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Context and motivation
 Perturbative series Zrna? In QCD (and EFTs) are in general divergent but img /

n=0
asymptotic

« Studies of their large order behavior provide useful information

 Estimate of the sum of the series (plateau) > 4 6 8 10 12 14

* Investigate the (size of) the non-perturbative corrections associated with the series (hadronization)

 Proper renormalization schemes to improve convergence (leading renormalon cancellation)

 These studies require the knowledge of all coefficients, so they are usually carried out in the large-£,

limit, in which one can compute all O(a;"n}”’_l) contributions to Zrna;”
n=0

Coefficients of

/ highest ns power \

1 / (p2) 1+ne
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Our work

N. G. Gracia and V. Mateu. Toward massless and massive event shapes in the large-0 limit.
Journal of High Energy Physics, 2021(7), jul 2021.

« Factorization theorems exist for the event-shape cross-section of eTe~ — Hadrons in the peak region

PHYSICAL REVIEW D 78, 034027 (2008)

PHYSICAL REVIEW D 77, 074010 (2008)
Factorization of ¢ "¢~ event shape distributions with hadronic final states

Jets from massive unstable particles: Top-mass determination in soft collinear effective theory

Sean Fleming,'* Andre H. Hoang,>" Sonny Mantry,>* and Tain W. Stewart** 3.8

Christian W. Bauer,"* Sean Flcming,z’*' Christopher Lee,"* and George Sterman

in SCET and in bHQET
1 do 1 d
— 7 — HogxWoWe s 1do _ :
Hard function (universal QCD matching onto SCET) Mass-scale hard function (SCET with masses onto bHQET)
SCET jet function (hemisphere mass and trust) bHQET jet function for hemisphere mass

 \We tackled the large-3, computation of the jet functions for thrust and matching coefficients

1) Derived a framework of general formulas for a systematic study

2) Applieditto Hg, Hy,, J, and B,



Our framework



In preparation we derived some general relations O u r fram eWO rk

For series with cusp anomalous dimension (1-loop divergences start as 1/e2) the following relations hold

4 N
Goo B > Aqep \*[ G(0,7)—G(0,0) 1d
Bo0A = FGI o+ Go glog( )-l—[ ﬁQ Go l}log(ﬂg) +A dT( %) ) [ = TduG(O’u) u_0:|
0 G(r,00-G(0,0) 1d 12\ G(1,0) —G(0,0)
g —/_ﬁdr{log(l + ﬁ) - 7. 1G(7,u) = G(0, u)] u_o—log( Qg) ~ } y
4 5 1/0 L G(r.0) ~G(-5.0) _ 28dG(-B.5) A Renormalized series
A B Byt B ds 0 Cusp and non- dA ( 12 )
cusp anomalous  p—— =y, +log Ty
La(B) = zﬁG( 3,0) dimensions dp
\ Bo y,
Comments
1) Notation G#(e,u) comes from step 1 of computation:
Insertion of  wsms{ Yoo Josmon - 1-loop difficult
SA=A—1 m@zm (1-loop y) )
QCD renormalization s =Zocs =35 and O(1/ o) expansion

Bo=as(Q) Lo/ (4m)
E n €, L€ 2
/B,UJ = ﬁ /8{]5140 - Z/Bn( 1 "e _RZ]_—‘(E F(?’L P(€+ 1) G#é2;€ ) GH(e,u) = (92) G(e,u)




In preparation we derived some general relations O u r fram eWO rk

For series with cusp anomalous dimension (1-loop divergences start as 1/e2) the following relations hold

(- 2 \

e A T — 1d
b = TG+ Godlog( )4%090_(;“}1%(65@%[) o (252 ) | FOGERR o0 |

0 G(r,00-G(0,0) 1d 12\ G(1,0) — G(0,0)
N _/_ﬁdT{log(H 5) 2 3 7w~ GO u—o_log( QQ) T } y
() = 2 [, G0 ~G(=8,0) , 28dG(-8,5)| Renormalized series
va(B) = E/ dr Bt + By ds Cusp and non- JA 9
=0 cusp anomalous u——’yA—l—log(u )FA
Ty(8) = zﬁﬁg( 3,0) dimensions dp
. 0 J
Comments

2) Finite vs Divergent

 Divergences are enclosed in a single term

« Anomalous dimensions are finite (finite convergence radius as perturbative series)



In preparation we derived some general relations O u r fram eWO rk

For series with cusp anomalous dimension (1-loop divergences start as 1/€2) the following relations hold

( 2 D)
Goo B - Aqcp 77| G(0,7) —G(0,0) 1d
BooA = FGl 0+G0010g( )+[ Bo GOl}log(ﬂg)Jr/o dT( Q ) [ T2 rag O u—0:|
0 G(t,0)—G(0,0) 1 d 12\ G(1,0) —G(0,0)
_ —/_ﬁd’r{log(l—l— ﬂ) — 1 (G(7,u) —G(0,u)] u_o—log( QQ) - : y
oy 2 [° . G(r,0) = G(=5,0) , 28dG(-B,5)| | Renormalized series
a(B) = E T it + Be  ds . | cusp and non- JA 12
cusp anomalous  p—— =y, + log( )FA
Ty(8) — zﬁg( 3,0) dimensions dp
\_ Bo y,
Comments

3) Properties of the divergent term

- Divergences are encoded by the poles G (0, 7): renormalon structure
« Easy to use PV prescription to define the integral and hence the sum of the series

- The difference between jumping poles from above/below defines the ambiguity of the sum
- It equals the sum of the residues of G/(0,7) in Rt , which is muliplied by (Aqcp/ Q)%

-No u-dependence



Results



Match QCD onto SCET (masless)  Ho(Q, x) = |Cr(Q? +i0*, 1) Hard function

: : P1
Gry(e,u) = 2Cre"=%[(u—1)e? + (u? — 2u+3)e — 2Jcos(mu) - numerically interated Q% = (p1 + ps)? =
(L4 w1 —u) [ 6I(1+e)I*(2—¢) ]?‘1 - poles and residues
F@3-u—e) (4 =2¢) computed analitically
Poles Order Crossed

Gr(e,0) (2n+1)/2, n=2,3,4... simple No
-n, n=2,3,4... simple No

G (0,u) 1,2 double and simple Yes

n, n=3,4,5... simple Yes

The ambiguity can again be resumed

5 2 5 4
~ C 8 A A 2 GA . A
o )3 50

; 5 2 2 5 2
(GGAQ(ID> 1l 10el1 = (EGAQUD>
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Q Q

;EA---'_ 2 :EA--' 1
+4(€6 C;g(D)_G(fG 5(,D>+4

Logaritmic enhancement from double poles




Match QCD onto SCET (masless)  Ho(Q, x) = |Cr(Q? +i0*, 1) Hard function

: : P1
Gry(e,u) = 2Cre"=%[(u—1)e? + (u? — 2u+3)e — 2Jcos(mu) - numerically interated Q% = (p1 + ps)? =
(L4 w1 —u) [ 6I(1+e)I*(2—¢) ]?‘1 - poles and residues
F@3-u—e) (4 =2¢) computed analitically
Poles Order Crossed

Gr(e,0) (2n+1)/2, n=2,3,4... simple No
-n, n=2,3,4... simple No

G (0,u) 1,2 double and simple Yes

n, n=3,4,5... simple Yes

Hy'™(Q =30GeV, u = 10 GeV)

w-resummation improves convergence 1 25 ety . . ]
I / —e— with 7 resummation

. [ —e— no 7 resummation |

Ho = _@Q 11 -

po = Q 1.05— -

. . . . . . 0.9 -
Despite logarithmic enhancement, the ambiguity Is ¢ Agcp = 88MeV ]
very small 0 1 2 3 4 5 o

n



Jet field in SCET SCET jet function

g4 o+ @p Q
®== - - R ® X2 & >R ®
p p p

Poles Order | Crossed
Gj(e,0) (2n+1)/2, n=2,3,4...|simple No
G;5(0,u) 1,2 simple Yes I

We take the Fourier transform w.r.t.
p? = s to avoid distributions

There are only two contributions to the ambiguity
For real y

Re[]] is free from u = 1 renormalon

2CF( 1, :
7= ——ﬁoFllyeE’/g’AQQCD H- (5 ye5/3A2QCD) ]

Im[]] is free from u = 2 renormalon



Jet field in SCET SCET jet function

g4 o+ @p Q
®== - - R ® X2 & >R ®
p p p

Poles Order | Crossed
Gj(e,0) (2n+1)/2, n=2,3,4...|simple No
G;5(0,u) 1,2 simple Yes I
Re[f,ﬁ”f:% =0.3GeV 2, u = 2GeV)| Im[Jy"™(y = 0.3GeV 2,1 = 2GeV))
1.04r _ 0 5E
r —— 1y =2GeV f ——
1.02F —— 1y =13GeV 7 p
[ - y=1GeV ] A = 88 MeV
1.00\ Ho : op ;
0.98fF e y ]
0.96:— v ; —e— up=2GeV
i ] —— 4y =13GeV
0.94F Agcp = 88MeV - - —— pp=1GeV A
[] 1 1 | ] 1 ] 1] [] ] 1 1 ] 1 1 ] 1 1 1]

5 6 7 8 o 1 2 3 4 5 6 7 8 9 10
n n

o
-
N
w
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l_‘(us-,p ( ¥s = 09) (H! S)( Qg = 09)

0.7 Convergence 1 -0.6f ] : :
radius of § = 2.5 | -0.8F dimensions

0.6 ; ol _:
= o g 1 - :
0.5 7 -1.2F <2 o=t o P—

: : 1 * Werecover the universal

: cusp anomalous dimension
— (cross-chek)
n

« Compute Yhard(s), Vjet ()

« And by consistency
predict Vsofs (cs)

2Cp sin(mB)I'(4 4+ 25)  agrees with

cusp (6 ) o 37 /6 OF (2 + /6)2 [gnazio Scimemi and Alexey Vladimirov. Power corrections and renormalons in Transverse
Momentum Distributions. JHEP, 03:2, 2017.



Match massive SCET onto bHQET Mass-scale hard function
|2 ':;;‘.?% g ':':':‘. ;,;,;.

H,,(m,p) =|Cg(m,pn)

Poles Order | Crossed
G, (€,0) (2n+1)/2, n=2,3,4... | simple No
(2n+1)/2, n=0,1,2... | simple Yes
Gu,, (0,u) —n, n=23,4... simple No
1,2 simple Yes

The leading renormalon for H,,, lays then at u =1/2 and its ambiguity Is

663% O F AQCD
8, = —
Bo m
This 1s three times higher tan the pole’s mass ambiguity: 4, = — 26—(71?65/ GAQCD
0

Therefore the combination Hm/mf; IS free from the leading ambiguity



Match massive SCET onto bHQET

Mass-scale hard function

Hy(m, p) = ‘OH(TI’L,M)P
Poles Order | Crossed
G, (€,0) (2n+1)/2, n=2,3,4... | simple No
(2n+1)/2, n=0,1,2... | simple Yes
Gu,, (0,u) —n, n=23,4... simple No
1,2 simple Yes

ZIT)

X 2

Therefore the combination Hm/mf; Is free from the leading ambiguity

(712 mE*) Hy(me, ot = 20 GeV)

1.60F

1.55F
1.50F
1.45}

1.40F

AQCD = 88 MeV
m; = 160 GeV

1.35[

1.30F

—— H,, expanded
—o- m, expanded

—o- H,, and m, expanded

1.60

1.55

(71 /mPY Hy(my, 1t = 20 GeV)

1.50F
1.45F

1.40F

1.35p

 H,, and m, expanded ~* Hm = 4n 3
3 HH -
: - =22
Hm 4 ;
Agcep = 88 MeV -

m; = 160 GeV

1.30F

Both series need to be
expanded (left) in terms
of the same (1) (right)



Jet field in bHQET

bHQET jet function

Poles Order | Crossed
Gz(e,0) (2n+1)/2, n=2,3,4...| simple No
) n, n=23,4... simple Yes
Gg(0,u) 1/2 simple Yes

This time the leading ambiguity is twice that of the pole

4CF65/6
Bo

5p=—

Therefore the combination

B (x)e?*™yp is free from the

leading renormalon

ng )-)g —®
p

+<>5-Lé ~ % ®
p p

i.’L’AQCD

B 2CF

_ 5/6
Om, = e®/®Aqcp
Bo
Re[ﬁ'ﬁ"’zs) (x, 1) g~ 2ix mp]
[ o B, expanded R=3GeV -

-32.6f -
[ —* B, and m, expanded

_30 gk ¢ mp expanded

-33.0F

-332F _~x=(0.1+0.1) GeV™'

[ p=4GeV Ho =2GeV
-33.4f

- AQCD = 88 MeV

m, = 160 GeV

Fourier transform w.rt. § = (s — m?)/mto

avoid distributions

-33.8F

-33.9fF

-34.0

-34.1

-34.2

-34.3

Im [E’f,“f =), ) €72 ’"P]

[ —e— B, expanded
-o~ B, and m, expanded
—— m, expanded

R=3GeV

x=(0.1+0.1)GeV™!
u=4GeV

AQCD = 88MeV
|

o = 2GeV
m, = 160 GeV

5
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Conclussions and future work

« \We have developed a formalism to analyze the asymptotic properties for series without and
with cusp anomalous dimension (EFTSs)

 All the perturbative coefficients agree with the up-to-date literature

« The resummed results have led to strong observations:
« matrix elements are all divergent, while anomalous dimensions are convergent
 renormalon structure of the factorization theorems
* the role of u in the asymptotic behavior and renormalon cancelations

Extensions and further work

e mass corrections with one heavy bubble can be related to our EGP
* investigate the soft function and develop a resummed factorization theorem

* Investigate the implementation of pi resummation and the found leading renormalon
cancelations



Back up slides



The situation in QCD

* The function R(«/)is unknown

R(o) < R(a) =1+ ) rma"
n=1

« The power series is divergent: r,, ~ nla"nb

To estimate R(«) with the power series:

Borel summation

Rp(a)=1+a / “dte'BIR(a)|(at)

m_, T — T'n i DO. —tin—1
1+ _1+§;(ﬂ_1)!.ﬂﬁ dtett 0

=1 n= Z "'nt1, n

— — > n—1,—t .- .
['(n)=(n - 1)!—[) UL Improves the convergence of the original series




The situation in QCD

Borel summation

Rp(a)=1+ Oa/oodtetB[R(oz)](ogt) )= Z;) ”ﬂfl um

0

If R(«) has a non-zero radius of convergence in «, B[R](u) has an infinite radius of
convergence inu, and Rg(«) returns the analytical continuation of R(«)

/Example: geometric series \

R(a)=32"(=2)"a"=1/(1+2a) for |a|<1/2

Rp(a)=1- 204/ dte 2o+l = ] !
0

Troa’ for Re(a)>-1/2

N\




The situation In QCD

Borel summation

Rp(a)=1+ Oa/oodtetB[R(oz)](ogt) )= Z;) ”ﬂfl um

0

If R() has a zero radius of convergence in «, the existence of Rg(«) is not guaranteed

The case in QCD (r, ~nla"»’) Is that B[R](u)has poles in u

lu

Integration path

IR renormalons
u=1/2,13/2,2...

UV renormalons

u=-1/2,-1,-3/2,-2... Need a prescription
Non-alternating sign

Alternating sign series )
series (non-summable)

(summable)



Principal value prescription

Dodge poles by infinitesimally
deforming the integration path

The situation In QCD

o Cilume) |w

% = P.V._|_

U, — 0 Un U, +06
oy [——
P.V.i{fnn_a dm(mmn)k} =\ GoDeT k even
L 0, k odd, k>1
Exact value Ambiguity
P.VA{Rp}= [P V. {Rp}+P.V._{Rp}| Ors= erz P.V..{Rp}—P.V._{Rp}]

Estimated resummed value of the series

Estimated resummation error
Given by sum of residues of IR renormalons.




The large-£, limit

We start with a series in the bare coupling

=1 n=0
Large-f, expansion
11 4
» Keep track of powers of n; by G, = ?OA — ngnf

Qs
1 + 05360/(471-6)

. . 0
« Introduce the renormalized coupling constant s = Za Qs =

 Expand assuming O(as, ~ 1 .
P g Olasho) Coefficients of

highest n, power —~— Same functional form as gluon

Only contributions Propagator with shifted exponent

from (computations are 1-loop dificulty)
o = 580 2) +0() o e o ]
0




The large-£, limit

by only algebraic manipulations (defining 0Ag= Ap— 1 and 8 = as 8o /(47) )
> . . ! —D1);— F* €, le Insertion of efective gluon
BodAg :ZJB (—1)% ( (i)—(l))! (l ) propagator with [ loops
i=1

=1 fowo'ow( )«WM( )Dm-mp /omwd )'om

where Fr(e,u) = (g—z)uF(e,u) and w Is an external energy-scale (e.g. mass or CM energy).

From here we distinguish whenu — 0
 Finite series (no renormalization) — F (e, u) starts at O (u).
» Non-cusp series (1-loop divergences startas 1/e) — F(e,u) startsat 0(1)

- Cusp series (1-loop divergences start as 1/e2) — F(e,u) starts at 0(1/u)

in all cases F(e,u) startsat O(1) when e — 0.



Series without cusp anomalous dimension

For non-cusp series we have Jal” — N ik R =
reqular Fr(e,u) (e,u)_;;e U 1,37 1,0— 42,0
Sketch of the comptuation:
oo 4 oo oo
il -y —1)*F;, 1 it Fi,
BodAo=Y B [r(z)m;;-— ( ) “] —D G2 A
=1 71=1 1=0

Finite term UV divergences



Series without cusp anomalous dimension

oo oo
For non-cusp series we have Jal” _ By, J I po—
€,U) = e'uIF;”. Fr.=F;
regular F”(e,u); ( ’ ) ;JZO 1,77 1,0 ¢,0
Sketch of the comptuation:
Integral tricks Regularity condition (backwards)

. /o \

S BTG R =S R, fdeTi—le—T/ﬁ - /dee_T /6 F*(0,7) ~ F(0,0)
. ? ’ 0 0

T



Series without cusp anomalous dimension

UV substractions

Borel-like, ambiguous integral /\ Finite, unambiguous integral

woA = FO0ws( 2 )+ [Car(222)
0

V4 X

T F(0,7) — F(0,0) +/0 1, F(r,0) = F(0,0)

T 3 T
\ Renormalized series

3 € — T factor

Renormalization

No u-dependence
oy _ ((haco )
w l w

o . 2,6

WB) = 3 B Fo=" F(-5,0

Residues of F'(0,7) multiplied
Anomalous

)27‘
dimension

by (Aqep/w

Convergent series
(non-integral form)

|

Ambiguity linked to non-
perturbative power corrections.



We present an extension of the . : . .
P . o Series with cusp anomalous dimension
previous formalism to series with e e e
. . racla anc . Mateu. oward massless and massive event s 1apes in the arge—j 1mit.

Cusp—anomal Oous d i menSion Journal of High Energy Physics, 2021(7), jul 2021.

F#(e,u) starts at O(1/u) so we define the regular GH (e, u) = ZZ GF e’
function GI’L(E, U) = ’U,F”(E U) i=04=0 7

. AT FH(e,le
ﬂOAO_Zﬂ ey G G
—1 |

)

_; —1)Y(1); 1 GH(e, le
/305A0—Z/8 )’e ;( (%i)—(l))! l l(ze )

The presence of an extra [ complicates manipulations. ..

This term provides the

Perturbative coefficients anomalous dimension
< i HiGiz1o0 G 1 (=)
hito = 3 (-0 | Gtin(-1yre) - Bl 5 G+ Gt

2l = H G G
_ S —.S _ )i+ 122y =0 | gyi+i % | New nuisance! Harmonic numbers




We present an extension of th : : : :
€ present an extension of the Series with cusp anomalous dimension
previous formalism to series with b e e e
. G. Gracla and V. Mateu. Toward massless and massive event shapes 1n the large-p0 hmit.

Cusp—anomal Ous d i menSion Journal of High Energy Physics, 2021(7), jul 2021.

Fi(e,u) starts at O(1/u) so we define the regular — Gr(e,u) = 3% GF eiud
function G* (¢, u) = uF* (¢, u) i=05=0 ,J

= P YT,

Bodo=Y_pi(~1)ie 3! é)_(lz))"ilpy(?le)

i=1 — ! ‘
— . L L (1) Ds_ 1 GH(e. 1
sosto=3 -1y O
1=1

=1

The presence of an extra [ complicates manipulations. ..

The relevant (and harder to find) integral representations involving H ; are:

(BYiH, — /Oﬁd’rﬂg Er—Tﬁ)é (f)iHi ) /_UﬁdTTi—llog(l +%)




Series with cusp anomalous dimension

Series= Ambiguous + Finite convergence radius
- ( 1? Go.o (B Renormalized
foodl = ?G1’0+G0’Olog’(ﬁ)+[ g, Cor|loel 5 cusp series
> (A TG0, 7)—G(0,0) 1d
+/ dT( ?uCD) [ ( )7_2 ( )_frduG(O’ u) ] UV substractions:
‘00 ) C0.0) b - some terms need
N , 7\G(7,0)-G(0,0) 1 d - two of them
/3d7{10g(1+8) = T G(T,u)— G(0,u)] UO}
2 0 .
+1og(i2)/ 1. G(.0) —G(0,0)
W _3 T
dA p?
ﬂaz’m-l-log 2 L4
2 (%, G(r,0) - G(-B,0)  2BdG(-8,s
va(B) = 5_,/ dr (7, )5+( 5, )—Fﬁﬁ (df’ ) Cusp and non-cusp
0J -5 4 \ 0 s=0 anomalous
2B dimensions
La(B) = %G(_B’O) Non-cusp needs UV substraction
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