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Transverse momentum dependent factorization

dσ

dqT
' σ0

∫
d2b

(2π)2
e−i(bqT )

∣∣∣CV (2q+q−

µ2

) ∣∣∣2F1(x1, b;µ, ζ)F2(x2, b;µ, ζ̄)

LP term

SIDIS Drell-Yan SIA

q2 = ±Q2 momentum of hard probe
qµT transverse component

 Q2 � anything

q2
T fixed
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LP is very well studied
I Factorization theorem

proven

I Multiple phenomenological
tests

I Perturbative precision
I Hard function: N4LO
I Evolution: N3LO
I OPE for components

I CS kernel N4LO
I f1 TMPDPDF N3LO
I d1 TMDFF N3LO
I ...

N4LL for unpolarized

With N3LO
evolution

N4LL

PDF & NP
uncertanties

Works very-well at high-energy
but there are problems at lower energies.

Already at Q ∼ 10 − 15GeV
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(incomplete) List of problems

I Normalization for low-energy DY & SIDIS data

I Collinear factorization tale does not work for Q . 15− 20GeV (DY& SIDIS)

I Necessity to cut the data qT � Q (DY)

I Necessity to cut the data k⊥ � zQ (SIDIS)

I Frame-dependence (especially for SIDIS, measured in lab.frame)

I Violation of EM-gauge invariance (DY& SIDIS)

I ....
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An example
Problem with normalization

∼ 120%

∼ 30%

πDY [1907.10356]

← Q = 7.4GeV

Q = 4.3GeV →

What is that?

I Problem with factorization?

I Problem with collinear PDF?

I Problem with data?

I believe: this is evidence of power corrections
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An example
Problem with normalization

example of COMPASS-bin by MAP22 [2206.07598]

What is that?

I Problem with factorization?

I Problem with collinear PDF?

I Problem with data?

I believe: this is evidence of power corrections
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POWER CORRECTIONS

dσ

dqT
' σ0

∫
d2b

(2π)2
e−i(bqT )

{
|CV (Q)|2F1(x1, b;Q,Q

2)F2(x2, b;Q,Q
2) ←− LP

+

(
qT

Q
;
kT

Q
;
M

Q

)
[C2(Q)⊗ F3(x, b;Q,Q2)F4(x, b;Q,Q2)](x1, x2) ←− NLP

+

(
q2
T

Q2
;
kT qT

Q2
; ...

)
[C3(Q)⊗ F5(x, b;Q,Q2)F6(x, b;Q,Q2)](x1, x2)←− NNLP

+...

LP = 8 TMDs
NLP += 16(32) TMDs
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Four types of power corrections in TMD factorization

ΛQCD

Q
corrections ⇔ genuine power corrections1

Higher twist TMD distributions

∫
d2be−i(qb)T

∫ 1

−1+x2

dy

y
F1(x1, b;Q,Q

2)Φ⊕(−x− y, y, x, b;Q,Q2)

I New NP content

I Dynamics with x, and qT unknown
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Four types of power corrections in TMD factorization

Target mass corrections
2

I ∼
M

Q
from exponents (not from kinematics)

I Requires new off-light-cone definition of TMD
distributions

I Not ever studied (do my best knowladge)

I M = 0 for today
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Four types of power corrections in TMD factorization

kT

Q
corrections ⇔ kinematic power corrections (KPC)3

Derivatives of TMDs with respect to bµ ⇔ tot.derivatives of semi-compact operators

i

Q

∫
d2be−i(qb)T F1(x1, b)

∂

∂bµ
F2(x2, b)

∫
d2k1d

2k2δ
(2)(qT − k1 − k2)

kµ2
Q
F1(x1,k1)F2(x2,k2)

I Restore gauge invariance

I Restore frame invariance

I Present at qT = 0

I Do not require new NP
functions

dσ

qT
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Four types of power corrections in TMD factorization

qT

Q
corrections ⇔

1

bQ
corrections4

Several sources

lim
b→0

Ftw-N(x, b) =
αs

bN−1
Ftw-2(x, b)

∫
d2be−i(qb)T

1

b2Q2
F1(x1, b)F2(x2, b)

∫
d2k1d

2k2δ
(2)(qT − k1 − k2)

q2
T

Q2
F1(x1,k1)F2(x2,k2)

I Provide matching to fixed order

I Do not require new NP
functions

dσ

qT
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Comment: In twist-2 resummation kT /Q, qT /Q, Λ/Q are all ∼ 1/bQ
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This picture implies that TMD distributions can be sorted by “irreducible” NP-content

It is critically important to determine the “twist”

Dynamical twist TMDs (bad)

µ2 d

dµ2

(
f⊥

g⊥

)
=

(
Γ

2
Lζ + 2CF as + ..

)(
f⊥

g⊥

)
+ (−2CF as + ..)

(
f1

0

)
+

(
P Θ
−Θ P

)
⊗
(

Φ⊕
Φ	

)

I Twist-3 TMDs mix with twist-2 TMDs ⇒ no clear identification.

(geometrical) TMD-twist (better) [AV,Moos,Scimemi,21]

I TMD distributions with different TMD-twists do not mix (see [SCET 23])

µ2 d

dµ2
Φ12 = γ12 ⊗ Φ12,

µ2 d

dµ2
Φ21 = γ21 ⊗ Φ21

I Still, we are missing the off-light cone generalization
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Wµν =
1

Nc

∫
d2b

(2π)2
e−i(qT b)

{

Φ2 × Φ2

+
1

Q

(
D Φ2 × Φ2 + Φ2 × Φ3

)

+
b

b2
Φ2 × Φ2

+
1

Q2

(
D2Φ2 × Φ2 +D Φ2 × Φ3 + Φ3 × Φ3 + Φ2 × Φ4 +

Φ2 × Φ2

b2

)
+

1

Q3

(
D3Φ2 × Φ2 + ... + Φ3 × Φ4 + ... +

DΦ2 × Φ2

b2

)

+
b

b4
Φ2 × Φ2

+
1

Q4

(
D4Φ2 × Φ2 + ... + Φ2 × Φ5 + ... +

DΦ2 × Φ2

b2
+

Φ2 × Φ2

b4

)
+ · · ·

}µν
,

D ∼
∂

∂bµ
ΦN is TMD of twist-N

LP X
NLP X

summed KPC
this talk

I Resporation of gauge and Lorenz invariance

I Non-vanishing qT = 0, and larger than Λ
Q

I Alike LP expression, but with a different
convolution integral

large-qT tale
possible?

I Same NP content as at LP

I Looks conceptually possible
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Remainder: EM gauge invariance

qµWµν = 0, ⇔
(
q+n̄µ + q−nµ − i

∂

∂bµ

)
W̃µν = 0

Remainder: frame (reparametrization) invariance

I:

 nµ → n′µ = nµ +
∆µ

q−
−

∆2

2(q−)2
n̄µ,

n̄µ → n̄′µ = n̄µ,

II:


nµ → n′µ = nµ,

n̄µ → n̄′µ = n̄µ +
∆
µ

q+
−

∆
2

2(q+)2
nµ,

For physical variables in implies (here for I)

kµ1T → k′
µ
1T = kµ1T , kµ2T → k′

µ
2T = kµ2T −∆µ − ((k2∆)−∆2)

n̄µ

q−
.

x1 → x′1 = x1

(
1 +

2(k2∆)−∆2

2q+q−

)
, x2 → x′2 = x2,

These invariances must be restored by KPCs,
because they do not mix non-perturbative content (“proportional” to LP)
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Computing KPCs
computation done in background QCD in the same way as in [AV,Moos,Scimemi,2109.09771]

LP: Wµν
LP ∝

∫
d2b

(2π)2
e−i(qT b)C0

(
2q+q−

µ2

)(
−gµνT f̃1(x1, b

2)f̃1(x2, b
2) + ...

)
,

NLP: Wµν
NLP ∝

∫
d2b

(2π)2
e−i(qT b)C0

(
2q+q−

µ2

)(
−
in̄µ

q−
f̃1D

ν f̃1 −
inµ

q+
Dν f̃1f̃1 + ...

)
,

Dµ =
∂

∂bµ
+

1

2
ln

(
ζ

ζ̄

)
(∂µD)

restores boost-invariance

N2LP: Wµν

N2LP
∝
∫

d2b

(2π)2
e−i(qT b)C0

(
2q+q−

µ2

)(
gµνDαf̃1Dαf̃1 −Dµf̃1Dν f̃1 −Dν f̃1Dµf̃1

q+q−
+
nµnν

(q+)2
D2f̃1f̃1 +

n̄µn̄ν

(q−)2
f̃1D

2f̃1

+
gµνT

2q+q−

(
f̃ ′1D

2f̃1 +D2f̃1f̃
′
1

)
+ ...

)

A.Vladimirov Power for TMD 22 May 2023 14 / 20



Computing KPCs
computation done in background QCD in the same way as in [AV,Moos,Scimemi,2109.09771]

LP: Wµν
LP ∝

∫
d2b

(2π)2
e−i(qT b)C0

(
2q+q−

µ2

)(
−gµνT f̃1(x1, b

2)f̃1(x2, b
2) + ...

)
,

NLP: Wµν
NLP ∝

∫
d2b

(2π)2
e−i(qT b)C0

(
2q+q−

µ2

)(
−
in̄µ

q−
f̃1D

ν f̃1 −
inµ

q+
Dν f̃1f̃1 + ...

)
,

Dµ =
∂

∂bµ
+

1

2
ln

(
ζ

ζ̄

)
(∂µD)

restores boost-invariance

N2LP: Wµν

N2LP
∝
∫

d2b

(2π)2
e−i(qT b)C0

(
2q+q−

µ2

)(
gµνDαf̃1Dαf̃1 −Dµf̃1Dν f̃1 −Dν f̃1Dµf̃1

q+q−
+
nµnν

(q+)2
D2f̃1f̃1 +

n̄µn̄ν

(q−)2
f̃1D

2f̃1

+
gµνT

2q+q−

(
f̃ ′1D

2f̃1 +D2f̃1f̃
′
1

)
+ ...

)

A.Vladimirov Power for TMD 22 May 2023 14 / 20



Computing KPCs
computation done in background QCD in the same way as in [AV,Moos,Scimemi,2109.09771]

LP: Wµν
LP ∝

∫
d2b

(2π)2
e−i(qT b)C0

(
2q+q−

µ2

)(
−gµνT f̃1(x1, b

2)f̃1(x2, b
2) + ...

)
,

NLP: Wµν
NLP ∝

∫
d2b

(2π)2
e−i(qT b)C0

(
2q+q−

µ2

)(
−
in̄µ

q−
f̃1D

ν f̃1 −
inµ

q+
Dν f̃1f̃1 + ...

)
,

Dµ =
∂

∂bµ
+

1

2
ln

(
ζ

ζ̄

)
(∂µD)

restores boost-invariance

N2LP: Wµν

N2LP
∝
∫

d2b

(2π)2
e−i(qT b)C0

(
2q+q−

µ2

)(
gµνDαf̃1Dαf̃1 −Dµf̃1Dν f̃1 −Dν f̃1Dµf̃1

q+q−
+
nµnν

(q+)2
D2f̃1f̃1 +

n̄µn̄ν

(q−)2
f̃1D

2f̃1

+
gµνT

2q+q−

(
f̃ ′1D

2f̃1 +D2f̃1f̃
′
1

)
+ ...

)

A.Vladimirov Power for TMD 22 May 2023 14 / 20



and so on...
the computation can be done up to any power n [AV, 2307.13054]

Important

I Restoration of gauge invariance X
I Restoration of re-parametrization invariance X

I still some redundant dependence on definition of TMD (for transversely polarized
processes)

I Note: for the unpolarized channel can be bootstrapped from LP term

I At ζ = ζ̄ = Q2 KPC can be resummed
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All KPCs must share the same hard coefficient function
(because they are related by gauge/frame transformation.)

...

Coeff.function is not reproduced?!

Is reproduced in the complete sum!
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Resummation of KPCs
can be formulated on the level of individual TMD distributions

Extracting twist-2 contribution from bi-quark operator with any y

q̄(y)γµq(0) = [q̄(y)γµq(0)]tw2 + y[q̄(y)γµq(0)]tw3 + y2[q̄(y)γµq(0)]tw4 + ...

∂

∂yµ
[q̄(y)γµq(0)]tw2 = 0,

∂2

∂yν∂yν
[q̄(y)γµq(0)]tw2 = 0

Same as for collinear distributions
[Balitsky & Braun, 88]

Solution is momentum space (unpolarized)

[〈p|q̄(y)γµq(0)|p〉]tw2 = 2p+

∫
dxd4kδ(k+ − xp+)δ(k2)ei(ky)kµf1(x, kT )

At the leading twist quarks are on mass-shell
alike naive expectations, but now derived in the factorization framework

(respecting evolution, rapidity evolution, etc.)
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Resummed KPC

dσ

dqT
= |CV (Q)|2

∫
d2k1d

2k2δ(qT − k1 − k2)θ((k1 − k2)2 < τ2)

ρpp(polarizations)√
λ(k2

1,k
2
2, τ

2)
F (ξ1(k1,2),k2

1, Q,Q
2)F (ξ2(k1,2),k2

2, Q,Q
2)
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I Mostly change the normalization

I ∼ 1% at LHC energy

I ∼ 50− 100% at HERMES

I Estimation for SV19 (qT = 0)

∼
2GeV2

√
xQ2
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Conclusion

The future of TMD factorization is after the (resummed) power corrections

Resummed KPCs

I Restore gauge-invariance

I Restore frame-invariance

I Inherit all perturbative part from LP

I At Q→∞ reproduced LP factorization

I Essential at Q . 10GeV

I Phenomenology is in process...

A.Vladimirov Power for TMD 22 May 2023 20 / 20


