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CS-kernel: Flavor matching and mass effects.



CS-kernel: Flavor matching and mass effects.

What is the CS-kernel?
CS-kernel & rapidity anomalous dimension: rapidity evolution of TMDPDFs & soft + beam functions:

and rapidity anomalous dimension

d 1 d ~ -
dlog Clogfz(x o, p, Q) = /a (b, ), WgI/IOgS(bTaMa v) = A, (br, p) -

Equivalence between CS-kernel and rapidity anomalous dimension

f (x bT)/J‘ C) QT bT7l~L7 V/\/_ bT?,U’J ) % &((bTle) = %’?V(b'IUM) .

RGE for the rapidity anomalous dimension

Y (b ) = —4lcys .
legN7 (br, 1) p(K)
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CS-kernel: Flavor matching and mass effects.
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CS-kernel: Flavor matching and mass effects. @

How to obtain the CS-kernel?

Aqep < 1/br perturbative region
> can be calculated perturbatively.
> available up to O(a?) for gluons and massless quarks. [Moult, Zhu, Zhu, '22; Duhr, Mistelberger, Vita, '22]

> massive quark contributions known to O(a?). [Pietrulewicz et al, '17]

1/by < Aqcp  non-perturbative region

> extraction from experimental data (low ¢r DY & SIDIS). [MAP collaboration, '22; Moos et al, '23]

> determination through lattice calculations. [Lattice Parton Collaboration, '23; Shu et al, '23; Avkhadiev et al, '23 & '24]

Open issues

> mass effects are neglected & flavor thresholds treated improperly.

> lattice results are available for ny = 3 and ny = 4, but not ny = 5.



CS-kernel: Flavor matching and mass effects.

Different regimes in q; (1/b7).

[Pietrulewicz et al, '17]

Consider the impact of a massive quark (in addition to n; massless quarks) for different g regimes:

NOT massless n; case with
O(m~2b;?) power corrections

Would need m — oo, have
m < @, leading to

soft & collinear mass mode
functions

plus their p & v running

g ~m < Q

Generalization of massless
factorization with:

1
7

> mass dependent beam & soft
functions or TMDPDFs.

> mass dependent CS-kernel.

Genuine mass dependence, not
power corrections!

Massless n; + 1 case with
O(m?*b%.) power corrections to

massless beam & soft
functions or TMDPDFs

massless CS-kernel

Mass effects are absorbed in
n; + 1 flavor PDFs



CS-kernel: Flavor matching and mass effects.

[Pietrulewicz et al, '17]

Different regimes in q; (1/b7).
Consider the impact of a massive quark (in addition to n; massless quarks) for different g regimes:

gr L m < Q

NOT massless n; case with
O(m~2b3%) power corrections!
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Massless n; + 1 case with

Generalization of massless
O(m?2b2.) power corrections to

factorization with

Would need m = 00, have mass dependent beam & soft massless beam & soft
m < @, leading to: functions or TMDPDFs functions or TMDPDFs
> soft & collinear mass mode mass dependent CS-kernel massless CS-kernel

functions,
Mass effects are absorbed in

Genuine mass dependence, not
n; + 1 flavor PDFs

> plus their p & v running. power corrections



CS-kernel: Flavor matching and mass effects.

Different regimes in q; (1/b7).

[Pietrulewicz et al, '17]

Consider the impact of a massive quark (in addition to n; massless quarks) for different g regimes:

NOT massless n; case with
O(m~2b;?) power corrections

Would need m — oo, have
m < @, leading to

soft & collinear mass mode
functions

plus their p & v running

Generalization of massless
factorization with

mass dependent beam & soft
functions or TMDPDFs

mass dependent CS-kernel

Genuine mass dependence, not
power corrections

S
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Massless n; + 1 case with
O(m?b%) power corrections to:

> massless beam & soft
functions or TMDPDFs.

> massless CS-kernel.

Mass effects are absorbed in
n; + 1 flavor PDFs!



CS-kernel: Flavor matching and mass effects.

Massive contributions to the soft function and CS-kernel. [Pietrulewicz et al, '17]
Massive quark contributions to the soft function — and the CS-kernel — can be calculated perturbatively:

“ 1

These contributions are perturbative even for large by, the mass acts as a perturbatively large scale!

Massive contribution to the CS-kernel

2 32 16 160 448
50 (b :(%)OT Lyl — —LE — — Ly — =2
Vo (T,m,,u) Ar FLF 3 b 3 m 9 m 27

* ¥ [2G13”3?<0,(%J,0 ‘ me%> + Gi’??( (%) ‘msz)} } + O(a?)

where:

= 2log (%) . Ly =2log (b_zoli) .



CS-kernel: Flavor matching and mass effects.

Perturbative nature of massive contributions. [Pietrulewicz et al, '17]

Canonical scale for 3" (b, m, 1)

b
Nm(bT < 1/m) ~ ﬁ’ Nm(bT > 1/m> ~m. 10\
5f =

5
makes it possible to use the perturbative <] o (ba) AN
result for all by while resumming all 1 1f " SR
logarithms! 0.5 --- po(b*(br))
. oo po(br)
Massless canonical scale oal
bo 0.1 05 1 5 10
po(br) ~ br br [GeV]

% for large by the canonical scale becomes non-perturbative!
—— use of 11o(b*(br)) induces large unresummed logs for large br!



CS-kernel: Flavor matching and mass effects.

Large and small by limits of the massive soft function and CS-kernel.

1 / I)T <m

L RN S(nl+1)(bT7m7M7V) :S(nl)(bT7ﬂ'7 ) m /'[' +O z%b)
gr K m < Q

A5 (b, m, ) = 35 (br, 1) + Yo, 11, (M, 1) + O <m_21b7)

% mass does not decouple, mass dependence remains in H and v,z !

S o, m, pv) = ST (b, p,v) + O(m20%)

7;1, <L 9gr K ('2
5 op,m, ) = 5 (br, 1) + O(m2b3)

% massless limit is recovered!



CS-kernel: Flavor matching and mass effects.

Flavor matching for the CS-kernel.

Using the massive quark contributions one can construct a flavor matching relation for all values of by:

Flavor matching

(

A4 (b, m, ) = 35 (b, o) — 408 (o, 1) + A%, (b1, My pin) + A0 (s 1)

where:

()

Ay (br,m, p) = 7, go (br, )\agnm) ’Y,EFO (br, )|, () + 38 (br,m, )] ()

and:

A (g, ) = —4n Y (o, 1) + 40 (1o, 1) -



Part |l

CS-kernel: Lattice determination.



CS-kernel: Lattice data and fitting.

Lattice computations of the CS-kernel.

Recent years have seen a surge of ab initio lattice QCD calculations of the CS-kernel:

S I | attice determinations of the CS-kernel
o 03 H f > kernel obtained using quasi-TMD approach.
[ L -
S ar I H ﬁ } H { B » 2 + 1 active flavors for RQCD23 and LPC.
Il E } 15 E [Shu et al, 2023; Lattice Parton Collaboration, 2023]
3 f eMIT ]
& -2 - .
S RQCD23 ] » 2 + 1+ 1 active flavors for MIT.
T;E _3:_ _: [Avkhadiev et al, 2023]

r « LPC N

_aF E » MIT data can be translated to 2 4 1 active
e L L L ‘ L L L L ‘ L L L L ‘ L L L L ‘ L L L I flaVOrS using A;}’/]/
0 1 2 3 4

bT [GeV_l]
% Make an ansatz for the ny = 3 CS-kernel and fit it to the lattice data!
% ny =4 and ny = 5 kernels can be obtained using flavor matching!



CS-kernel: Lattice data and fitting.

Ansatz for the CS-kernel.

Ansatz for 7(3)

3D (br, 1) = 3500 (0% (b1), to(b1)) — 408 (o (br), 1) + o (br) -

where
bo
Holbr) = 5
and
b*(br < bmax) = br [1+ O(bS)] . b*(br > bmax) = bmax + O(b72) -
Requirements for 4, xp
Funp(br) = O(b3) . for small by .

’7,,,Np (bT) = —const 5 for Iarge bT . [Collins and Rogers, '14]



CS-kernel: Lattice data and fitting.

Functional form of 7, xp.

Ansatz

FuNp (b7) = Ao f (A2bF/Aso + AabT /M)

with some function:
flx<1) =2+ 0(z%). fla>1)=14+0(?),
which — modified to get rid of their second and fourth moments — can also be used as b*:

b*(br) = bmax f6(br/bmax) -

Square root function

f(@) =z/V1+a? fo(z) = f(z +2°/2 +32°/8).



CS-kernel: Lattice data and fitting.

Functional form of 7, xp.

Ansatz

FuNp (b7) = Ao f (A2bF/Aso + AabT /M)

with some function:
flx<1) =2+ 0%, fla>1)=14+0(?),
which — modified to get rid of their second and fourth moments — can also be used as b*:

b*(br) = bmax f6(br/bmax) -

Hyperbolic tangent function

f(z) = tanh(z) . fo(z) = f(z +2°/3+2°/5).



CS-kernel: Lattice data and fitting.

Functional form of 7, xp.
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CS-kernel: Lattice data and fitting.

Fit results.

The two different functional forms for 4, np yield very similar fit results:

Moo = 1.89 £0.722, Moo = 1.67 £ 0.49 .
A2 = 0.094 4 0.036 , Ay = 0.085 +0.034 ,
A4 = 0.0070 £ 0.0079 . Mg = 0.0078 £ 0.0068 .
INIIII 1N:
C rt fit r tanh fit
N i | N -
S I ] S I .
[CHE ] [CEEN ]
A 7 o -1 7
([ ] [ ]
T [ . MIT -] 1T —mo= ]
S ~2C B 520 =
= [ +« RQCD23 7 = [ +« RQCD23 . ]
Ealn - Ealn =

r « LPC ] r . LPC ]
_4:....|....|....|....|....: _4:””\””\”H\HH\HH:
0 1 2 3 4 5 0 1 2 3 4 5

by [GeV‘l] by [GeV_l]



CS-kernel: Lattice data and fitting. @

Fit results.

_ oE — N
. ; .
S R %
a1 4
[ ]
NS e~
¢ -2f+ MIT =
st T W
% _gi+ RQCD23 A

F. LPC
—4—_\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\—
2 ° 3 405 6 7

br [GeV )

Fits start to differ noticeably — but still within errors — for large by where no lattice data is available!



CS-kernel: Lattice data and fitting.

CS-kernel with mass effects — done correctly.

Let's consider the impact of flavor matching on the CS-kernel:

010 = - -
- Bl \aive approximations
0.08 ]
~ o006k Fv.naivel — Fofull 3 In our model for the full CS-kernel make the
g F _ ~ 1 following changes:
I 004} = == Yv,naive2 — VYy,full {
3 r ] E] 3 (5 5
g 0.02 T 1. replace 757%0 and nﬁ) by 7,5,%0 and 771(“)-
; C - ]
&, 0.00f —- ] (3)
® ooat 1 2. replace 7y (1o, 1) by
-0.02[~ e - 3 4 5
P 1 1) (o, me) + 0l (me, my) + 0 (my, p) -
-0.04[~ =
0.01 0.05 0.10 0.50 1 5
br [GeV™!

> 1 correct for small br.

%bth imati ff by O(10%) for by ~ 1 !
> 2 works approximately for large br. oth approximations off by O(10%) for by /mo



CS-kernel: Lattice data and fitting.

CS-kernel with mass effects — done correctly.

Let's consider the impact of flavor matching on the CS-kernel:

following changes:

10
C B} Sl Naive approximations
L — Yv,naivel _

5 B B In our model for the full CS-kernel make the
= ~ =~ Yvnaive2 -

________ E 1. replace &5‘20 and n§3) by ’ylg?%o and 77%5)_

rel.difference[%)]
=)

2. replace ) (j1o, 12) by

|
[958
LA B
\

B 3 4 5
, 1 e (10, me) + 0t (me, m) + 0 (muy, 1)
_10 n n Ll L LT i
0.01 0.05 0.10 0.50 1 5
br [GeV™]

> 1 correct for small br.

%bth imati ff by O(10%) for by ~ 1 !
> 2 works approximately for large br. oth approximations off by O(10%) for by /o



Part Il

Impact of the massive CS-kernel
on the Z g+spectrum.



Factorization with mass effects.

Factorization in different g, regimes. [Pietrulewicz et al, '17]

Consider for now n; light quarks and a single massive quark:

do

' dgravdey

H;;(Q,p) S(br,m,u,v)  Bi(xa,br,m, u, =) Bj(xp, by, m, 1, =)



Factorization with mass effects.

Factorization in different g, regimes. [Pietrulewicz et al, '17]

Consider for now n; light quarks and a single massive quark:

v Q g(i)T, m, 1, V) f)’,;(:r”, b, m, i, ﬁ) BJ- (xp, by, m, 1, ﬁ)



Factorization with mass effects.

Factorization in different g, regimes. [Pietrulewicz et al, '17]

Consider for now n; light quarks and a single massive quark:

ST (b, v)H (m, p, v)+0 (ﬁ,,;) Bgm)(l‘bf br, 1, =) He(m, p, 2-)+0 (m%b%,)

T T

S’(bTymmuvl/) Bi(xaabTymy,uvaa) Bj(xbabT7m7ﬂawLb)

I << mo <

g~ L Q)



Factorization with mass effects.

Factorization in different g, regimes. [Pietrulewicz et al, '17]

Consider for now n; light quarks and a single massive quark:

) , G(ni) 5 (1) v v 1
< < O S l(bTyﬂaV)Hs(m,ﬂaVHO(mQI,,zT) B (e, by, 2)He(m, 1, wb)+(’)(m21b2T>

N N
Il (/,,N,il < (lz S’(bT,m,,LL,I/) Bi(xaabTymy,uvaa) Bj(zbabT7m7ﬂawLb)
\\ 4 \\ 4
I Ii] << (‘2 S<n’+1)(b1‘,u, I/)+O(m2b%) Blgnle)(l,m bj‘,/la ﬁ)+0(m2b2T)



Factorization with mass effects.

Factorization in different g, regimes. [Pietrulewicz et al, '17]

Consider for now n; light quarks and a single massive quark:

. . G(n1) p(ni) v v 1
(1/<<]'” < Q S (bT,,uaV)HS(mvﬂay)JrO (m;sz) Bj (xb’anU', Wb)HC(mmU') wb)JrO(m?lb%)

N N
I //,N,‘;] < (:2 S(bT7m7,u’7V) Bi(xaabT7m7,uvaa) Bj(ll?b,bT,’n’l,[L,wLb)
\ 4 \ 4
i p—— ST by, v)+O(m283) B (y, by, p, ) +0(m23)

For gr ~ 1/by > m and qr ~ 1/br < m get large unresummed logs of gr/m or m by!

% Refactorize to allow for resummation of these logs!



Factorization with mass effects.

Combining factorization theorems.

First match (“resummation + power corrections”) regimes | + Il (n; like) and Il + Il (n; + 1 like):

} AN

gr S m < Q

» Combine | with power corrections from II.

> virtuality evolution of beam and soft
functions with n; massless flavors.

> rapidity evolution of beam and soft functions
with:

5D (br, m, 1) = o1, (m, 1)



Factorization with mass effects.

Combining factorization theorems.
First match ( “resummation + power corrections”) regimes | + Il (n; like) and Il + Il (n; + 1 like):

AN
7

1
mSgr K Q

» Combine Il with power corrections from II.

> virtuality evolution of beam and soft
functions with n; + 1 massless flavors.

> rapidity evolution of beam and soft functions
with:

F0FD (b, m, )



Factorization with mass effects.

Combining factorization theorems.
Consider now n; = 4 and massive b quark (@ NNLL to avoid mass effects in FO boundary conditions):

difference to ny = 4 massless difference to ny = 5 massless

E L L L L L 3 0'13_ _:
~0.10F / g ]
— r == ] = 00f———==Fzs-------------f---- -
2 F === 1% B 1
8 —0.15:* - e I &) F ]
2 = D LE T ] 2 _0.1F .
C . J Q. E ]
£ -0.20— .7 - — r X ]
g F L7 regime IV 1 & r regime V ]
< C ’ ] T -0.2— -
= -0.25—~ 7 4 % F ]

S F ’ . ] .
S L, - - - regimel ] S r - - - regime III ]
—S F/ ] < -0.3 A

— 7 i O
0'30:" ------ regime IT (ny =4) ] £ oo regime II (ny = 5) \/£
[ I P P P I ] _0'4—_ L L L L 4
0.1 0.2 0.3 0.4 0.5 0.01 0.02 0.05 0.10 0.20 0.5
br [GeV ] br [GeV™Y]

% The matched IV and V interpolate smoothly between | and Il and Il and Ill, respectively!



Factorization with mass effects.

Combining factorization theorems.

)

Consider now n; = 4 and massive b quark (@ NNLL to avoid mass effects in FO boundary conditions):

difference to ny = 5 massless

-0.10—

-0.15

-0.20

-0.25

dogg/dbr[pb GeV]

-0.30

T T T T T[T T T[T T T [TTTT ]

-0.35

|

[T [
regime IV +V

- -- regimeV

------ regime IV

o b b 1

/
|

®
=

o
o
1N
'S
=

br [GeV ]

cn

% The matched IV and V interpolate smoothly between | and Il and Il and Ill, respectively!

> Have a discontinuity between IV and V (n; vs. n; 4 1)!



g spectrum with mass effects. @

Comparing different regimes in g, space.

Use the ny = 5 massless g7 spectrum as a reference:

Small and large gz limits

As expected:

[=)

-2 > |V interpolates between | and II.

rel. difference [%]

S io 1 oIV .
-4 scenario scenario — > V interpolates between Il and III.
Ay -~ scenario Il scenario V B > Il and thus also V agree with
_ - scenario III 1 ny = 5 massless for gp > my.
_8 Ll ‘ Ll ‘ | ‘ | ‘ | ‘ L1l ‘ Ll ‘ Ll \_
5 10 15 20 25 30 35 40

qr [GeV]

% Smoothly transition from IV to V around qr ~ my!



g spectrum with mass effects. @

Final result for massive b.

Compare the combined IV + V g7 space result to the naive ny = 4 and ny = 5 massless results:

3*\ LI ‘ L ‘ T 1T ‘ T 1T ‘ L ‘ [ |
- S Results
— o —— massless ny =5 . > mass effects from rapidity
& °r ] resummation are of O(%).
9 C --- masslessny =4 A
= 4 .
g 1r - » massless ny =5 is a good
o) S s A . 2
e | ] approximation only for gp > my.
=0 ]
. 0
El C ] > massless ny = 4 is a not recovered
a B for gr < my, (rapidity resummation
-1 ] of H, and H,)
Coo1 ]

qr [GeV]

% Effect persists at higher orders and should be included if we aim for percent level precision!



g spectrum with mass effects.

Including a massive c.

So far considered ¢ as massless, how to include it with finite mass?

Considerations to include a massive ¢

> for massless ¢ used ny = 4 massless beam and soft functions and rapidity anomalous dimensions
as baseline.

> can ignore gr < m, (not relevant for pheno), consider only gr ~ m. and g7 > m..

> combine gy ~ m. and qp > m, analogously to V and use this as baseline for the b mass effects.

At NNLL including the ¢ mass effects is achieved by simply replacing:

’7154+1)(bT7mb7M) % ’?153+1+1)(bT7mC7mb7:u)



g spectrum with mass effects. @

Final result for massive ¢ and b.

Compare finally the massive ¢ and b g space result to the naive ny = 4 and ny = 5 massless results:

3—\ LI ‘ T 1T T T T T ‘ T 1T T 1T 177

" ] Results
— ol —— massless ny =5 .
S ] > mass effects more pronounced,
g 0 --- massless ny =4 b especially for small g7
=i L ]
o 1 -
g | ;] > massless ny = 5 remains a good
5 ok ,r' . approximation only for g7 > my,.
3 -~ ] -
= [ i > deviations from massless ny = 4 are

-1 - much stronger.
:\ L1 | ‘ I I ‘ | ‘ | ‘ I I ‘ | :

(=)
=)

10 20 30 40 50
qr [GeV]



Part IV

Summary and outlook.



Summary and outlook

Summary

a flavor matching relation for the CS-kernel can be derived from perturbative mass corrections
the large by CS-kernel can be constrained using lattice data for ny =3

mass effects and flavor thresholds for the CS-kernel cannot be neglected

there are three different regimes of gr ~ 1/br w.r.t. m: gr < m (1), gr ~m (1), m < gr (1)

regimes can be combined in a two-step procedure
> first IV =141l &V = Il + lll (in br-space)
» then IV + V (in gr space)

mass effects from rapidity evolution alone are O(%) (working at NNLL avoids mass effects in the
beam and soft functions)

Outlook

study mass corrections to beam and soft functions (come in at NNLL")

investigate differences in mass effects for the W and Z g spectra



Summary and outlook.

SCET 2024 Salamanca

0000000000

11111



Part V

Backup.



CS-kernel: Flavor matching and mass effects.

Limits of the flavor matching kernel.

Check that the flavor matching prescription for the CS-kernel has the correct small and large br limits!

For definiteness consider the flavor matched 4+1 flavor CS-kernel at p = my:

Al

0.020 o ‘ ‘
—— A, (bry My pm) + Anr(pm, M)

~
~
I

5 (ng+1)

550 (b, m, 1)

0.015

=== AP (bry me) — AL (brs ) /
’

> for m < 1/br the n; + 1 flavor massless

0.010°\_ -~ Yo, 1, (M, M) , —
’ ] CS-kernel is recovered.
0.005 -
] > for 1/by < m the massless n; flavor CS-kernel
0.000 ] plus v, 7. is approached.
-0.005F ‘ ‘ ‘ ]
0.01 0.05 0.10 050 1

by [GeV’l]

~——> The flavor matched CS-kernel has the correct limiting behavior!



CS-kernel: Flavor matching and mass effects.

Expanded vs. unexpanded A7, .

The flavor matching expression contains fixed-order ingredients with agm) and a(m+1)

Wﬁflpl%)(b%#)hgnﬁm - :Yl(féz)(b%u)bgnn

In this unexpanded form the m < 1/br limit is recovered, unlike the 1/by < m limit, where:

A:Yu(bTa m, Mm) = :VV,HS (m, m)
(ni+1) 2 4

~ s ~(1
+ uo (b7, )| o = Ao (br,m |<"l’+< ir ) 3 Lo (br, m)

n) - (ni+1)

Re-expanding as in terms of ay

yields:

A;yv (bT7 m, ,U”VVL) = ;)/V,Hs (mv m)

in agreement with with expected behavior!



CS-kernel: Flavor matching and mass effects.

Expanded vs. unexpanded A7, .

In order to get both limits right use different expressions for A%, in the m < 1/br and 1/br < m
limits:

Moy (0115 1) = 35 b1, 1)| 0y = At b 10)

("L> + ’7£h) (bTa m, M) ’

agnﬁ-l)) 4 1)

A’-NYI/,exP(bT7 m, :LL) = ;?l(/h) (bT7 m, M) + < 47 SLmF)/I, FO (bT7 ) )

(ni+1)

Define a “patched” version of A#;, which combines the two limiting expressions as:

A b, ) = AT (b, ) + F(brym) [ATEEED brym, ) = AFEED, (b, m )]

with some interpolating function:

f(br,m) =0 for mbp <1,
f(br,m) =1 for mbpr>1.



Factorization with mass effects

Why NNLL

Focusing on the Z gy spectrum at NNLL isolates the effect of the mass-dependent rapidity evolution
At NNLL" (NNLL resummation + NLO fixed order) mass effects start to matter also for
beam functions

> primary mass effects for heavy quark beam functions (O(as) x O(as))

> secondary mass effects for light quark beam functions(O(a?2))
the soft function (secondary mass effects O(a?))

Note that this is a crucial difference between Z and W production
For W production primary mass effects for the beam functions come in already at NNLL

This is relevant for the W mass measurement



g spectrum with mass effects.

Impact of different 7, xp fits .

Consider now how the different fits for 4, np effect the g spectrum:

1.0

Observations

~sqrt ~tanh

—_ vs. .
ROANS Yv,NP > for large gr (= small br) both fits

are in agreement with each other.

e
B

> for small g7 (= large br) the gr

spectrum differs by up to almost one
percent.
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% lattice data not sufficient to constrain the very large by behavior.

% observed differences are small compared to the estimated mass effect.
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