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Gluon TMDs and Quarkonium
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The quark TMDs have been extensively studied by theoretical approaches as well as experimental 
measurements. On the contrary, the gluon TMDs are almost unknown from experimental aspect.

We are interested in TMDs.

Quarkonium production is a good tool to extract gluon TMDs:

• Heavy quarks are sensitive to the gluon content of hadrons.

•  is straightforward to detect and there are numerous events. J/ψ

Challenges: no universality of the LDMEs in the NRQCD approach, quarkonium production mechanism?, 
theoretical framework, phenomenological analysis, etc.

W. J. den Dunnen, J.-P. Lansberg, C. Pisano, M. Schlegel, https://arxiv.org/abs/1401.7611 
J.-P. Lansberg, C. Pisano, F. Scarpa, M. Schlegel, https://arxiv.org/abs/1710.01684 

ATLAS Collab., https://arxiv.org/abs/2202.00487 

U. D’Alesio, A. Mukherjee, F. Murgia, C. Pisano and S. Rajesh, https://arxiv.org/abs/2203.03299
H.S. Chung, http://arxiv.org/abs/2211.10201v1
and many others

Dominantly produced by g-g fusion
Gluon TMD fit in Di-J/  productionψ

NRQCD for quarkonium production mechanism
Review on universality

https://arxiv.org/abs/1401.7611
https://arxiv.org/abs/1710.01684
https://arxiv.org/abs/2202.00487
https://arxiv.org/abs/2203.03299
http://arxiv.org/abs/2211.10201v1
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M.G. Echevarria, arXiv:1907.06494

S. Fleming, A.K. Leibovich, T. Mehen, arXiv:hep-ph/0607121 
S. Fleming, A.K. Leibovich, T. Mehen, arXiv:hep-ph/0306139

S. Fleming, Y. Makris, T. Mehen, arXiv:1910.03586 

γ*

g c̄

c

J/ψ

dσ(γ* + g → J/ψ + X) = ∑
N

dσ(γ* + g → cc̄(N) + X)⟨𝒪N→J/ψ⟩

𝒪N→J/ψ = χ†𝒦†
Nψ∑

X
( J/ψ + X⟩ + ⟨J/ψ + X ) × ψ†𝒦N χ

N = 2S+1L[col.]
J

S: spin 
L: angular momentum 
J: total angular momentum 
col.: color

Quarkonium production mechanism: NRQCD factorization

SDCs LDMEs
pT ≫ M
pT ≪ M

Collinear factorization + LDMEs

TMD factorization + TMDShFs

λ = pT /MpT ∼ mcv

J/ψ

e h

X

NRQCD:  (potential, soft, ultra-soft)m, mv, mv2
G.T. Bodwin, E. Braaten, G.P. Lepage, arXiv:hep-ph/9407339

Setup (of the talk)
e+e-, pp, photoproduction…Leptoproduction, e/h

In the early 2000…

https://arxiv.org/abs/1907.06494
https://arxiv.org/abs/hep-ph/0607121v1
https://arxiv.org/abs/hep-ph/0306139v1
https://arxiv.org/abs/1910.03586
https://arxiv.org/abs/hep-ph/9407339


Factorization:

LDMEs and TMDShFs at NLO:

Discussion on Hard function

• Definition of operators in NRQCD+TMD framework

• Matching onto QCD

• TMD shape function (TMDShF)

• Calculation at NLO

• Renormalization group equations

• Matching onto LDMEs

About this talk…
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Wμν =
1
z ∑

X
∫

d4ξ
(2π)4

eiq⋅ξ < PS |𝒪μ†(ξ) |X; PψSψ > < X; PψSψ |𝒪ν(0) |PS >

𝒪μ = ∑
N

𝒪μ
N , N = 2S+1L[col.]

J

ℓ(k) + N(P) → ℓ′￼(k′￼) + J/ψ(Pψ) + X(PX) production in SIDIS:J/ψ

Effective operator:

QCD coupling constant: color-octet configuration

Relative velocity of the heavy-quark pair:

The color-singlet state contribution starts at 𝒪(α2
s )

Which N-states are in the summation?

𝒪μ = 𝒪μ
1S[8]

0
+ 𝒪μ

3S[8]
1

+
2

∑
J=0

𝒪μ
3P[8]

J

N = 1S[8]
0 , 3S[8]

1 , 3P[8]
J

Considering that the color-singlet state is suppressed 
in the double power counting expansion:

⟨3S[1]
1 ⟩, ⟨1S[8]

0 ⟩, ⟨3S[8]
1 ⟩, ⟨3P[8]

J ⟩
v3 v7

Dominant 
Fock state

z =
P ⋅ Pψ

P ⋅ q

⟨𝒪(2S+1LJ)⟩ ∼ v3+2L+2E+4M

N-operators

In the equations: ψ ≡ J/ψN-operators: scaling

Defined in NRQCD+TMD framework
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𝒪μ
1S[8]

0
= Γμα

1S[8]
0

(𝒮cd
v ψ†

pc
Td χpc̄) × (𝒮ce

n Be
n⊥α)

𝒪μ
3S[8]

1
= Γμαρ

3S[8]
1

(𝒮cd
v ψ†

pc
Td (Λ ⋅ σ)ρ

χpc̄) × (𝒮ce
n Be

n⊥α)

𝒪μ
3P[8]

J
= Γμασρ

3P[8]
J

𝒮cd
v

(Λ ⋅ q)σ

M
ψ†

pc
Td (Λ ⋅ σ)ρ

χpc̄
× (𝒮ce

n Be
n⊥α)

(Λ ⋅ P)i = 0 , (Λ ⋅ k1)i
= − (Λ ⋅ k2)i

Properties of the boost matrix

photon gluon

Definition of the operators:

pair formation incoming gluon

spin-triplet

L=1
*

* ⟨cc̄ ψ† χ 0⟩ = M ξ†η
M = 2 mc

See also: S. Fleming, Y. Makris, T. Mehen, arXiv:1910.03586

N-operators: definition

https://arxiv.org/abs/1910.03586
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𝒪μ
1S[8]

0
= Γμα

1S[8]
0

(𝒮cd
v ψ†

pc
Td χpc̄) × (𝒮ce

n Be
n⊥α)

𝒪μ
3S[8]

1
= Γμαρ

3S[8]
1

(𝒮cd
v ψ†

pc
Td (Λ ⋅ σ)ρ

χpc̄) × (𝒮ce
n Be

n⊥α)

𝒪μ
3P[8]

J
= Γμασρ

3P[8]
J

𝒮cd
v

(Λ ⋅ q)σ

M
ψ†

pc
Td (Λ ⋅ σ)ρ

χpc̄
× (𝒮ce

n Be
n⊥α)

Γμα
1S[8]

0
=

4 gse
𝒩

ϵμν
⊥

M

Γμαρ
3S[8]

1
= 0

Γμνσρ
3P[8]

J
=

i4 gse
𝒩

1
M {gνσ

⊥ [gμρ ( M2 − Q2

M2 + Q2 ) − 2 n̄μn̄ρ M2 + Q2

P+2
− nμn̄ρ]

+gνρ
⊥ [gμσ + 2 n̄μn̄σ M2 + Q2

P+2
− nμn̄σ ( M2 − Q2

M2 + Q2 )] − 4 gνμ
⊥ n̄σn̄ρ M2

P+2 }
There are other results for the matching tensor 

S. Fleming, A. K. Leibovich, T. Mehen, hep-ph/0306139

(Λ ⋅ P)i = 0 , (Λ ⋅ k1)i
= − (Λ ⋅ k2)i

Properties of the boost matrix

photon gluon

Matching onto QCD (tree level)Definition of the operators:

pair formation incoming gluon

spin-triplet

L=1

Depends on the 
production mechanism

*

* ⟨cc̄ ψ† χ 0⟩ = M ξ†η
M = 2 mc

See also: S. Fleming, Y. Makris, T. Mehen, arXiv:1910.03586

N-operators: definition

https://arxiv.org/abs/hep-ph/0306139v1
https://arxiv.org/abs/1910.03586
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Wμν =
1
z ∑

N
∫

d4ξ
(2π)4

eiq⋅ξ ∑
Xn

< PS |ℬe′￼

n⊥β(ξ) |Xn > < Xn |ℬe
n⊥α(0) |PS >

× ∑
Xs

< 0 |[𝒮c′￼e′￼
n 𝒮c′￼d′￼

v χ†
pc̄ (Γ ⋅ 𝒦)νβ†

N
Td′￼ψpc](ξ) |PψSψ, Xs > < PψSψ, Xs |[𝒮cd

v 𝒮ce
n ψ†

pc (Γ ⋅ 𝒦)μα
N

Tdχpc̄](0) |0 >

Disentanglement of Hilbert space 

Taylor expansion

Wμν =
1
z ∑

N

Γνβ †
N Γμα

N ∫ d2kn⊥ d2ks⊥ δ(2)(q⊥ + kn⊥ − ks⊥) Gαβ
g/P(x, kn⊥) SN→J/ψ(ks⊥)

Gαβ
g/P(x, kn⊥) = ∫

dξ−d2ξ⊥

(2π)3
e−i( 1

2 xP+ξ− − ξ⊥ ⋅ kn⊥)Jαβ(0)
n (0+,0−, ξ⊥) S(0+,0−, ξ⊥)

SN→J/ψ(ks⊥) = ∫
d2ξ⊥

(2π)2
ei ξ⊥⋅ks⊥

S(0)
N→J/ψ(0+,0−, ξ⊥)

S(0+,0−, ξ⊥)

Just enough, the shape 
function only has RDs in 

the n-collinear sector 

Jαβ
n (ξ−, ξ⊥) = ⟨PS ℬβ,e

n⊥(ξ−, ξ⊥) ℬα,e
n⊥(0) PS⟩

S(0)
N→J/ψ(ξ⊥) = ⟨0 [𝒮c′￼e′￼

n 𝒮c′￼d′￼
u χ†

pc̄
𝒦NTd′￼ψpc](ξ⊥)𝒫ψ [𝒮cd

u 𝒮ce
n ψ†

pc
𝒦NTdχpc̄](0) 0⟩

No RDs

Gluon TMDPDF

root of soft 
function

PψSψ, X⟩ = Xn⟩ ⊗ PψSψ, Xs⟩
q ∼ 1/Qh(1,1,1/λ) TMDShF encodes soft and 

non-perturbative effects

In the equations: ψ ≡ J/ψ

ℒ = − gs ∑
p

ψ†
p ( Bus ⋅ P

mc ) ψp(x) + (ψ → χ)

TMD Shape function
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⟨1S[8]
0 ⟩ = (1 + (CF − CA/2) παs

2v ) ⟨1S[8]
0 ⟩

LO
+

4αs

3πm2
c (CF ⟨1P[1]

1 ⟩
LO

+ BF ⟨1P[8]
1 ⟩

LO
) ( 1

εUV
−

1
εIR )

LDME:

Coulomb singularity Mixing between channels
ℒCoul. = ∑

p,p′￼

4παs

(p − p′￼)2
ψ†

pTaψp′￼ χ†
−pT̄aχ−p′￼

After BPS field redefinition

+ 3 more

LO:

⟨1S[8]
0 ⟩

LO
= M2 η†Taξ × ξ†Taη

SLO
1S[8]

0 →J/ψ(k⊥) =
d − 3
d − 2

δ(2)(k⊥)⟨1S[8]
0 ⟩

LO

ℒChro. = − gs ∑
p

ψ†
p ( Bus ⋅ P

mc ) ψp(x) + (ψ → χ)

The calculation for the P-wave is analogousCalculation at NLO



+ 7 more

+ 3 more

+ 3 more

+ Coulomb + Chromo-electric 10

TMDShF:

S(0)
1S[8]

0 →J/ψ
(k⊥; μ, δ+) =

d − 3
d − 2 { S(k⊥; μ, δ+)

2 ⟨1S[8]
0 ⟩

LO

+
αs

2π
δ(2)(k⊥)((CF − CA/2)

π2

v
−

CA

εIR ) ⟨1S[8]
0 ⟩

LO

+
αsCA

2π2 ( π
εUV

δ(2)(k⊥) −
1

k2
⊥ ) ⟨1S[8]

0 ⟩
LO

+
4αs

3π2m2

1
k2

⊥ (CF ⟨1P[1]
1 ⟩

LO
+ BF ⟨1P[8]

1 ⟩
LO

)}

Half of the soft function

Coulomb

II

Chromo-electric

II

IIII

Vanishes in pairs 

Double-counting   

II)

I)

III)

Only this set of 
diagrams survives

-regularizationδ

The calculation for the P-wave is analogousCalculation at NLO

proton Wilson line

quarkonium Wilson line

soft
usoft
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Z1S[8]
0

= (
1 0 0
0 1 0
0 0 1) +

4αs(μ)
3πm2

1
εUV

0 CF BF

0 0 0
0 0 0

γ1S[8]
0

=
8αs(μ)
3πm2

0 CF BF

0 0 0
0 0 0

⟨1S[8]
0 ⟩

μ
= ⟨1S[8]

0 ⟩
μf

−
8

3m2β0
ln ( αs(μ)

αs(μf ) ) (CF ⟨1P[1]
1 ⟩

μf
+ BF ⟨1P[8]

1 ⟩
μf)

d
d ln μ ⟨𝒪n

ψ⟩
μ

= ∑
m

γnm
𝒪 ⟨𝒪m

ψ⟩
μ

⟨𝒪n
ψ⟩

μ
= Znm

𝒪 ⟨𝒪m
ψ⟩

μ

d
d ln μ ⟨1S[8]

0 ⟩ =
8αs(μ)
3πm2 (CF ⟨1P[1]

1 ⟩ + BF ⟨1P[8]
1 ⟩) ⟨1S[8]

0 ⟩
μ

= 𝒰1m(μ, μf )⟨𝒪m⟩μf

⟨3P[8]
J ⟩

μ
= ⟨3P[8]

J ⟩
μf

−
8

3m2β0
ln ( αs(μ)

αs(μf ) ) (CF ⟨3D[1]
J ⟩

μf
+ BF ⟨3D[8]

J ⟩
μf)

RG evolution: LDMEs

Up to NLL
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ZSh = 1 −
αsCA

2π
1

εUV (1 − ln
ζB

Q2
h )

γSh ≡
d

d ln μ
ln ZSh =

αsCA

π (1 − ln
ζB

Q2
h )

𝒟g(bT; μ) =
αsCA

2π
LT

d
d ln ζB

ln S1S[8]
0 →J/ψ(bT; μ, ζB) = − 𝒟g(bT; μ)

Same as for the TMPDF:

LT = ln (μ2b2
Te2γE /4π)

d
d ln μ

S1S[8]
0 →J/ψ(bT; ζB, μ) = γ1S[8]

0
(αs(μ), ζB, μ)

S1S[8]
0 →J/ψ(bT; μf , ζf ) = exp [∫P (γ1S[8]

0
(μ, ζ)

dμ
μ

− 𝒟g(bT; μ)
dζ
ζ )] S1S[8]

0 →J/ψ(bT; μi, ζi)

M.G. Echevarria, T. Kasemets, P.J. Mulders, C. Pisano, arXiv:1502.05354

S3P[8]
J →J/ψ(bT; μf , ζf ) = exp [∫P (γ1S[8]

0
(μ, ζ)

dμ
μ

− 𝒟g(bT; μ)
dζ
ζ )] S3P[8]

J →J/ψ(bT; μi, ζi)

RG evolution: TMDShFs

Q4
h = ζAζB

Consistency result 
confirmed at NLO

(Higgs production in hadron-hadron collisions)

https://arxiv.org/abs/1502.05354
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⟨1S[8]
0 ⟩ = (1 + (CF − CA/2) παs

2v ) ⟨1S[8]
0 ⟩

LO
−

4αs

3πm2

1
εIR (CF ⟨1P[1]

1 ⟩
LO

+ BF ⟨1P[8]
1 ⟩

LO
)

S1S[8]
0 →J/ψ(bT; μ, ζB) =

d − 3
d − 2 {⟨1S[8]

0 ⟩
LO

+
αs

2π [ π2

v
(CF − CA/2)⟨1S[8]

0 ⟩
LO

−
8

3m2

1
εIR (CF ⟨1P[1]

1 ⟩
LO

+ BF ⟨1P[8]
1 ⟩

LO
)

+CALT (1 − ln
ζB

Q2 ) ⟨1S[8]
0 ⟩

LO
−

8
3m2

LT (CF ⟨1P[1]
1 ⟩

LO
+ BF ⟨1P[8]

1 ⟩
LO

)]}

Renormalized LDME and TMDShF: 

SN→J/ψ(bT; μ, ζB) = ∑
n

CN
n (bT; μ, ζB) × ⟨𝒪n

ψ⟩(μ) + 𝒪(bTΛQCD)

CS
1S[8]

0
(bT; μ, ζB) =

1
2

1 +
αsCA

2π
LT (1 − ln

ζB

Q2
h )

CS
1P[1]

1
(bT; μ) = −

αs

2π
4 CF

3m2
LT

CS
1P[8]

1
(bT; μ) = −

αs

2π
4 BF

3m2
LT

Matching coefficients:

It is analogous for the P-waves, the matching coefficients will be the same

Infrared part

Operator product expansion: 

Matching onto LDMEs
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Virtual contribution of the cross section in photoproduction (F. Maltoni, M. L. Mangano, A. Petrelli, hep-ph/9708349):

σN = σ0
N [1 +

αs

2π {[(CF − CA/2) π2

v
−

CA

εIR ] − [ CA

ε2
IR

+
1

εIR (b0 + CA ln
μ2

Q2
h )] −CA ( b0

CA
ln

μ2

Q2
h

+ ln
μ2

Q2
h

+
1
2

ln2 μ2

Q2
h

+
π2

12 ) + 𝒟N}] .

Virtual contribution of the cross section in leptoproduction(M.G. Echevarria, R. Kishore, S.F. Romera, P. Taels, In progress):

σN = σ0
N [1 +

αs

2π {[(CF − CA/2) π2

v
−

CA

εIR ] − [ CA

ε2
IR

+
1

εIR (b0 + CA ln
μ2

Q2
h )] + HN}] .

Qh = Mψ

Qh = f(Q, Mψ) ≳ Mψ

Gluon TMDPDFTMDShF

S1S[8]
0 →J/ψ(k⊥; μ, δ+) =

d − 3
d − 2 { S(k2

⊥; μ, δ+)
2 ⟨1S[8]

0 ⟩
LO

+
αs

2π
δ(2)(k⊥)((CF − CA/2)

π2

v
−

CA

εIR ) ⟨1S[8]
0 ⟩

LO

αsCA

2π2 ( π
εUV

δ(2)(k⊥) −
1

k2
⊥ ) ⟨1S[8]

0 ⟩
LO

+
4αs

3π2m2

1
k2

⊥ (CF ⟨1P[1]
1 ⟩

LO
+ BF ⟨1P[8]

1 ⟩
LO

)}
Virtual contribution

TMDShF:

Check: Hard function

https://arxiv.org/abs/hep-ph/9708349
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Summary

Quarkonia production is a promising tool to access gluon TMDs. 

TMDShFs: NP effects unique to quarkonia production. 

A complete and consistent computation at one loop of the TMDShF has been done. 

Future: Phenomenology (predictions for EIC, LHC…) and consider more processes.
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Thank 
you!

Summary

Quarkonia production is a promising tool to access gluon TMDs. 

TMDShFs: NP effects unique to quarkonia production. 

A complete and consistent computation at one loop of the TMDShF has been done. 

Future: Phenomenology (predictions for EIC, LHC…) and consider more processes.



Backup slides



qiσ j =
δij

3
q ⋅ σ +

eijk

2
(q × σ)k + q(iσ j) ,

Γμν
3P[8]

0
= Γμνσρ

3P[8]
J (−gσρ +

PσPρ

s ) , Γμν
k,3P[8]

1
= Γμνσρ

3P[8]
J

ϵαβσρΛα
k

Pβ

M
, Γμν

ij,3P[8]
2

= Γμνσρ
3P[8]

J
ΛiσΛjρ .

Tensorial decomposition:

Operators in vNRQCD:

Matching tensors:

18

𝒪(3P[8]
0 ) =

1
3

ψ†
q

𝒫
2

⋅
σ

2
2Taχ−q =

1
3

ψ†
q (q ⋅ σ) Taχ−q ,

𝒪k(3P[8]
1 ) =

1
2

ψ†
q

(𝒫 × σ)k

2 2
2Taχ−q =

1
2

ψ†
q (q × σ)k Taχ−q ,

𝒪ij(3P[8]
2 ) = ψ†

q
𝒫(i

2
σ j)

2
2Taχ−q = ψ†

q (q(iσ j)) Taχ−q .

Matching tensors for J=0,1,2


