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TMD PDFs

Transverse Momementum Dependent PDFs (TMD PDFs)

Generalizations of PDFs that describe the 3D structure of hadrons.

fulx, br) = [ e P (HIT(b™, br) We(b,0)(0) W)

Quark
Polarization

Nucleon
Polarization

LTMD Handbook. 2304.03302 [hep-ph]
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Can you calculate TMD PDFs in an effective theory?

@ Systems with heavy quarks use heavy quark effective theory and
non-relativistic QCD to study TMDs 234,

Q —_ Q —_m~kr

— Aqcp ~ kr — Aqcp
H " ky

<«—>kr ks

2R. von Kuk, J. Michel, and Z. Sun. JHEP 09 (2023) 205

3R. von Kuk, J. Michel, and Z. Sun. 2404.08622 (See Monday's talk)

M. Copeland, S. Fleming, R. Gupta, R. Hodges, and T. Mehen. PRD 109 (2024) 5, 5
5M. Echevarria, S. Romera, |. Scimemi. JHEP 12 (2023) 181 (See this morning’s tatk)
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Can you calculate TMD PDFs in an effective theory?

@ What about systems with only light quarks and gluons? (pions,
kaons, protons, etc.)
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Chiral Perturbation Theory

@ Chiral Perturbation Theory (x-PT) is an effective field theory of QCD
where the interactions are written in terms of hadronic degrees of
freedom.

Neutron Proton

Quantum
Chromodynamics

u
ud Lk

Proton Neutron

Chiral Effective-Field Theory
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SU(2) Chiral Fields

@ The pions are in an exponential representation,

e (20) (47 5)

Define €2 = ¥.. These transform like
¥ (x) = LE(x)RT, £(x) = LE(x)UT(x) = U(x)E(x)RT

@ The proton and neutron are in a doublet,

N = (’;) . N(x) = U)N(x).
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Matching Collinear PDFs onto yPT (Review)

@ Collinear PDFs are matched onto nonlocal chiral operators using a
convolution,

500 = [ Gee ™ P X6 )7 Wa(b™ 0 (0) X)

6J.-W. Chen and X. Ji. PRL 87 (2001) 152002

7S.-I. Ando, J.-W. Chen, and C.-W. Kaom, PRD 74, 094013 (2006)
8A. Moiseeva and A. Vladimirov, Eur. Phys. J. A 49, 23 (2013).
9J.-W. Chen and |. Stewart, PRL 92 (2004) 202001
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Matching Collinear PDFs onto yPT (Review)

@ Collinear PDFs are matched onto nonlocal chiral operators using a
convolution,

(O = [ S ™ P X6 ) Wl 0)pi(0) X)

%Z/ da a7 fo<C>

6J.-W. Chen and X. Ji. PRL 87 (2001) 152002

7S.-I. Ando, J.-W. Chen, and C.-W. Kaom, PRD 74, 094013 (2006)
8A. Moiseeva and A. Vladimirov, Eur. Phys. J. A 49, 23 (2013).
9J.-W. Chen and |. Stewart, PRL 92 (2004) 202001

M. Copeland (Duke University) TMD PDFs in ChPT April 17, 2024



Matching Collinear PDFs onto yPT (Review)

@ Collinear PDFs are matched onto nonlocal chiral operators using a
convolution,

Lda
0+ [ e
H ¢

@ The “hadronic splitting functions”, fyx, are xPT distributions

dx= _..—gp+
ix(9) = [ G TP X OB 0) ).

6J.-W. Chen and X. Ji. PRL 87 (2001) 152002

7S.-I. Ando, J.-W. Chen, and C.-W. Kaom, PRD 74, 094013 (2006)
8A. Moiseeva and A. Vladimirov, Eur. Phys. J. A 49, 23 (2013).
9J.-W. Chen and |. Stewart, PRL 92 (2004) 202001
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xPT operators

@ In hadronic splitting functions, chiral operators are nonlocal,

02(b~,0) = %ETr[ZT(b_)Ta(in -9)X(0) + X(b™)72(in - )XT(0)],
Oj(b™,0) = %_(b VAT (b7)72€(0) + £(b7) 7€ (0)] N(0),

R (b™,0) = EAR(b )s [€1(67)7%€(0) — £(b7)7%€1(0)] N(0).
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Interpreting the convolution

@ Convolution has two pieces

qu(C)zzH:/Cl%qﬁ?)(a)fo(g). }
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Interpreting the convolution

@ Low-energy, xPT hadronic splitting functions
(P? < N2 ~1—4 GeV?).

fox(C) = Z/ 2240 fo<<> J

p

O
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Interpreting the convolution

o High-energy, matching coefficients (p? ~ /\f< ~1—4GeV?).
o These are PDFs in the intermediate hadrons (in the chiral limit).

qu(C)Zg/;%qﬁ?)(a)fo(g). J
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Interpreting the convolution

o Putting them together paints the picture,

fax (¢) = Z/ da (0) f/—/X(C) J

p
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TMD Splitting Functions

o Define TMD hadronic splitting functions

= db_ o — -+
ix(8.br) = [ e P (X O5(6,0)X). |

where the chiral operators have transverse and lightlike separation,
b= (b",0,by).
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TMD Splitting Functions

@ Chiral operators are nonlocal, with b,

©2(b,0) = f—7r2Tr [=1(b)72(n - )X(0) + (b)r*(n - 9)=' (0)],

OR(b,0) = —N(b)ﬁ[ (b)77€(0) + £(b)7 ¢ (0)] N(0),
OR*(b,0) = LN(b) s ¢ ()7 (0) — £(B)r¢ (Q)] N (0).
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Side note: Chiral invariance of nonlocal operators

The nonlocal operators are still chirally invariant. \

@ The £(x) fields cancel out the U(x) dependence from the nucleon’s
transformation.

N(x) = U)N(x),  &(x) = LE)UT(x) = U)E()RT

SO

EOING)] = LECON)], [T ONG)] = RIET(x)N(x))-

8A. M. Moiseeva and A. A. Vladimirov, Eur. Phys. J. A 49, 23 (2013), 1208.1714
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Side Note: Building Blocks in xPT

o Use {(x) fields to make chirally invariant objects.

N(x) = U)N(x),  &(x) = LE(x)UT(x) = U(x)&(x)RT
SO
[INGOECNIET (Y )N()T + INGOETCONEY)N(y)]

is chirally invariant!
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Side Note: Building Blocks in xPT

@ Like using Wilson lines for QCD nonlocal operators.

(x) = UG)p(x),  Walx,y) = UG)Wa(x,y)U'(y)

SO

[9(>) Wal(x, =) [[W/ (y, —0)i(y)]

is gauge invariant.
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Matching coefficients

@ TMD matching coefficients: TMD distributions of intermediate
hadrons (in the chiral limit)

§9(a,br) = / O e ™ P H[G(b, br)r* W (b, 0)(0) [H)

s

o Still describe high energy physics!
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TMD convolution

@ The collinear convolution is

fax(¢) = Z/ da (0) fo(g)

@ The TMD analog is,

fax(¢,bT) = Z/ —q,_, o bT)fHX<§7bT>~ J
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TMD convolution

@ Importantly, this conserves momentum,

da
fax(§,aT1) = /dQPTdeT/C —QL)( 7PT)fHX(§akT)

x 6@ (pr + k71 —qr).
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Calculating splitting functions

@ Want to calculate the TMD hadronic splitting functions in xPT.

ax(8.b7) = [ e P (X O5(6,0) ). J

@ Similar to calculation of TMD PDF, but now have hadronic operators.
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Calculating splitting functions

@ Want to calculate the TMD hadronic splitting functions in xPT.

~ db~ b~ 3P+
ax(8.07) = [ e P (X O5(6,0) ). J

@ Similar to calculation of TMD PDF, but now have hadronic operators.

O2(b,0) = ffTr [ZT(b)T"(n -9)X(0) + X(b)T(n- )XT(0)],
1(6,0) = ZA(B)A[E (b)r€(0) + £(b)r€ 1 (0) N(0),

OR(5,0) = ZLN(bivs [¢(6)r€(0) — (B)r¢ (0)] N(0).

M. Copeland (Duke University) TMD PDFs in ChPT April 17, 2024 21/29



All Diagrams

O3
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All Diagrams
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Example: Nucleon Splitting Function

@ Using xPT Feynman rules, the first diagram gives

27a d — {2

galun dk / db”d°br —ib~[BPT —(PT—k*t)] ,—ibr-(kT—qT)
fun(B,aT1) = 4ng / (27T)d (27r)3 € €
(P—k)2—M>+iek? —m2+ie" (P— ) M2 ]

a(P) ks 675KU(P)-
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Example: Nucleon Splitting Function

@ Using xPT Feynman rules, the first diagram gives

(P k+ M) i p
(P— k)2 — M2+ ick? — m2 +ie

u(P)ks

g%’l?lN
fan(B,aT1) = 172 /

i(P—k+ M)
(P— k2= M2+ e

(2m)d
vsku(P)SC 2 (kr — qr)o(kT — (1 — B)P™).
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Nucleon Splitting Function Answer

@ Average over spins and evaluate the k= integral:

f'a (5 ) _ gEII?IN Mzmiﬁ(ﬁ - 1)
WA AT) =163 M2 \ [q2 + M2(1 — B)2 + m2 B2

Al ()
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@ Only the diagrams with “cuts” have nontrivial transverse momentum

dependence.
- b 0 - b 0 - b
/ Vs / (]
I I_-- I [
| == | !
-T-Tr-—- |

| | |
I ! !

4 4 'I
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@ Domain of plots:

e Stay in small-ish q7 region : 0 < q7r <1 GeV.
o Stay away from divergent region, 6(1 — 3), so plot 0.2 < 5 < 0.9.

@ Plot isovector splitting functions for u — d distribution, i.e., take
@ =713=0,.

e The isospin factors are I,S,'L/) =-1, I,C;(iv) = —1, and /7(7';\;) =4,
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TMD hadronic Splitting Functions

— R — = ry
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Reviewed how yPT can be applied to PDFs.
Extended this framework to match TMD PDFs onto xPT.

Calculated the TMD hadronic splitting functions at next-to-leading
order in the chiral expansion.

Studied the TMD hadronic splitting functions numerically.
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@ Many future directions.

Include A resonance.

Extend to SU(3).

Study polarized TMDs.

Study TMDs of other hadrons (like pions).
Include higher order corrections.

Use SCET for subleading operators.

@ Compare against data.
o Test small qr vs. large g1 approximations.
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Back Up Slides
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Weird k~ Integral

@ The 6(1 — 3) comes from a divergence as k™ — 0 in the following
integral:

1 1
dk= ————— = [ dk™
/ k? — m2 + je / 2ktk— — k% — m2 + ie
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Weird k~ Integral

@ The (1 — 3) comes from a divergence as k™ — 0 in the following
integral:

1 1
dk=—————= [ dk™
/ k? — m2 + ie / 2k+k——k27.—m72r+ie
oo if kt =0
10 otherwise

@ Like a delta function!
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Weird k~ Integral

@ Like a rapidity divergence, but can be regulated with dim. reg.:
1 1
ks = [ d P —————
/ k? —m2 + ie / k? —m2 + e

im[—1 k2 + m?
e P T T
7 e (™)

@ Answer is proportional to 6(k*), so k™ integral is

_ ir[—1 k2 + m2 N
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