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Motivation:

QCD factorization in heavy-ion collisions?
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What is more in heavy-ion collisions?

Compared to pp collisions:

1. Impact-parameter dependence at initial states

2. Interactions with QCD matter (∼ 10 fm for Pb, Au, etc)
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QCD factorization in heavy-ion collisions?

Factorization is assumed in the studies of hard processes:

dσ

dpTdη
=
∑
abc

fa ⊗ fb ⊗ σ̂ab→c ⊗ Jmed
c︸︷︷︸

final-state interactions

Is it valid and can it be formulated using SCET?
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Impact parameter in heavy-ion collisions

Centrality c:

c ≈ 1

σ

∫ ∞
NTHR
ch

dσ

dNch′
dNch′ ≈ 1

σ

∫ ETHR
ZDC

0

dσ

dE ′ZDC

dE ′ZDC︸ ︷︷ ︸
measurement

≈ 1

σ

∫ b

0

dσ

db′
db′︸ ︷︷ ︸

theory

For example, ALICE, Phys. Rev. C 88, no.4, 044909 (2013) [arXiv:1301.4361 [nucl-ex]].
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Impact parameter in heavy-ion collisions

The CLASSICAL picture of collision geometry in the Glauber model:

Miller, Reygers, Sanders and Steinberg, Ann. Rev. Nucl. Part. Sci. 57 (2007) 205 [arXiv:nucl-ex/0701025].

Topic 1: Impact-parameter dependent cross section in QFT

BW, JHEP 07 (2021) 002 [arXiv:2102.12916].
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The Drell-Yan process in heavy-ion collisions

The quantum picture for A+B→ C + anything else:

Here, C stands for some colorless final-state object.

Topic 2: Verify factorization formula in the Drell-Yan process
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Impact-parameter dependent collisions
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The impact-parameter dependent cross section

The probability for producing any observable O:

dσ

d2bdO
≡
∫ ∏

f

[dΓpf ] δ(O − O({pf })〈φ1φ2|Ŝ†|{pf }〉〈{pf }|Ŝ |φ1φ2〉, (1)

where the wave packages of the colliding particles with xi the transverse
location

|φi 〉 =

∫
d3~p

(2π)3

e−ip·xi√
2Ep

φi (~p)︸ ︷︷ ︸
unknown

|~p〉,

which are required to be sufficiently localized in space in order to define the
impact parameter b ≡ xB − xA: ∆xA,∆xB � b ≡ |b|.

BW, JHEP 07 (2021) 002 [arXiv:2102.12916].
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The impact-parameter dependent cross section

dσ
d2bdO

defines cross section only if φi ’s can be integrated out!

φi ’s depend on how the beams are prepared.
M.E. Peskin and D.V. Schroeder, Addison-Wesley, Reading, USA (1995).

There are 3× 4 = 12 momenta to integrate out:

1. Use an overall δ function of 4-momentum⇒ 8 momenta

2. Impose two conditions:

i) |Piz | � |Pi |,∆pT ,∆pz , ii)|b| � ∆xT .

3. Expand eq. (1) in the above limit:

As a result, the 3-momenta of each φi in the amplitude and conjugate
amplitude are identified.

4. Integrate the two wave packets⇒ 2-momenta conjugate to b
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The impact-parameter dependent cross section

The cross section for producing any observable O:

dσ

d2bdO
=

∫
d2q

(2π)2
e iq·b

∫ ∏
f

[dΓpf ] δ(O − O({pf })) (2)

× 1

2s
M(pA, pB → {pf })M∗(p̄A, p̄B → {pf })(2π)4δ(4)(pA + pB −

∑
pf )

with the incoming momenta

pµA = n̄A · PA
nµA
2

+
qµT
2
− q2

T

4n̄A · PA

n̄µA
2
, pµB = n̄B · PB

nµB
2
−

qµT
2
− q2

T

4n̄B · PB

n̄µB
2
,

p̄µA = n̄A · PA
nµA
2
−

qµT
2
− q2

T

4n̄A · PA

n̄µA
2
, p̄µB = n̄B · PB

nµB
2

+
qµT
2
− q2

T

4n̄B · PB

n̄µB
2
.
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Factorization and TPS PDFs
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Factorization using SCET

Consider A+B→ C + anything else at impact parameter b, which
generically involves:

1. SCET scales:

ni -collinear: p
µ
ni ∼ Q (λ2, 1, λ)ni n̄i ,

soft: pµs ∼
{
λ2Q for SCETI

λQ for SCETII
, (3)

I.W. Stewart, Lectures on the Soft-Collinear Effective Theory, in MIT EFT Course 8.851, 2003;

T. Becher, A. Broggio and A. Ferroglia, Lect. Notes Phys. 896, pp.1-206 (2015) Springer, 2015, [arXiv:1410.1892 [hep-ph]].

2. Impact parameter: 1/qT ∼ b (= 0− 10 fm)

3. Nuclear/medium scales:

nuclear size R ≈ 10 fm (for e.g., Pb), nuclear density ρ, · · ·

Let us first consider scales 1 & 2 and colorless final states C .
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https://ocw.mit.edu/courses/8-851-effective-field-theory-spring-2013/resources/mit8_851s13_scetnotes/
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Factorization using SCET

Simply insert the S-matrix in position space into

dσ

d2bdO
≡
∫ ∏

f

[dΓpf ] δ(O − O({pf })〈φ1φ2|Ŝ†|{pf }〉〈{pf }|Ŝ |φ1φ2〉

where

〈pC , {pX}|Ŝ |φAφB〉 =

∫
d4xe ipC ·x〈{pX}|iM̂(x)|φAφB〉.

with

iM̂(x) =

hard-collinear factorization︷ ︸︸ ︷∫
dtAdtBCaAaBαAαB

(ε, tA, tB)︸ ︷︷ ︸
hard

[SnAφnA(x + tAn̄A)]αA
aA [SnBφnB (x + tB n̄B)]αB

aB︸ ︷︷ ︸
soft-collinear factorization

,

Sni : the soft Wilson line along the collinear direction ni

φni : χni (x) ≡W †ni (x)
ni n̄i

4
ψni (x), χ̄ni (x), BµniT =

1

gs
W †ni (x)iDµ

niT
Wni (x)

with Dµ
niT
≡ ∂µT − igsA

µ
niT

and Wni the ni -collinear Wilson line.
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The factorization formula

dσ

d2bdyCd2pC
=

1

2(2π)3

∫
d4Xd4x e−ipC ·x

×
∑
{pX }

〈φAφB |M̂†
(
X +

x

2

)
|{pX}〉〈{pX}|M̂

(
X − x

2

)
|φAφB〉

=
1

4πs

∑
j,k

∫
d2X

∫
d2xe ipC ·x

∫ 1

0

dzA
zA

dzB
zB
Tj/A(X, zA, x)Tk/B(X− b, zB , x)︸ ︷︷ ︸

Thickness beam functions

×
∫ ∏

f

[dΓpf ]
∏

i=A,B

δ(zi n̄i · Pi − n̄i · pC −
∑

n̄i · pf )

× H āA āB
aAaB (zAPA, zBPB → pC , {pf })︸ ︷︷ ︸

hard function

S āA āB
aAaB (x)︸ ︷︷ ︸

soft function

.

BW, JHEP 07 (2021) 002 [arXiv:2102.12916].
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Thickness beam functions
Definition:

Tj/i (r, z , x) =

∫
d2q

(2π)2
e iq·r

∫
dt

2π
e−iztn̄·P

×
〈
n̄ · P,−q

2

∣∣∣ [φ†n]α
′

a

(
tn̄

2
+

xT
2

)
Γα′α[φn]αa

(
− tn̄

2
− xT

2

) ∣∣∣n̄ · P, q

2

〉
where Γ: some projector in spin/polarization.

The operators are the same as beam functions!
I. W. Stewart, F. J. Tackmann and W. J. Waalewijn, Phys. Rev. D 81, 094035 (2010) [arXiv:0910.0467 [hep-ph]].

For example,

Tq/i (r, z , x) =

∫
d2q

(2π)2
e iq·r

∫
dt

2π
e−iztn̄·P (4)

×
〈
n̄ · P,−q

2

∣∣∣ χ̄n

(
tn̄

2
+

xT
2

)
n̄

2
χn

(
− tn̄

2
− xT

2

) ∣∣∣n̄ · P, q

2

〉
Tg/i (r, z , x) =zn̄ · P(−gTα′α)

∫
d2q

(2π)2
e iq·r

∫
dt

2π
e−iztn̄·P

×
〈
n̄ · P,−q

2

∣∣∣Baα′
nT

(
tn̄

2
+

xT
2

)
Baα

nT

(
− tn̄

2
− xT

2

) ∣∣∣n̄ · P, q

2

〉
.
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Thickness beam functions

Physical interpretation:

Fourier transform of transverse phase space (TPS) PDF with respect to x

fj/i (r, z , p) = =

∫
d2xe ip·xTj/i (r, z , x).

TMD PDF at r! (up to gauge link prescription etc)

In the limit x→ 0: Tj/i (r, z , 0) admits the interpretation as the PDF at r
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The Glauber model

Nuclei are modelled as uncorrelated nucleons:

the nucleons are distributed according to the charge distribution

ρA(r)/ρ0 =
1

1 + e
r−Rws

a

with Rws = 6.62 fm and a = 0.55 fm for 208Pb.

where ρ0 is the density at the center.

C. W. De Jager, H. De Vries and C. De Vries, Atom. Data Nucl. Data Tabl. 14 (1974), 479-508.

The thickness function

Ti (ri ) ≡
∫

dzρi (ri , z). (5)

Miller, Reygers, Sanders and Steinberg, Ann. Rev. Nucl. Part. Sci. 57 (2007) 205 [arXiv:nucl-ex/0701025].
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Thickness beam functions in the Glauber model
In terms of the thickness functions

Tj/i (ri , z , x)→ = Ti (ri )

[
Zi

Zi + Ni
Bj/p(z , x) +

Ni

Zi + Ni
Bj/n(z , x)

]

= the thickness functions× the beam functions

where Bj/p and Bj/n are the beam functions for protons and neutrons,
respectively, and the nucleus is assumed to contain Zi protons and Ni neutrons.

The factorization formula gives

RAA ≡
dσAB

d2bdyC d2pC

TAB(b) dσnn
dyC d2pC

= 1,

with TAB(b) ≡
∫
d2XTA(X)TB(X− b).
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Soft and hard functions

The soft function:

S āA āB
aAaB (x) = 〈0|T̄ [S

†a′B āB
nB (x)S

†a′A āA
nA (x)]T [S

aAa
′
A

nA (0)S
aBa′B
nB (0)]|0〉

The hard function:

H āA āB
aAaB ≡

P ᾱAαA

dcA

P ᾱBαB

dcB
C̃∗āA āBᾱAᾱB

C̃aAaBαAαB

with C̃ given by

C̃(ε, zAn̄A · PA, zB n̄B · PB) =

∫
dtAdtBe

i(tAzA n̄A·PA+tB zB n̄B ·PB )C(ε, tA, tB).

The same as for pp collisions!
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Verification of factorizaiton

Bin Wu Impact-parameter dependent cross section



The Drell-Yan process at parton level

The impact-parameter dependent Drell-Yan cross section

qq̄ → γ∗ + anything elseat impact parameter b

Verification up to one loop

the definition in eq. (2) gives

dσqq̄

d2b
=
π

s

∫
d2q

(2π)2
e iq·b

∫ ∏
f

[dΓpf ] δ(p2
C − Q2)

×M(pA, pB → pC , {pf })M∗(p̄A, p̄B → pC , {pf }) (6)

and the factorization formula reduces to

dσqq̄

d2b
=
π

s

∑
j,k

∫
dzA
zA

dzB
zB

∫
d2XTj/q(X, zA)Tk/q̄(X− b, zB)

∫ ∏
f

[dΓpf ]

× H (zAPA, zBPB → pC , {pf }) δ(n̄A · pC n̄B · pC − Q2) (7)

to be compared up to leading order in λ = 1/(bQ)� 1.
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At the Born level

Expanding the cross section at leading order in λ yields

dσ(0)

d2b
= π2e2

qδ(s − Q2)δ(2)(b).

The hard scattering is initiated by the quark and antiquark only when they pass
very close to one another at a distance ∼ 1/Q, which defines ”point-like” in
our calculation.

For the factorization formula:

Inserting into the factorization formula the thickness beam function

T (0)
q/q(r, z) = T (0)

q̄/q̄(r, z) = δ(1− z)δ(2)(r),

and the hard function

H(0)(zAPA, zBPB → pC ) = |M(0)|(zAPA, zBPB → pC ) = e2
q(1− ε)zAzBs,

confirms the validity of factorization at the Born level.
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At one loop
Verify using the method of regions:

From eq. (2), the contribution from real diagrams

dσ
(1)
r

d2b
=
π

s

∫
d2q

(2π)2
e iq·b

∫
dΓk |M(1)

r |2(pA, pB → pC , k ← p̄A, p̄B)

× δ((pA + pB − k)2 − Q2), (8)

with

iM(1)
r (pA, pB → pC , k) ≡

pA pB
k pC

pA pB

kpC
+ . (9)

And the contribution from virtual diagrams is denoted by

dσ
(1)
v

d2b
=
π

s

∫
d2q

(2π)2
e iq·b|M(1)

v |2(pA, pB → pC ← p̄A, p̄B)

× δ((pA + pB)2 − Q2) (10)

with |M(1)
v |2 the spin-averaged amplitude squared which contains virtual-gluon

contributions.
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At one loop

1. The hard region: kµ ∼ Q

dσ
(1)
h

d2b
=δ(2)(b)σ(1)(PA,PB → pC )

with σ(1) the conventional one-loop cross section for qq̄ → γ∗.

2. Two collinear regions: kµ ∼ Q(λ2, 1, λ)ni n̄i

Let us take for example the nA-collinear region in which

pµA ∼ p̄µA ∼ kµ ∼ (λ2, 1, λ)nA n̄A , pµB ∼ p̄µB ∼ (1, λ2, λ)nA n̄A .

Upon expansion in λ, one has

|Mr,nA |2(pA, pB → pC , k ← p̄A, p̄B) = e2
q(1− ε)s g

2
s CF

2

Nqq(z)
[
4|k|2 − (1− z)2|q|2

]∣∣k + (1− z) q
2

∣∣2 ∣∣k− (1− z) q
2

∣∣2
with Nqq(z) =

(
1 + z2

)
− ε(1− z)2. Note that virtual diagrams become

scaleless, and vanish in dimensional regularization.
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Spatial quark distribution in a quark at one loop
Perturbative series of the spatial quark distribution:

Tq/q(r, z) =δ(1− z)δ(2)(r) + T (1)
q/q(r, z) + O(α2

s ).

where

T (1)
q/q(r, z) =

p p

k

_

=
αsCF

2π2r 2

[
−
(

1

ε
+ LT

)
δ(1− z) +

1 + z2

(1− z)+

]
.

with LT ≡ 2 log
(

rµ

2e−γE

)
.

At finite b

dσ
(1)
qq

d2b
∝ αs/(sb2) + O(α2

s ).
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At one loop
By comparing the above results, one confirms:

dσ
(1)
r,nA

d2b
=
π

s

∫
d2q

(2π)2
e iq·b

∫
dΓk |Mr,nA |2(pA, pB → pC , k ← p̄A, p̄B)δ(zAs − Q2)

=
π

s

∫
dzA
zA
T (1)
q/q(b, zA)H(0)(zAPA,PB → pC )δ(zAs − Q2)

3. The soft region: kµ ∼ λQ :

The contribution from the soft region vanishes.

In summary: at leading order in 1/(bQ), one has

dσqq̄

d2b
=
π

s

∫
d2q

(2π)2
e iq·b

∫ ∏
f

[dΓpf ] δ(p2
C − Q2)

×M(pA, pB → pC , {pf })M∗(p̄A, p̄B → pC , {pf })

=
π

s

∑
j,k

∫
dzA
zA

dzB
zB

∫
d2XTj/q(X, zA)Tk/q̄(X− b, zB)

∫ ∏
f

[dΓpf ]

× H (zAPA, zBPB → pC , {pf }) δ(n̄A · pC n̄B · pC − Q2)
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Summary and Perspective

A unified framework for A+B→ C + anything else:

Issues solved:

1. Impact-parameter dependent cross section in QFT

2. The factorization formula is derived using SCET for C = γ∗,W±,Z 0,H0

One open question: the evolution equation of Tj/i?
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Summary and Perspective

Hard processes to be addressed:

dσ

d2bdηJdqxdyV d2pV
=
∑
ijk

∫
dbx
2π

e ibxqx
∫

d2X

∫ 1

0

dzi
zi

dzj
zj
Ti/A(X, zi , bx)

Tj/B(X− b, zj , bx)×Hij→Vk(pT ,V , yV − ηJ)� Jk(bx ,X)Sijk(bx , ηJ ,X)�

where � · · · � reminds us that the two functions are modified in the final
states by QCD medium.

Y. T. Chien, R. Rahn, D. Y. Shao, W. J. Waalewijn and BW, work in progress.
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