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QCD Lagrangian is simple, but real-world QCD dynamics looks complicated.
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Typical QCD Dynamics at Colliders

initial-state dynamics

(e.g. PDF and evolution)
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perturbative scattering 
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final-state dynamics

(e.g. parton shower,


hadronization) 
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[also see Andre Hoang’s talk]
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Methods for Hadronization Corrections

• Operator Product Expansion/Factorization


• Renormalon


• Dispersive approach


• …


• Monte Carlo Models: e.g. Lund string model (Pythia) and Cluster model (Herwig)

[Korchemsky, Sterman, 1999; Lee, Sterman, 2006;  Abbate, Fickinger, Hoang, Mateu, Stewart, 2011; 	
Hoang, Kolodrubetz, Mateu, Stewart, 2014; Mateu, Stewart, Thaler, 2012; Hoang, Mantry, Pathak, 
Stewart, 2019; …]

[Dokshitzer, Marchesini, Webber, 1996; Dokshitzer, Lucenti, Marchesini, Salam, 1997; Dokshitzer, 
Marchesini, Webber, 1999; …]

[Nason, Seymour, 1995; Beneke, 1998; Schindler, Stewart, Sun, 2023;…]

[see Zhiquan Sun’s talk]
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One Interesting Example
[Korchemsky, Sterman, 1999]

The IR shape functions are different for different event shapes, and depend on a factorization scale, 
but are independent of the c.o.m. energy. They … carry information on a class of universal matrix 
elements of the energy-momentum tensor in QCD, directly related to the energy-energy correlations.

<latexit sha1_base64="Bu5IQOoZqGLn8oE4QcGy3jEKY4Y="></latexit>

d�(t)

dt
=

d�PT(t� �1/Q)

dt
+O(1/(tQ)2)Thrust:

<latexit sha1_base64="s+dB/0On4uPNV7ulkSGa9z1jmP0="></latexit>

�1 =

Z
d~n wT (~n)h0|W †(0)E(~n)W (0)|0i

EEC power correction: matrix element of a energy detector with Wilson lines

More general cases, we need

[see also Miguel Benitez-Rathgeb and Guido 
Bell’s talks for detailed discussion on thrust]

<latexit sha1_base64="M2M9E7P28wy+87nMTfmZ+/vvsBU="></latexit>

G(~n1, . . . ,~nN ;µ) = h0|W †(0)E(~n1) . . . E(~nN )W (0)|0i ⇠
NY

i=1

h0|W †(0)E(~ni)W (0)|0i
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E

<latexit sha1_base64="u0nux+HUqrcSRrWRuQQY4oP6KPQ=">AAACE3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIr2VRBJcV7AOaUCaTSTt0MgkzE7HEfIY/4Fb/wJ249QP8Ab/DSZqFbT0wcDjn3rmH48WMSmVZ38bC4tLyymplrbq+sbm1be7stmWUCExaOGKR6HpIEkY5aSmqGOnGgqDQY6Tjja5zv/NAhKQRv1fjmLghGnAaUIyUlvrmvlP8kQriZ06I1BAjlt5kfbNm1a0CcJ7YJamBEs2++eP4EU5CwhVmSMqebcXKTZFQFDOSVZ1EkhjhERqQnqYchUS6aXE7g0da8WEQCf24goX6dyNFoZTj0NOTeUQ56+Xif14vUcGlm1IeJ4pwPDkUJAyqCOZlQJ8KghUba4KwoDorxEMkEFa6sqkrj5OoVV2MPVvDPGmf1O3z+tndaa1xVVZUAQfgEBwDG1yABrgFTdACGDyBF/AK3oxn4934MD4nowtGubMHpmB8/QLDaJ84</latexit>

E

low-energy 
emission

θ
∝

1
sin3 θ



5

Test the Relation on Pythia

1. By comparing “Parton” and “Hadron” level results, 
we extract the non-parameter  from collinear EEC 

2. Using the extracted parameter to shift the parton-
level thrust distribution, the shifted curve agrees with 
hadron-level curve.

λ1

Lesson: the hadronization corrections of EECs 
might serve as a fundamental basis for other 
event shape observables.

Goal: explore hadronization effects of EECs in the 
collinear limit with light-ray OPE framework.



Outline
1. Introduction to Energy Correlators

• Collinear Limit and Light-ray OPE
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2. Hadronization Effect in the Collinear Limit 

• Parametrization and Evolution from Light-ray OPE

Light-ray Bjorken Scaling and Violation

Highlights

Providing a way of extracting Wilson-line 
expectation value of energy-flow operator



Energy-energy correlator (EEC)

[Basham, Brown, Ellis and Love, 1978]

Energy-energy correlation measures the 
correlation of two energy detectors at spatial 
infinity

E(~n1)
<latexit sha1_base64="BtY8xWZS+oIA3ro4NfSgm59dgSw="></latexit>

E(~n2)
<latexit sha1_base64="jv7FVcovmVLcyZCQ4uVUF0fY16I="></latexit>
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I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

X

i,j

Z
d�

EiEj

Q2
�

✓
z �

1 � cos �ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r
2
n
i
T0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z

�N=4
J (↵s) , (1.4)

– 2 –

I �

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

X

i,j

Z
d�

EiEj

Q2
�

✓
z �

1 � cos �ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r
2
n
i
T0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z

�N=4
J (↵s) , (1.4)

– 2 –

✓
<latexit sha1_base64="3v1hMMxw3gL2ciqwppV1MOH/nLc=">AAACWXicbVDLSsNAFJ3EV62v1i7dDBbBhZREBV2KblxWsLbQljKZ3DSDkwczN9UQ+ilu9ZvEn3GaZmHVCwOHcx9nzvFSKTQ6zqdlr61vbG7Vtus7u3v7B43m4ZNOMsWhxxOZqIHHNEgRQw8FShikCljkSeh7z3eLfn8GSoskfsQ8hXHEprEIBGdoqEmjOSpvFAr8+QhDQDZptJ2OUxb9C9wKtElV3UnTckZ+wrMIYuSSaT10nRTHBVMouIR5fZRpSBl/ZlMYGhizCPS4KHXn9MQwPg0SZV6MtGR/bhQs0jqPPDMZMQz1796C/K83zDC4HhciTjOEmC+FgkxSTOgiCOoLBRxlbgDjSpi/Uh4yxTiauFZUFreVDvSKkyINcy34Kjn0ZyLVpcEzqmfTCr26bmX6denaZOz+TvQveDrvuBed84fL9s1tlXaNHJFjckpcckVuyD3pkh7h5IW8kXfyYX3Zll2z68tR26p2WmSl7NY3T7u28Q==</latexit>

EEC and its multi-point generalization 

are correlation functions of light-ray operators

hO0(�q)|E(~n1)E(~n2) . . .|O(q)i
<latexit sha1_base64="eTgBBu+uQsUkIVrepb+XTWEGSGs="></latexit>

Source with total momentum
q = (Q,0,0,0)

The energy detector has a nice operator definition:

[Sveshnikov, Tkachov, 1995;

 Hofman, Maldacena, 2008]E(~n) = lim

r!1
r2
Z 1

0
dt niT0i(t, r~n)

<latexit sha1_base64="HpQcUCCJ4jk188kp8g4yXsLtW5Y="></latexit>

It is a non-local operator on a light-ray — light-ray operator
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Collinear Limit Result from CMS
[Meng Xiao et al, 2023]

[Komiske, Moult, Thaler, Zhu, 2022]

Previous exploration from CMS Open Data See illustration on 
https://cms.cern/news/jets-elucidate-how-partons-evolve-hadrons

Log-Log Plot
Log-Linear Plot

Enables precision measurement of  in jet substructureαs

https://cms.cern/news/jets-elucidate-how-partons-evolve-hadrons


Universality in the Collinear Limit

9
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Q
2
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, µ)
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[Dixon, Moult, Zhu, 2019]

EEC exhibits collinear universality in pQCD, described by the factorization formula

convolution in momentum fraction  x

Hard functionJet function

As a correlation function of light-ray operators, 
collinear limit has the interpretation of light-ray OPE.
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One of the simplest observables from the theoretical perspective is the Energy-Energy
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =
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n
i
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where it is given by
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hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law
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leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at
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There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a
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[Hofman, Maldacena, 2008; Kologlu, Kravchuk, Simmons-Duffin, Zhiboedov, 2019]

• Lorentz Symmetry

• RG invariance

• Dimensional Analysis

[HC, 2023]
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Short distance scaling behavior 
is determined by local OPE.

Small angle behavior is controlled by 
the OPE of light-ray operators. 
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law
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EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described
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the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
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� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.
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number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
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� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.
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“local OPE on the celestial sphere” 10

Euclidean distance OPE
is an operator dimension expansion

Lightcone OPE
is controlled by twist expansion

Light-ray OPE is a fixed-spin 
twist expansion in CFT

[Hofman, Maldacena, 2008]
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spin-3 light-ray operators



Review of Deep Inelastic Scattering

P

q

x P

In DIS, we have the notion of Parton Distribution Functions  fa(x; μ)

momentum fraction PDFs are scale dependent

• PDFs are non-perturbative functions


• Their evolution is perturbatively calculable, 
called DGLAP equation

[from experiment data or lattice calculation]
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From OPE perspective, 

They are the evolution of local twist-2 operators

x =
−q2

2P ⋅ q
⟨P |Jμ(q)Jμ(−q) |P⟩ ∼

qμ1
⋯qμJ

(−q2)(Δ+J−2)/2
⟨P |Oμ1⋯μJ |P⟩

Moments of PDF
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From OPE perspective, 

They are the evolution of local twist-2 operators

x =
−q2

2P ⋅ q
⟨P |Jμ(q)Jμ(−q) |P⟩ ∼

qμ1
⋯qμJ

(−q2)(Δ+J−2)/2
⟨P |Oμ1⋯μJ |P⟩

Moments of PDF
Bjorken Scaling and Violation

 Can we find counterpart for light-ray OPE?


 Non-perturbative parameters + perturbative evolution 



Schematic Chew-Frautschi Illustration for DIS

All red points on the leading trajectory contribute to high-energy limit of DIS.
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Parton Distribution Function matrix element of the whole trajectory

<latexit sha1_base64="UknSWjo2CDXwV9HNLvr6fGChtGQ=">AAAB/HicbVDJSgNBFHwTtxi3qEcvjUHwFGbE7Rj0Ip4SMAskQ+jpvEma9Cx094hhiD/gVf/Am3j1X/wBv8NOMgeTWNBQVL3Hqy4vFlxp2/62ciura+sb+c3C1vbO7l5x/6ChokQyrLNIRLLlUYWCh1jXXAtsxRJp4AlsesPbid98RKl4FD7oUYxuQPsh9zmj2ki1+26xZJftKcgycTJSggzVbvGn04tYEmComaBKtR071m5KpeZM4LjQSRTGlA1pH9uGhjRA5abToGNyYpQe8SNpXqjJVP27kdJAqVHgmcmA6oFa9Cbif1470f61m/IwTjSGbHbITwTREZn8mvS4RKbFyBDKJDdZCRtQSZk23cxdeZpFLZhinMUalknjrOxcli9q56XKTVZRHo7gGE7BgSuowB1UoQ4MEF7gFd6sZ+vd+rA+Z6M5K9s5hDlYX7/GfJVe</latexit>

J

<latexit sha1_base64="KLv+ZD89rS49sfkCWJSTGOFb/q8=">AAACD3icbVDLSsNAFJ34rPUV69JNsAhuLEnxtSzqwmUF+4AmlMlk0g6dTMLMjbSEfoQ/4Fb/wJ249RP8Ab/DaZuFbT1w4XDOvdzD8RPOFNj2t7Gyura+sVnYKm7v7O7tmwelpopTSWiDxDyWbR8rypmgDWDAaTuRFEc+py1/cDvxW09UKhaLRxgl1ItwT7CQEQxa6pol945ywGduKDHJgnFWHXfNsl2xp7CWiZOTMspR75o/bhCTNKICCMdKdRw7AS/DEhjhdFx0U0UTTAa4RzuaChxR5WXT7GPrRCuBFcZSjwBrqv69yHCk1Cjy9WaEoa8WvYn4n9dJIbz2MiaSFKggs0dhyi2IrUkRVsAkJcBHmmAimc5qkT7WLYCua+7LcBa1qItxFmtYJs1qxbmsXDycl2s3eUUFdISO0Sly0BWqoXtURw1E0BC9oFf0Zjwb78aH8TlbXTHym0M0B+PrF4pXnOA=</latexit>

�� d

2

Integer moments of PDF

controls the perturbative evolution



Similar Illustration for Collinear EEC
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Light-ray operators are expected to be the analytic continuation of local operators.
[Kravchuk, Simmons-Duffin, 2018]
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perturbative leading twist trajectory

conformal light-ray OPE point

J = 3

In pQCD, the light-ray OPE is smeared around the conformal point.
[HC, 2023]

[Hofman, Maldacena, 2008; Kologlu, 
Kravchuk, Simmons-Duffin, Zhiboedov, 2019]

Considering other effects (e.g. hadronization), we may probe points along the trajectory.
(restricted in the perturbative region)
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Light-ray operators are expected to be the analytic continuation of local operators.
[Kravchuk, Simmons-Duffin, 2018]
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perturbative leading twist trajectory

conformal light-ray OPE point

J = 3

In pQCD, the light-ray OPE is smeared around the conformal point.
[HC, 2023]

[Hofman, Maldacena, 2008; Kologlu, 
Kravchuk, Simmons-Duffin, Zhiboedov, 2019]

Considering other effects (e.g. hadronization), we may probe points along the trajectory.
(restricted in the perturbative region)

[Komiske, Moult, Thaler, Zhu, 2022]
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Phenomenological Light-ray OPE

Previous studies on hadronization effects of EEC show similar feature 
in the collinear limit

In the perturbative region, we expect
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EEC = perturbative QCD prediction + power corrections in
⇤QCD

Q
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Fragmentation model: Basham, Brown, Ellis, Love, 1979;

Soft gluon approximation: Korchemsky and Sterman, 1999;

Renormalon analysis: Schindler, Stewart, Sun, 2023

Understanding the  scaling from the light-ray OPE (controlled by twist expansion)θ
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Perturbative QCD Hadronization effects

dim=1
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⇤QCD ⌧ ✓Q ⌧ Q

consider the region

fixed by boost symmetry fixed by dimensional analysis

Following the dispersive approach, we also obtained the same behavior in the collinear limit.
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Generalizing to multiple projected cases
Hadronization effects

Multi-point cases and Relation to Factorization
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• Both OPE coefficients and light-ray operators should contain scale dependence.


• Light-ray OPE can be viewed as integrating out IR physics. It is also a factorization of 
long-distance and short-distance physics.


• We can map them to the factorization formula
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[Dixon, Moult, Zhu, 2019]
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Hadronization effects

LL approximation
We expect the perturbative evolution of light-ray operators relates the EEC 
curves at different energy scales.
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• Inserted into  sources


• Normalized by 

a = q, g
Qk

• Wilson coefficients are promoted to be scale dependent


• Quark-gluon mixing are diagonalized at leading-logarithmic accuracy
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In Monte Carlo event generators, 

we extract power corrections from (hadron-level simulation - parton-level simulation).

Simulation Data
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change axes and strip off the expected classical behavior 

Almost merge together

Next: input data at one scale to predict curves at other scales in the perturbative regions



50 100 500 1000 5000 104

0.06

0.08

0.10

0.12

0.14

0.16

0.18

0.20
Quark Jet EEC

50 100 500 1000 5000 104
0.10

0.12

0.14

0.16

0.18

0.20

0.22

0.24

Gluon Jet EEC

20

50 100 500 1000 5000 104
0.04

0.05

0.06

0.07

0.08

0.09

0.10
Quark Jet E3C

50 100 500 1000 5000 104

0.04

0.06

0.08

0.10

0.12
Gluon Jet E3C

50 100 500 1000 5000 104
0.025

0.030

0.035

0.040

0.045

0.050

0.055

0.060
Quark Jet E4C

50 100 500 1000 5000 104
0.01

0.02

0.03

0.04

0.05

0.06
Gluon Jet E4C

Comparison91.2 GeV
250 GeV
500 GeV
750 GeV We fit curves from 250 GeV simulation data and predict curves at other center of mass energies.



Summary
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• We have used light-ray OPE framework to study hadronization effects and 
introduced non-perturbative OPE functions. 


• In the perturbative scaling region, we expect the hadronization corrections 
are described by lower-spin light-ray operators, whose anomalous dimension 
control the scale evolution.


• Compared with MC data, we validate our idea on the perturbative evolution 
for the leading hadronization effects in the collinear limit.

Outlook: 

1. Interpretation of non-perturbative functions; Any relation to known parameters?

2. Combining with other QCD physics insights;

3. The validity of leading correction assumption  or ? Λ1

QCD Λ1+δ
QCD

more precise extraction of the strong coupling from LHC data in the future
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