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Factorization at NLP

dσ =
∑
a,b

CaC⋆
b ⊗

N∏
i=1

J(i)
a J(i)

b ⊗ Sab

At LP soft functions are matrix elements built from semi-infinite Wilson lines.
At NLP, the soft operator contains soft fields on the light-cone — qs(x−), Fµν

s (x−) — from
subleading-power soft-collinear Lagrangian terms.

Examples for the DY threshold

LP Tr T̄([Y†
n−Yn+ ](x0))T([Y†

n+Yn− ](0)) [Korchemsky, Marchesini, 1993]

NLP soft gluon / quark

Tr T̄
(
[Y†

n−Yn+ ](x0)
)

T
(
([Y†

n+Yn− ](0)
i∂ν

⊥
in−∂

B+
ν⊥ (z−)

)
Tr T̄

(
[q̄sYn− ](x0 + z2−)[Y†

n−Yn+ ](x0)
)

T
(
([Y†

n+Yn− ](0)[Y†
n−qs](z1−)

)
[MB, Broggio, Garny, Jaskiewicz, Szafron Wang, Vernazza, 1809.10631; MB, AB, SJ, LV, 1912.01585]

One-loop (O(α2
s )) correction known [Broggio, Jaskiewicz, Vernazza, 2107.07353, 2306.06037], but not the RG

kernels / anomalous dimensions.
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Soft-quark functions

Begin with the (slightly) simpler case of soft-quark functions for Higgs production via light
quark loops.

At NLP soft quark functions always arise from the double insertion of

L(1)
ξq (x) = q̄s(x−)[/Ac⊥χc](x)

[Liu, Neubert, Schnubel, Wang, 2212.10447]
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Abelian γγ → H

Oγ(s, t) = T
{

q̄(tn−)Yn− (t)Y†
n− (0)

/n−/n+
4

Yn+ (0)Y†
n+ (s)q(sn+)

}
= T

{
q̄(tn−)[tn−, 0]

/n−/n+
4

[0, sn+]q(sn+)
}

[z1n±, z2n±] ≡ P̂ exp

[
igsTa

∫ z1

z2
dλ n± · Aa

(λn±)

]

• Relevant is

Sγ,g(w) =
1

2πi
Discℓ−ℓ+

∫ ∞

−∞
ds

∫ ∞

−∞
dt eisℓ+−itℓ− ⟨0|Oγ,g(s, t)|0⟩

• Anomalous dimension / RG kernel originally [Liu, Mecaj, Neubert, X. Wang, Fleming, 2005.03013]

inferred from RG consistency of the factorization formula.

• Direct computation by [Bodwin, Ee, Lee, X.P.Wang, 2101.04972] by a complicated excursion into
transverse-momentum dependent soft functions.
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Non-Abelian gg → H

Ouns
g (s, t) = T

{
q̄(tn−)[tn−, 0]

(
Yn− (0)

)ac Tc /n−/n+
4

(
Yn+ (0)

)bd Td[0, sn+]q(sn+)
}

= T
{

q̄(tn−)
(
Yn− (tn−)

)ac Tc[tn−, 0]
/n−/n+

4
[0, sn+]

(
Yn+ (sn+)

)bd Tdq(sn+)
}

Yn± (x)TaY†
n±

(x) =
(
Yn± (x)

)ab
Tb

• Anomalous dimension / RG kernel known only from RG consistency of
the factorization formula [Liu, Neubert, Schnubel, X. Wang, 2212.10447]
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Computational method

Background-field method, Rξ gauge [Abbott, 1980; Balitsky, Braun 1988/89]

q(x) = qs(x, µ) + qq(x, µ) , Aµ(x) = Aµ
s (x, µ) + Aµ

q (x, µ)

Oeff(qs,As) =

∫
D[qq, q̄q,Aq]O(qs + qq,As + Aq)eiS[qs+qq,As+Aq]−iS[qs,As]

Dac
µ [As]Ac,µ

q (x) = (∂µδ
ac + gsf abcAb

s,µ)A
c,µ
q = 0

[tn−, 0] = [tn−, 0]s + igs t
∫ 1

0
du [tn−, utn−]s(n− · Ab

q)(utn−)Tb[utn−, 0]s + · · ·

Adopt light-cone gauge n− · As(x) = 0 for the soft background fields → [∗, ∗]s = 1

Position-space

RG kernel is computed first for the operator O(s, t) in position-space.
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Abelian γγ → H

0

tn� sn+

(a) (b) (c) (d)

Figure 1. One-loop corrections to O�(s, t). Double lines denote the two finite Wilson

line segments, the two solid lines the soft quark fields and the wiggle lines are gluon

propagators. Mirror diagrams to (a) and (c) as well as the self-energy of the external

quarks are not shown. The self-energy of the lightlike Wilson lines vanishes in Feynman

gauge and therefore are neglected.

background gauge (2.12) and the associated Feynman rules can be found in [32].

Since (2.11) is invariant under local gauge transformations of soft background fields,

the background technique allows us to choose gauges for the soft background and

quantum fields independently.

3 Renormalization of O�(s, t)

[• Q4 The above figure is still not a single pdf that can be scaled.]

Since Wilson lines are finite-length ones in O�(s, t), only ultraviolaet (UV) singu-

larities exist. The potential infrared singularities are naturally regularized by the

non-vanishing o↵-shellness (or mass) of the soft quark. In this section, we provide

details on renormalizing the soft operator directly in the position space, which turns

out to be rather compact and easy to generalize to higher loops. The one-loop con-

tributions to O�(s, t) are depicted in Fig. 1. There are also mirror parts for diagrams

(a) and (c). Diagram (a) and its mirror give rise to non-local parts.2, and diagram

(b) gives rise to the local cusp terms, while (c) and (d) do not have UV poles. To

simplify the notation, we also use q(p) and q̄(p) to denote the external quark and

anti-quark fields in momentum space. We can put either the quark mass or the o↵-

shellness (but not both) to zero from the start since we focus on UV poles, and we

choose to drop the quark mass.

3.1 Coordinate-space calculation

Inserting the QCD interaction Lagrangian once, expanding the n�-Wilson line to first

order and performing Wick contractions, diagram (a) reads (We drop the subscripts

2The terminology here refers to the form of the contribution in position space, either simply

multiplicative (local), or as a convolution (non-local).

– 6 –

Ia = (igs)
2
∫

dDz q̄(z)/Aa
(z)Taq(z) q̄(tn−)

∫ 1

0
du t (n− · Ab

)(utn−)Tb /n−/n+
4

q(sn+)

= −g2
s CFµ

2ε eεγE

(4π)ε

∫ 1

0
du t
∫ dDp

(2π)D

∫ dDl

(2π)D
eit(̄un−·l−un−·p) q̄(p) /n−/l

l2(p + l)2

/n−/n+
4

q(sn+)

=
αs

4π

2CF

ε

∫ 1

0
du

u

ū

[
q̄(utn−) − q̄(tn−)

] /n−/n+
4

q(sn+) + O(ε
0
)

=
αs

4π

2CF

ε

∫ 1

0
du
[ u

ū

]
+

Oγ(s, ut) + O(ε
0
)

• For the computation of the pole part, can set the mass of the soft quark to zero. IR
divergences regularized by p2 ̸= 0.
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– 6 –

Oγ(s, t;µ) = Obare
γ (s, t) +

αsCF

4π

∫ 1

0
du

[( 1

ε2
+

2 ln
(

stµ2e2γE
)
− (1 − ξ)

2ε︸ ︷︷ ︸
(b)

+
(1 − ξ)

ε︸ ︷︷ ︸
(c)

+
ξ

2ε︸︷︷︸
field ren.

)
δ(1 − u)

−
2

ε

[ u

ū

]
+︸ ︷︷ ︸

(a)

](
Obare
γ (us, t) + Obare

γ (s, ut)
)

d
d lnµ

Oγ(s, t, µ) = −[γγOγ ](s, t;µ)

=
αsCF

π

{
−

(
ln

(
stµ2e2γE

)
+

1
2

)
Oγ(s, t;µ) +

∫ 1

0
du

[
u
ū

]
+

(
Oγ(us, t;µ) + Oγ(s, ut;µ)

)}

• Confirms previous results and gauge-independence of the RG kernel.
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Non-Abelian gg → H

0

tn� sn+

(a) (b) (c) (d)

Figure 2. Diagrams responsible for Og(s, t) renormalization at one loop. The double lines

superposed with wiggly ones are semi-infinite adjoint Wilson lines. Mirror diagrams to

(a), (b) and (d) are not shown. Contributions from diagrams in the first row are immediately

obtainable from eq. (3.10) with appropriate changes in the color factor.

in (2.2) are shown in Fig. 2. The first row displays diagrams that appeared for

O�(s, t), which can be obtained from the previous calculation as follows: The colour

factor CF in diagram (a) of Fig. 1 is replaced by CF � CA/2 while the colour factor

CF in the plot (b) of Fig. 1 remains the same. [• Q6 Please create a pdf figure

that has all the labels included and can be scaled easily (e.g. for talks).

Applies to all figures!]

There are additional one-loop corrections (shown in the second row of the figure)

due to gluon exchanges with the semi-infinite adjoint Wilson lines. Here, we adopt

the second representation given in (2.8). Due to the two semi-infinite Wilson lines,

Ouns
g (s, t) exhibits rapidity divergences. Consequently, one needs to separate UV

poles from the singular behaviour in rapidity by introducing additional regulators. In

this work, we introduce an o↵-shellness �± as in (2.6), (2.7) to regulate the rapidity

divergence induced by semi-infinite Wilson lines. [• Q7 Change to �± to

conform with definition (2.6).] [• Q8 the following is no longer true and

should be removed: “This regulator appears as an exponential suppression

when the adjoint Wilson line approaches infinity.”]

4.1 Unsubtracted operator Ouns
g (s, t)

The total one-loop corrections generated by diagrams in the first row of Fig. 2 is

immediate from Sec. 3,

Ir1 =
↵s(µ)

4⇡

2

"

✓
CF � CA

2

◆Z 1

0

du
hu
ū

i
+

(Og(us, t) + Og(s, ut))

– 11 –

Ouns
g (s, t) = T

{
q̄(tn−)

(
Yn− (tn−)

)ac Tc[tn−, 0]
/n−/n+

4
[0, sn+]

(
Yn+ (sn+)

)bd Tdq(sn+)
}

• First-row diagrams by substitution of colour factors. The sum is ξ-dependent (∝ CA),
arising from the 3rd diagram in the 1st row.

• The new 2nd row diagrams containing semi-infinite adjoint Wilson lines contain rapidity
divergences. We regulate them by

(
Yn± (x)

)ab
= P̂ exp

[
−gs f abc

∫ 0

−∞
dλ e−iλ(δ±+i0+) n± · Ac(x + λn±)

]
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Non-Abelian gg → H

• The δ-regulator modifies Wilson lines as

in+ · pc

(pc + ℓ)2 + i0+
→

i

n− · ℓ +
p2
c

n+·pc
+ i0+

≡
i

n− · ℓ + δ− + i0+

in− · p̄c

(p̄c + ℓ)2 + i0+
→

i

n+ · ℓ +
p2
c̄

n−·p̄c
+ i0+

≡
i

n+ · ℓ + δ+ + i0+
.

and is induced by an off-shell regulator in the full theory.

δ+ =
p2

c

n− · pc
+ i0+, δ− =

p2
c̄

n+ · pc̄
+ i0+

• Only diagrams (a), (b) contribute to the anomalous dimension and they are ξ-independent.
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Non-Abelian gg → H

Sum of all contributions is rapidity-divergent and gauge-parameter dependent

Ouns,1−loop
g (s, t) = Ouns,tree

g (s, t) +
αs

4π

[
CA

ε

(
2 + ln

(
stµ2e2γE

)
+ 2 ln

−δ−δ+

µ2
− ln

∂s∂t

µ2

)

−2CF

( 1

ε2
+

ln
(

stµ2e2γE
)

ε

)
+

CA

ε
(1 − ξ) −

CF

ε

]
Ouns

g (s, t)

+
αs

4π

2

ε

(
CF −

CA

2

)∫ 1

0
du
[ u

ū

]
+

(
Ouns

g (us, t) + Ouns
g (s, ut)

)

IR rearrangement: Subtract (Divide out) Wilson lines for the “charges from / to infinity”, similar to
QED case for Bs → ℓ+ℓ− [MB, Bobeth, Szafron, 1908.0711; MB, Böer, Toelstede, Vos, 2008.10615]

Sg(0) =
(
Yn− (0)

)ac(Yn+ (0)
)cb

=
[
− ∞n−, 0n−

]ac[0n+,−∞n+
]cb

⟨Sg(0)⟩ = 1 +
αs(µ)

4π
CA

[
−

2

ε2
+

2 ln(−δ−δ+/µ2) + (1 − ξ)

ε

]
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Non-Abelian gg → H

Og(s, t) ≡
Ouns

g (s, t)

⟨Sg(0)⟩

The subtractions cancels both, the dependnce on the rapidity regulator and gauge-dependence

d
d lnµ

Og(s, t, µ) = −[γγOg](s, t;µ)

=
αs

2π

{
−

[
CA ln

(
∂s∂t

µ2

)
+ 2

(
CF − CA

2

)
ln

(
stµ2e2γE

)
+ (CF − 2CA)

]
Og(s, t)

+2
(

CF − CA

2

)∫ 1

0
du

[
u
ū

]
+

(
Og(us, t) + Og(s, ut)

)}

Momentum-space kernel agrees with the one from RGE consistency (which, however, was for the
unsubtracted operator)

γg(w,w′) =
αs

π

{(
(CA − CF) ln

w
µ2

− 3
2

CF

)
δ(w − w′) + (CA − 2CF)wΓ(w,w′)

}
Γ(w, w′

) =

[
θ(w − w′)

w(w − w′)
+

θ(w′ − w)

w′(w′ − w)

]
+
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gg → H factorization formula revisited

Mgg→h ⊇ H3 ·
[
Jg(Mhℓ−)Jg(−Mhℓ+)

]
⊗ Suns

g (ℓ−ℓ+)A
+,(ξ)
g (k2

1)A
−,(ξ)
g (k2

2)︸ ︷︷ ︸
do not have separately well-defined anomalous dimensions

Factors A
±,(ξ)
g (k2

i ) from ⟨0|Aµ(0)
⊥,n±

(0)|g(k, a)⟩ ≡ gsTa
ε
µ
⊥(k)A±,(ξ)

g (k2
) are omitted in [Liu et al.,

2212.10447], because they equal 1 to all orders on-shell.

Off-shell (with k2
1 = Mhδ−, k2

2 = Mhδ−)

A
±,(ξ)
g (k2

) = 1 +
αs(µ)CA

4π

(
2

ε2
−

2

ε
ln

−k2

µ2
−

1 − ξ

2ε

)

Introduce the subtracted soft function ...

Sg(ℓ+ℓ−) =
Suns,(ξ)

g (ℓ−ℓ+)

R(ξ)
+ R(ξ)

−

, ⟨Sg(0)⟩ ≡ R(ξ)
+ R(ξ)

−

R(ξ)
± = 1 +

αs(µ)

4π
CA

[
−

1

ε2
+

2

ε
ln

±δ±

µ
+

1 − ξ

2ε

]
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gg → H factorization formula revisited

... and rearrange

Mgg→h ⊇ H3 ·
[
Jg(Mhℓ−)Jg(−Mhℓ+)

]
⊗ Sg(ℓ−ℓ+)(R(ξ)

+ A
+,(ξ)
g (k2

1)) (R
(ξ)
− A

−,(ξ)
g (k2

2))︸ ︷︷ ︸
Every factor can be separately renormalized

R(ξ)
± A

±,(ξ)
g (k2

i ) = 1 +
αs(µ)

4π
CA

[ 1

ε2
−

2

ε
ln

∓Mh

µ

]
,

The hard-collinear function Jg is gauge-independent and independent of the off-shell regulator
(explicitly checked).

Interpretation of the subtraction: factors the anomalous dimension of the non-decoupled collinear
fields, for which off-shellness cancels only in the sum of soft and collinear contributions:

(R(ξ)
+ A

+,(ξ)
g (k2

1)) (R(ξ)
− A

−,(ξ)
g (k2

2)) = 1 +
αs(µ)

4π
CA

[ 2

ε2
−

2Lh

ε

]
= Z−1

gg .

where Z−1
gg is the renormalization factor of Aµ,a

⊥,n−
Aa

⊥µ,n+
= Yab

n+Yac
n−A(0)µ,b

⊥,n−
A(0)c

⊥µ,n+
with

non-decoupled (anti-) collinear SCET gluon fields.
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Beyond one loop

Oγ(s, t) = T
{

q̄(tn−)[tn−, 0]
/n−
2︸ ︷︷ ︸

n− light-ray

/n+
2

[0, sn+]q(sn+)︸ ︷︷ ︸
n+ light-ray

}

?

T
{

q̄(tn−)[tn−, 0]
/n−
2

hv(0)
}

twist-2 B-LCDA operator

• The one-loop anomalous dimension factorizes

γi(s, t) = γi(s, µ) + γi(t, µ) , i = γ, g

• The anomalous dimension of the twist-2 heavy-light light-cone operator is determined by
conformal symmetry up to a constant [Braun, Ji, Manashov, 1905.04998]

• SL(2,R)⊗ SL(2,R) collinear conformal group

Ŝ+ = s2∂s + 2js = sθs + 2js, Ŝ0 = s∂s + j = θs + j, Ŝ− = −∂s
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γγ → H kernel as a “double copy” of the leading-twist B-LCDA

γγ(s, t) =
αs(µ)CF

π

[
ln

(
µ2Ŝ+T̂+

)
+ 4γE − 3

2

]
all orders→ ΓF

cusp(αs) ln
(
K(αs; s)µe2γE

)
+ Γγ(αs) + (s ↔ t)

where

Kµ
(α

∗
s ; s) =

nµ+
2

(
Ŝ+ + ∆̂K(α

∗
s ; s)

)
is the same as for the B-LCDA. The different constant can be determined from the local limit
s, t → 0.

All-order relation

γγ(s, t, µ) = HB(s, µ) +HB(t, µ)− 2γQ

with the B-LCDA kernel HB(s, µ), where γQ is the heavy-quark anomalous dimension [Becher,
Neubert, 0904.1021]

γQ =
αs

4π
(−2CF) +

(
αs

4π

)2
CF

[
CA

(
2π2

3
−

98

9
− 4ζ3

)
+ nf TF

40

9

]
+ O(α

3
s )
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Non-abelian generalization

γg(s, t) =
αs(µ)

4π

[
4
(

CF −
CA

2

)(
ln
(
µ

2 Ŝ+T̂+
)
+ 4γE − 2

)
+ 2CA

(
ln

Ŝ−T̂−
µ2

− 2
)

+ 2CF

]

ansatz→
(
Γ

F
cusp(αs) −

1

2
Γ

A
cusp(αs)

)
ln
(

iK(αs; s)µe2γE
)
+

1

2
Γ

A
cusp(αs) ln

(
Ŝ−
µ

)
+ Γg(αs) + (s ↔ t)

where
2Γg = 2Γγ︸︷︷︸

abelian

− Γ∧︸︷︷︸
subtraction operator

+ ∆︸︷︷︸
mismatch

From consistency of the factorization theorem find

∆ =
(αs

4π

)2
8CA(CA + 4CF

)
ζ3 +O(α3

s )

???
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Summary

I Direct computation of the 1-loop RG kernel for the gg → H soft-quark function

II NLP soft functions with “colour charges at infinity” require a soft/rapidity
subtraction / rearrangement

III RG kernel of the γγ → H / H → γγ soft-quark function is a “double copy” of the
kernel of the leading-twist heavy-light (B-LCDA) light-cone operator.

IV First application of conformal symmetry methods to light-cone operators with
semi-infinite Wilson lines

V Similar method can be used for amplitude-squared NLP soft functions that appear
in threshold production [work in progress]
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