function Cpy, Csipis | N*LO (a?)
Cusp AD Leusp N4LO (a?)
TMD AD 21% N3LO (a?)
Factoriz. scales p, 6, C | p3=C=(=Q?
Special (-line Cu(b) Exact solution at a?

Collins-Soper kernel
Pert.part Dperp N3LO (a?)
NP part Dnp 2 parameters {co, c1}
Defining scale Ty
b-prescription b*

Unpolarized TMDPDF f;
Matching coef. Crey N®LO (a?) + NLL, (a?)
Unpol. PDF f MSHT20 at N2LO (a?)
NP part fnp 10 parameters /\;-f
OPE scale LOPE
b-prescription bopE
Unpolarized TMDFF D,

Matching coef. Croypr N3LO (a?) + N%LL, (a?)
Unpol. FF for 7+ dy MAPFF1.0 at N2LO (a?)
Unpol. FF for K+ d¥ MAPFF1.0 at N2LO (a?)
NP part for 7+ Dip 5 parameters 773,’1’
NP part for K+ D, 5 parameters 7,
OPE scale Bobr
b-prescription bz)(gg)
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CS-KERNEL

| attice results are In
between ART23 and

ART25
Parton shower and

INnstanton estimates
— ART25  ---- MAPNN are also in between
—— ART23 ---- MAP24
----- SV19 ... MAP22 ART23 and ART25
Extractions from DY |
and DY+SIDIS work . LPC22 . ASWZ24
' + SSSV23 at 7 =  BGMZ24
Oﬂ|>/ 1N the — ART25 — ART23
perturbative region.
74 b(GVY)
MAPNN gives d —— ART25 —— CASCADE
--- ART23 —— [2501.00678]

reasonable error
estimate 109



PERSPECTIVES

| have tried to provide you some basis to understand factorization and
TMD formalism. Hands-on with Alexey.

Some parts of the formalism are still developing, mainly in higher power
corrections

There is a plethora of processes that need to be studied, coded and to
be discovered.

Evolution is a fundamental ingredient (it cannot be optional, unless we
want a very approximate picture of Nature)
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EVOLUTION KERNEL

En el nucleo de evolucion de Collins-Soper se combinan elementos
perturbativos y no perturbativos.

H d//l/
@(b, :u) — 9srna]]-b(b>k, M*) + [ , Fcusp(//t/) + 9NP(b)’
¥

b*

NP

2e_J/E
p*(b) =

) , Byp = 1.5/GeV
= b*(b) NP
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ART25: TMDPI

fipenlb) = 3 Crpl, b¥ o HOPE) ® 1 (X HOPEIFy (- b)
-

&  Coeficientes resimados a grande-x: 0. del Rio,A. Prokudin, |.S.,A.Viadimirov e-Print: 250117274

. . 1 i}
¢  Parametrizacion: F/ (x,b) = . f=u i dd sea

cosh [(ﬂ{(l — o+ z§x> b]

1, —0.04b2 2e77E _—0.04b2
bope®) = be ) S0 (l ¢ )
—/E
MOPE(b) = b +5 GeV.

¢  Entotal, 10 parametros (Al A% A% 25,28, 24,24, 24, 2588, 15€8)

€  PDFs de referencia: MSHT20
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ART25: TMC

Dy ponlh) = ), Cropla b L H O pp) ® dy (2 MO p) DR, )
-

€  Parameterizacion for fragmentation:

hfb? b\ 2eeg
Df/h(z by = 1+, 2 (h=n%): [=u @ d rest ﬂlcz)FPE(b) = HOPE <Z> =——+5 GeV,
NP 77 b\’ feu @ 7
cosh <i16’;> (h=K%): [=u s, rest b PRy = pe—0040" 4 2e”" <1 _ 6—0.04192)
OPE uEb e ()
OPE

¢  Funciones de fragmentacién de referencia: MAPFF1.0

€  En total, 10 nuevos parametros

. xu md mi rxr K o Ku Kd Ki , Kr
{ng-n "m0 g, n S
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TMDPDF RESULTS

o T T At
. fl(o 01 b) | 2.0} 1 =1 Q — II)(_;(?\"' u-qunrk
(+20) = d(+10) -
(+10) T =
- . B 1.5}
e
— 1.0
-
‘?. 0.5/ B ART25 &= MAP24
= = ART23 g8 MAPNN

05 10 15 20 25 30 35
b(GeV~1)

I FZ01 QG
S e 5| B ART25 B MAP24 |
There is substantial ~ B ART23 B MAPNN
agreement between the £ 4|
groups. Problems arise from T
the fit of the SIDIS, as it Is 1

more sensitive to high values 8, o5/ L0 15 20
of b... b(GeV ™)

Agreement Less constraints from DY data
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TMDPDF RESULTS: SMALL/LARGE-X VS KT

0.5 F 305

0.1t
5x1072F

H0.1
45x1072

1072F
5x107°F

4107

I5x1073 20

15
107 ¢

0.5 F

1107
105 10

0.1
5x107°F

4 0.1
451072

1072}
5x107°F

41072
45x107?

A

—3—2—10123I -3 -2 -1 0 1 2 3
k‘T(GGV) kT(GGV) k‘T(GeV)

10731 11073
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TMDFF: RESULIS (77)

z=0.3 @ =10GeV u-quark aT

B ART25 = MAP24
0 MAP22 -

0\\\\\\\\\\\\\\\\\\\\
00 05 10 15 20 25 3.0 35

00 05 10 15 20 25 30 35 b(GeV 1)
b(GeV )
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TMDFF RESULTS (K)

D03y | KT
u(+6) [ d(+8)

d(+4) B u(+2)4
B 52

il

15+~

2=0.3 Q=10GeV u-quark KT

B ART25 B MAP24 |
~ MAP22 -
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TMDFF: RESULTADOS (7z) PARA SMALL/LARGE-Z VS. KT
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DIVERGENCES AND RENORMALIZATION OF TMDS AT LP

_ V5(0r)

a Rapidity divergences subtraction %
zero — bin |

UV divergences subtraction

Tilted WL’s [Collins] é-regularization [EIS]
S(br 100,70 zero-bin coincides with soft-factor
Ra(C,n) = V/S(b '\-4(00( —Too)OSo(: ) — Rq(C p) = L
T ’ T:3Ys» OO) \/S(bT;a6+,6+)
C ~/ m2e—2y3 ) C ~ an




