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Introduction

• Regge Limit (high energy limit):   

• Collision instantaneous in time & ; interesting dynamics on the transverse plane 

• Large logs of               in the Regge limit: 

At leading log, a Regge pole solution (simple pole in the complex angular momentum 
plane)       

  “exchange of a Reggeized gluon in the t channel” 

   : gluon Regge trajectory 

At higher order, “Regge cut” contributes  

• Want to understand all-order structure (logs) of Regge amplitudes 

s >> − t

z

ωG(−t, ϵ)
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Introduction

• Regge Limit (high energy limit):   

• Large logs come from large rapidity gaps between 
different modes 

• : offshell Glauber mode mediates forward scattering 

• Glaubers are instantaneous in time &  

• Goal: using Glauber SCET to understand Regge 
amplitudes (beyond LL) 

λ ∼ −t/s << 1

q

z
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for studying Regge Amplitudes

Motivation

• Easier compared to the full QCD amplitudes (still hard/interesting 
enough, much to be understood…) 

• Theoretical Playground 

• Input to bootstrap QCD amplitudes 

• Spin chain, integrability 

• Extra symmetry: signature ( ) 

• Phenomenology relevance: diffraction (see Kyle’s talk),                                             

small-x physics, to improve uncertainty in N LO PDF (see Adi’s talk)

s → − s

3
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Modern approaches for Regge limit

• Lipatov small-x effective action (Lipatov `95)  

• Spin-chain hamiltonian (Lipatov `93, Fadeev, Korchemsky `94) 

• Wilson Line Dynamics (Review : Caron-Huot 1309.6521) 

• Glauber SCET (this talk)
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[Rothstein, Stewart, 1601.04695]Glauber SCET (in a nutshell)
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Figure 4. Tree level matching for the nnn̄n̄ Glauber operators. In a) we show the four full QCD graphs

with t-channel singularities. In b) we show the corresponding Glauber operators for the four operators in

SCET with two equivalent notations. The notation with the dotted line emphasizes the factorized nature

of the n and n̄ sectors in the SCET Glauber operators, which have a 1/P2
? between them.

These constraints are what ensure the diagrams give forward scattering. To leading power the

large Mandelstam invariant is s = n · p1 n̄ · p2 = n · p4 n̄ · p3 and we have the hierarchy s ⇠ �0
�

|t| ⇠ �2. For simplicity we often work in a frame where

p?1 = �p?4 = q?/2 , p?3 = �p?2 = q?/2 . (5.7)

Thus for these tree level 2–2 scattering graphs the Mandelstam invariant t = q2
?
= �~q 2

?
< 0.

For this matching calculation there are four relevant QCD tree graphs, shown in Fig. 4a.

They will result in four di↵erent Glauber operators, whose Feynman diagrams for this matching

are represented by Fig. 4b. For simplicity, here we take ?-polarization for the external gluon

fields (leaving the calculation with the full set of polarizations to Sec. 5.1.3). Expanding in � the

results for the top row of diagrams at leading order is
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In writing these results we have written out the collinear quark spinors but left o↵ the collinear

gluon polarization vectors "µ2A2
n (p2) etc, for simplicity. We use color index Ai for the external
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Feynman rules come from Wilson lines in then-collinear and øn-collinear part of the operator. The last
Feynman rule comes from the soft component of the operator, and corresponds with the Lipatov vertex.
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Figure 7 . Two Soft Gluon Feynman rule for the Oqq
ns øn operator. The terms in {á á á }times (8!" s) are the

universal two soft gluon contribution from OAB
s .
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Figure 9 . Lowest order Feynman rules for the Glauber operatorsOij
ns for n-s forward scattering. Results
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QCD graphs in Fig. 8a and expanding in%gives
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Thus despite the di! erences in the scaling of momenta, the results for then-s scattering are

essentially the same as for then-øn scattering given above in Eq. (5.8). The reason for this is

that the comparison of light-cone momenta in these two cases is the same, the øn áp momenta are

largest for the n-collinear particles, and the n áp momenta are larger for the øn or soft particles

than they are for the n-collinear particles. For the four SCET operators that are responsible for

forward scattering of soft with n-collinear particles we write operators with n-collinear and soft

components separated by a 1/ P2
" factor

Oqq
ns = OqB

n
1

P2
"

Oqn B
s , Oqg

ns = OqB
n

1
P2

"
Ogn B

s , Ogq
ns = OgB

n
1

P2
"

Oqn B
s , Ogg

ns = OgB
n

1
P2

"
Ogn B

s .

(5.17)

The structure of soft Wilson lines in Oqn B
s and Ogn B

s is determined by the direction of

the collinear Þelds, explaining why we add the additional subscriptn to the quark and gluon

superscripts: qn and gn. The SCET operators which reproduce the result in Eq. (5.16) again
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Aside: a basic integral and  regulatorη′￼

• All the Glaubers are located in the same  &  position 

• Glauber integrals are divergent; Need a regulator to separate Glaubers in  

         

• One then takes  and restore the instantaneity of the Glaubers 
(collapsing them to the same  & ) 

• “Collapse rule”: graphs with obstruction of Glauber collapsing are zero                 

•  for soft/collinear loops; one must take  first [Moult et al, 2207.02859]

t z
z

Another integral that will be relevant is the Fourier transform of ( N + 1) Glauber rungs,
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First consider redoing the box graph considered in Sec.5.2.1 using this Fourier approach.

After performing the energy integral by contours, deÞning 2" = p+
3 + p!

4 ! ("k" + "p3" )2/p !
3 !

("k" ! "p4" )2/p +
4 , and then using Eq. (9.7), we have
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where we deÞned

I (1)
" (q" ) =

!
d! d! 2k1" (!"µ2")2

"k2
1" ("k1" + "q" )2

. (9.12)

To get to the third equality in Eq. ( 9.11) we performed thedkz
1 to get a %-function, and then did

the d) integral. For the last equality in Eq. ( 9.11) we note that due to the presence of the( 2 in

the prefactor, only the ultraviolet 1 / ( 2 part of the integrals from x % 0 and y % 0 contributes
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[Rothstein, Stewart, 1601.04695]
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Figure 25 . Graphs with multiple Glauber exchanges that occur at distinct light-cone times vanish,
including the real emission graph a) and virtual graph b). Graphs like c), d), and e) with multiple Glauber
exchanges that can be collapsed to the same time and longitudinal position do not vanish. Graph c)
contributes to an e! ective form factor leaving a factorized eikonal form. Graphs d) and e) are examples
where the Glauber exchange attaches to di! erent particles which exist at the same light-cone times. The
second Þgure in e) is the same graph, but is time ordered.

the Glauber loop momentum scales as (n ák, øn ák, k! ) ! (! 2, ! 2, ! ), and hence does not change

the large momenta of the collinear lines. For this real Þnal state emission we have øn áp2 > 0,

øn ápg > 0, and øn áp3 = øn á(p2 " pg) > 0. Therefore there are twon-collinear quark propagators

in the Glauber loop, which has the form

Fig. 25a = (pre)
!

d" dk
(|kz|" 2! " 2! ) Num(k! )

#k 2
!

"#k! " #q!
#2$

n ák " " 1 + i0
%$

n ák " " 2 + i0
%$

øn ák + ø" #
1 " i0

%

= 0 , (9.28)

where the prefactor, (pre), includes the couplings and color structure, and the numerator Num(k! )

and " factors only depend on thek! loop momentum. Here thedk0dkz integration gives a van-

ishing result since there are twon ák propagators with the same +i0, as discussed in detail in

App. B.2.

Next consider a collinear loop which interrupts two Glauber exchanges, as in Fig.25b. If we

consider carrying out the collinearn á$ integral by contours, we Þnd that the integral is nonzero

only for 0 < øn á$ < øn áp2, thus ensuring that all collinear quark propagators have positive large

momenta, øn áp2 > 0 and øn á(p2 " $) > 0, and that the virtual collinear gluon has positive light

cone energy øn á$ > 0 and is traveling forward in light-cone time. Hence once again we have two

n ák dependentn-collinear quark propagators with the same +i0, as in Eq. (9.28), and the dk0dkz

integration vanishes. The collinear gluon vertex in the loop interrupts the Glauber loop in the
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• Collinear operators: 

• One index soft operator 

• Double-index soft operator (with time-order product mixing) 

• Renormalization  

• RRGE                                                  gives Regge pole solution 

in [Rothstein, Stewart, 1601.04695]

Leading log Reggeization: operator renormalization approach

8

section we will carry out the renormalization for the soft function, where the IR divergence is

properly resolved.

7.2.1 Notation for Virtual Counterterms and Anomalous Dimensions

The rapidity divergent n-collinear loops in Fig. 21 consist of the V-graphs (Fig. 21f,k) and the

W -Wilson line graphs (Fig. 21g,h,l,m). In addition the sum of vertex and wavefunction renor-

malization graphs (Fig. 21i,j,n,o) contribute a CA / ! pole that cancels that of the V-graphs. From

the point of view of the n-collinear sector, the V-graphs involve a mixing ofOgA
n into OqA

n . On

the other hand the Wilson line, vertex, and wavefunction graphs takeOqA
n back to OqA

n . Thus we

see that the n-collinear virtual renormalization can be viewed as involving mixing with a 2 ! 2

matrix structure

"OAbare
n = öVOn á "OA

n (#, µ) , öVOn =

!
1 + $V qq

n $V qg
n

$V gq
n 1 + $V gg

n

"

, "OA
n =

!
OqA

n

OgA
n

"

. (7.37)

Here we use the notation ÒVÓ rather than a traditional ÒZ Ó for the renormalization factors to

remind the reader that these are just the divergent 1/ ! and 1/ %contributions from virtual graphs

and may still involve the IR regulator m. They are not the complete renormalization results.

The component notation for terms in "OA
n in Eq. (7.37) applies to both the bare and renormalized

operators. The terms$V qq
n and $V gq

n are determined by graphs with external quark Þelds, whereas

$V gg
n and $V qg

n are analogs with external gluon Þelds (which therefore cannot be obtained simply

from subcomponents of the results in Fig.21). We have built in the fact that the renormalization

is diagonal in color space by using the same indexA for the bare and renormalized operators.

The same decomposition applies for the øn-collinear sector with n " øn for all terms, which we

write out just to be deÞnite

"OB bare
øn = öVO øn á "OB

øn (#, µ) , öVO øn =

!
1 + $V qq

øn $V qg
øn

$V gq
øn 1 + $V gg

øn

"

, "OB
øn =

!
OqB

øn

OgB
øn

"

. (7.38)

The structure for the rapidity divergent soft sector is more complicated since we have oper-

ators Oqn A
s , Ogn A

s , Oqøn A
s , Ogøn A

s , as well asOAB
s . Phrased in the language of mixing, the single

color index operators with Sn Wilson lines, Oqn A
s and Ogn A

s , will mix with themselves, but not

with Oqøn A
s and Ogøn A

s which have Søn Wilson lines. This occurs because soft loops and emissions

from a soft operator alone do not generate Wilson lines. Thus for these single index operators

we have

"OAbare
sn

= öVOsn
á "OA

sn
(#, µ) , öVOsn

=

!
1 + $V qq

sn $V qg
sn

$V gq
sn 1 + $V gg

sn

"

, "OA
sn

=

!
Oqn A

s

Ogn A
s

"

, (7.39)

plus a direct analog forOqøn A
s and Ogøn A

s obtained with n " øn. For the double index operatorOAB
s

we have self renormalization as well as mixing from time-ordered products (T-products) with the
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same color structure, such asi
!

d4x T Ogn A
s (x)Ogøn B

s (0). Since in OAB
s the index A couples to an

n-collinear sector and the indexB couples to a øn-collinear sector, we must maintain this same

structure on the T-product terms. Since OAB
s has a no-gluon Feynman rule, to mix into it one

must have the Þelds in the T-product annihilate each other. AtO(! s) this can only occur through

either a soft quark or gluon loop, which allows only certain products of operators to appear, but

at higher orders other terms can also contribute. The full form of the mixing equation is

"OAB bare
s = öVOs á "OAB

s (#, µ) , (7.40)

öVOs =
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#
#
#
#
#
#
#
$
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s
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'
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d4x T Ogn A
s (x)Ogøn B

s (0)

i
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d4x T Oqn A
s (x)Ogøn B

s (0)

%

&
&
&
&
&
&
&
'

.

Here the lower-right 4 " 4 block in öVOs is determined by the renormalization factor öVOsn
in

Eq. (7.39) and its analog with n # øn, since these terms just involve the renormalization of indi-

vidual operators appearing in the T-products. For example, the (2, 4) entry of öVOs is $V qg
sn $V qg

søn .

The 1 " 1 entry of öVOs is the self renormalization ofOAB
s , and the four entries below it are due

to mixing of the T-products into OAB
s . The entries with 0s indicate that the operator OAB

s does

not mix into the T-products. At one-loop the nonzero entries are $Vs (from the soft subgraph in

Fig. 21e), $V T qq
s (from the soft part of Fig. 21d), $V T gg

s (from the soft part of Fig. 21c), and the

terms in the 4 " 4 submatrix öVOsn
! öVOs øn

.

The independence of the bare collinear and bare soft operators to the rapidity renormalization

scale# and to the invariant mass renormalization scaleµ, (#d/d #)Obare = 0 and (µd/dµ )Obare =

0, leads to renormalization group equations in the standard fashion. Thus we have

#
%

%#
"OA

n (#, µ) = ö&!
On

á "OA
n (#, µ) , ö&!

On
= $ öV ! 1

On
á #

%
%#

öVOn =

(
&qq

n! &qg
n!

&gq
n! &gg

n!

)

, (7.41)

µ
%

%µ
"OA

n (#, µ) = ö&µ
On

á "OA
n (#, µ) , ö&µ

On
= $ öV ! 1

On
á µ

%
%µ

öVOn =

(
&qq

nµ &qg
nµ

&gq
nµ &gg

nµ

)

,

with analogous results for ö&!
O øn

and ö&µ
O øn

by taking n # øn. In particular we have the relation

&ij
øn = &ij

n

*
*
*
n" øn

(7.42)

betweenn-collinear and øn-collinear anomalous dimensions. The#-anomalous dimension is entirely

determined by the 1/ ' pole in öVOn , and the µ-anomalous dimension by the 1/ ( pole in öVOn .
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For the soft operators with one color index we have similar results

!
"

"!
#OA

sn
(! , µ) = ö$!

Osn
á #OA

sn
(! , µ) , ö$!

Osn
= ! öV ! 1

Osn
á !

"
"!

öVOsn
=

!
$qq

sn ! $qg
sn !

$gq
sn ! $gg

sn !

"

, (7.43)

µ
"

" µ
#OA

sn
(! , µ) = ö$µ

Osn
á #OA

sn
(! , µ) , ö$µ

Osn
= ! öV ! 1

Osn
á µ

"
" µ

öVOsn
=

!
$qq

sn µ $qg
sn µ

$gq
sn µ $gg

sn µ

"

,

and again obtain results for ö$!
Os øn

and ö$µ
Os øn

by taking n " øn. Finally for the soft operators with

two-color indices we have

!
"

"!
#OAB

s (! , µ) = ö$!
Os

á #OAB
sn

(! , µ) , µ
"

" µ
#OAB

s (! , µ) = ö$µ
Os

á #OAB
s (! , µ) , (7.44)

ö$!
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= ! öV ! 1
Os

á !
"

"!
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= ! öV ! 1
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á µ

"
" µ
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ö$!
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#

$
$
$
$
$
$
$
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&
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'
'
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(

, ö$µ
Os
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#

$
$
$
$
$
$
$
%

$dir
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$T qq
sµ

ö$Oµ
sn

# ö$Oµ
s øn

$T gq
sµ

$T gg
sµ

$T qg
sµ

&

'
'
'
'
'
'
'
(

.

7.2.2 Relations between Virtual Anomalous Dimensions in SCETII

Having established notations for the anomalous dimensions, we next consider the constraints

imposed by the fact that there is no overall ! or µ dependence for the scattering of soft and

collinear particles or the scattering of n-collinear and øn-collinear particle, since there are no!

or µ dependent Wilson coe! cients in these Lagrangians. For simplicity we will work out these

constraints at one-loop order, which is the level needed for our analysis. First consider the

scattering between two neighboring rapidity sectors,n-soft scattering mediated by one or more

Oij
ns operators. Here there is no mixing of multiple insertions ofL II(0)

G back into a single insertion.

The only such diagram involves the iteration Oik
nsOkj

ns with a Glauber loop that has one soft and

one collinear propagator, and this loop diagram is identical to the box calculation in Sec.5.2.1,

and hence is Þnite. Therefore, at this order we can look at theOij
ns (deÞned in Eq.(5.17)) alone.

The fact that the tree level matching is exact and that quark and gluon operators have iden-

tical coe! cients, places strong constraints on the anomalous dimensions. Imposing the condition

that

!
d

d!

)

ij = q,g

Oij
ns = !

d
d!

(OqA
n + OgA

n )
1

P2
"

(Oqn A
s + Ogn A

s ) = 0 (7.45)

implies that

!
d

d!
(OqA

n + OgA
n ) = $n! (OqA

n + OgA
n ) , !

d
d!

(Oqn A
s + Ogn A

s ) = $sn ! (Oqn A
s + Ogn A

s ) , (7.46)
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S

A

B

= + ! AB nf TF " 2
s t

!
!

8
3#

"
= ! AB (8$" s) t ! V T qq

s , (7.72)

S

A

B

= ! 4! AB CA w2" 2
s t

#
2
%

g(#, µ2/ (! t)) +
1
#2 +

1
#

ln
$ µ2

&2

%
!

11
6#

&
= ! AB (8$" s) t ! V T gg

s ,

giving the results

! V T qq
s =

" s(µ)
4$

!
!

4nf TF

3#

"
, (7.73)

! V T gg
s = !

" s(µ)
4$

CA w2
#

4
%

g(#, µ2/ (! t)) +
2
#2 +

2
#

ln
$ µ2

&2

%
!

11
3#

&
.

At one-loop order the soft rapidity anomalous dimension contributions are given by' X
s! =

! (&d/d &)! V X
s . Di! erentiating both the explicit ln & dependence and the& dependence in the

coupling w by using (&d/d &)w2 = ! %w2 (then setting the renormalized w = 1), and expanding

to O(#0), we have

' dir
s! =

" sCA

4$

'
! 4h(#, µ2/m 2) +

4
#

(
= !

" s(µ)CA

$
ln

$ µ2

m2

%
, (7.74)

' T qq
s! = 0 ,

' T gg
s! =

" sCA

4$

'
! 4g(#, µ2/ (! t)) !

4
#

(
= !

" s(µ)CA

$
ln

$ ! t
µ2

%
.

Thus for the relevant soft virtual contribution to the rapidity anomalous dimension, ' s! = ' dir
s! +

' T qq
s! + ' T gg

s! , we obtain

' s! = !
" s(µ)CA

$
ln

$ ! t
m2

%
. (7.75)

Utilizing Eq. ( 7.68), and noting that ' øn! = ' nµ , we see that' s! = ! ' n! ! ' øn! as expected.

For the µ anomalous dimensions at one-loop we have' X
sµ = ! (µd/dµ )! V X

s . Noting that

the combinations " s(µ)g(#, µ2/ (! t)) and " s(µ)h(#, µ2/m 2) are µ-independent, and recalling that

(µd/dµ )" s(µ) = ! 2#" s(µ) + O(" 2
s) we Þnd

' dir
sµ =

" s(µ)
2$

'
2CA ln

$ µ2

&2

%
!

11CA

3
+

4nf TF

3

(
, (7.76)

' T qq
sµ =

" s(µ)
2$

'
!

4nf TF

3

(
,

' T gg
sµ =

" s(µ)
2$

'
! 2CA ln

$ µ2

&2

%
+

11CA

3

(
.
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related to the running coupling that appears explicitly in Oi n A
s . Due to the similarities we do

not bother to give a detailed discussion of the various diagrams. The key di! erence is that for

the soft graphs the rapidity regulator appears as|øn ák ! n ák|! ! rather than |øn ák|! ! , which

reverses the sign of the 1/ ! poles. For this reason, the Þnal rapidity anomalous dimension for the

relevant combination of single color index soft operators, (Oqn A
s + Ogn A

s ) has the opposite sign to

the n-collinear case,

" sn " = " qq
sn " + " gq

sn " = " gg
sn " + " qg

sn " = !
#sCA

2$
ln

! ! t
m2

"
. (7.69)

Together Eq. (7.68) and Eq. (7.69) satisfy the expected relation in Eq. (7.48), that " sn " = ! " n" .

Just like for the collinear operators there is no overallµ anomalous dimension for (Oqn A
s + Ogn A

s ).

The Þnal operator to consider is the two index soft operatorOAB
s . The results needed for the

renormalization of this operator at one-loop can all be read o! of those from Sec.7.1. There are

two types of contribution, the mixing of OAB
s back into OAB

s , and contributions from products

of the single index soft operators,Okn A
s Okøn B

s mixing into OAB
s . Considering OAB

s we have the

ßower graph and the counterterm from the#s prefactor

S
AB

+ Z# s -counterterm = ! 4%AB CA #2
sw2 t

#
2
!

h(&, µ2/m 2) !
1
&2 !

1
&

ln
! µ2

' 2

" $

! 2%AB #2
s t

%
11CA

3&
!

4nf TF

3&

&

= %AB (8$#s) t %Vs , (7.70)

where h(&, µ2/m 2) was deÞned in Eq. (7.20). To obtain Eq. ( 7.70) we have taken the result

for Fig. 21c, and stripped o! a prefactor of i (øunTA øn/
2 un)(øvøn øTB n/

2 vøn)/t 2. This prefactor includes

terms associated with the tree level matrix element of the non soft parts of the operator, namely

OA
n (1/ P2

" ) on one side and (1/ P2
" )OB

øn on the other, as well as an overalli . From the remaining

terms we again show only the divergences in Eq. (7.70), since only the renormalization is being

considered here. This result determines

%Vs = !
#s(µ)

4$
CA w2

#
4
!

h(&, µ2/m 2) !
2
&2 !

2
&

ln
! µ2

' 2

" $
!

#s(µ)
4$

%
11CA

3&
!

4nf TF

3&

&
. (7.71)

The Þnal contributions come from T-products of two soft operatorsOkn A
s Okøn B

s for k = g, q, which

occurred in our one-loop matching calculation in Fig.21c,d.

Ð 87 Ð

Thus for the only relevant combination of µ-anomalous dimensions we Þnd! sµ = ! dir
sµ + ! T qq

sµ +

! T gg
sµ = 0, so there is no µ-evolution for the SCETII soft operator as expected.

7.2.4 Solving the Virtual Rapidity RGE: Reggeization

As we have seen in the matching calculation, the result for the one loop scattering amplitude for

collinear particles, involves a logarithm of the ratio s/ (! t). To resum these logarithms to higher

orders in perturbation theory we can utilize the rapidity renormalization group to encode the

large logarithms in an evolution factor and ensure that all of the individual factorized pieces of

the amplitude are evaluated at the appropriate rapidity scales" where they do not have large

logarithms. From Eq. (7.23) we see that the soft piece of the factorized amplitude will not have

large logarithms if we choose" = µ =
"

! t, while from Eq. (7.33) we see that the collinear

parts of the factorized amplitude will not have large logarithms if we choose" =
"

s. In Þxed

order perturbation theory the large logarithms arise because only one of these two choices for"

is possible.

Choosing " = µ =
"

! t, the soft piece of the amplitude does not have large logarithms,

and the large logs reside in the two collinear amplitudes. Therefore we must use the rapidity

renormalization group to connect these collinear amplitudes to the rapidity scale where their

logarithms are minimized. Since we are interested in the leading-logarithmic resummation we

only need as boundary conditions the matrix elements at tree level, and hence it su! ces to sum

the logarithms in Oij
nsøn (given in Eq. (5.9)) with i, j summed over both quarks and gluons. From

the Þrst result in Eq. (7.46) we have the rapidity evolution equation

d
d log"

(OqA
n + OgA

n ) = ! n! (OqA
n + OgA

n ) , (7.77)

where the leading order anomalous dimension! n! = " s (µ)CA
2# ln( ! t/m 2) was computed in Eq. (7.68).

Since this anomalous dimension is independent of" it is trivial to integrate Eq. ( 7.77), and thus

obtain the relation between the renormalized collinear operators evaluated at two di" erent rapid-

ity scales " :

(OqA
n + OgA

n )( " 1) =
! " 0

" 1

" ! $n !
(OqA

n + OgA
n )( " 0) . (7.78)

Taking " 1 =
"

! t and " 0 =
"

s we can now connect the collinear operator to the scale" =
"

s

where logarithms in its amplitude are minimized,

(OqA
n + OgA

n )( " =
"

! t) =
! s

! t

" ! $n ! / 2
(OqA

n + OgA
n )( " =

"
s) . (7.79)

For OjA
øn we have the same rapidity anomalous dimension equation with! øn! = ! n! , and hence

the same resummed result, namely

(OqA
øn + OgA

øn )( " =
"

! t) =
! s

! t

" ! $n ! / 2
(OqA

øn + OgA
øn )( " =

"
s) . (7.80)
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section we will carry out the renormalization for the soft function, where the IR divergence is

properly resolved.

7.2.1 Notation for Virtual Counterterms and Anomalous Dimensions

The rapidity divergent n-collinear loops in Fig. 21 consist of the V-graphs (Fig. 21f,k) and the

W -Wilson line graphs (Fig. 21g,h,l,m). In addition the sum of vertex and wavefunction renor-

malization graphs (Fig. 21i,j,n,o) contribute a CA / ! pole that cancels that of the V-graphs. From

the point of view of the n-collinear sector, the V-graphs involve a mixing ofOgA
n into OqA

n . On

the other hand the Wilson line, vertex, and wavefunction graphs takeOqA
n back to OqA

n . Thus we

see that the n-collinear virtual renormalization can be viewed as involving mixing with a 2 ! 2

matrix structure

"OAbare
n = öVOn á "OA

n (#, µ) , öVOn =

!
1 + $V qq

n $V qg
n

$V gq
n 1 + $V gg

n

"

, "OA
n =

!
OqA

n

OgA
n

"

. (7.37)

Here we use the notation ÒVÓ rather than a traditional ÒZ Ó for the renormalization factors to

remind the reader that these are just the divergent 1/ ! and 1/ %contributions from virtual graphs

and may still involve the IR regulator m. They are not the complete renormalization results.

The component notation for terms in "OA
n in Eq. (7.37) applies to both the bare and renormalized

operators. The terms$V qq
n and $V gq

n are determined by graphs with external quark Þelds, whereas

$V gg
n and $V qg

n are analogs with external gluon Þelds (which therefore cannot be obtained simply

from subcomponents of the results in Fig.21). We have built in the fact that the renormalization

is diagonal in color space by using the same indexA for the bare and renormalized operators.

The same decomposition applies for the øn-collinear sector with n " øn for all terms, which we

write out just to be deÞnite

"OB bare
øn = öVO øn á "OB

øn (#, µ) , öVO øn =

!
1 + $V qq

øn $V qg
øn

$V gq
øn 1 + $V gg

øn

"

, "OB
øn =

!
OqB

øn

OgB
øn

"
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The structure for the rapidity divergent soft sector is more complicated since we have oper-

ators Oqn A
s , Ogn A

s , Oqøn A
s , Ogøn A

s , as well asOAB
s . Phrased in the language of mixing, the single

color index operators with Sn Wilson lines, Oqn A
s and Ogn A

s , will mix with themselves, but not

with Oqøn A
s and Ogøn A

s which have Søn Wilson lines. This occurs because soft loops and emissions

from a soft operator alone do not generate Wilson lines. Thus for these single index operators

we have

"OAbare
sn

= öVOsn
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(#, µ) , öVOsn
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!
1 + $V qq
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$V gq
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sn

"

, "OA
sn

=

!
Oqn A

s

Ogn A
s

"

, (7.39)

plus a direct analog forOqøn A
s and Ogøn A

s obtained with n " øn. For the double index operatorOAB
s

we have self renormalization as well as mixing from time-ordered products (T-products) with the
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section we will carry out the renormalization for the soft function, where the IR divergence is

properly resolved.

7.2.1 Notation for Virtual Counterterms and Anomalous Dimensions

The rapidity divergent n-collinear loops in Fig. 21 consist of the V-graphs (Fig. 21f,k) and the

W -Wilson line graphs (Fig. 21g,h,l,m). In addition the sum of vertex and wavefunction renor-

malization graphs (Fig. 21i,j,n,o) contribute a CA / ! pole that cancels that of the V-graphs. From

the point of view of the n-collinear sector, the V-graphs involve a mixing ofOgA
n into OqA

n . On

the other hand the Wilson line, vertex, and wavefunction graphs takeOqA
n back to OqA

n . Thus we

see that the n-collinear virtual renormalization can be viewed as involving mixing with a 2 ! 2

matrix structure

"OAbare
n = öVOn á "OA

n (#, µ) , öVOn =

!
1 + $V qq

n $V qg
n

$V gq
n 1 + $V gg

n

"

, "OA
n =

!
OqA

n

OgA
n

"

. (7.37)

Here we use the notation ÒVÓ rather than a traditional ÒZ Ó for the renormalization factors to

remind the reader that these are just the divergent 1/ ! and 1/ %contributions from virtual graphs

and may still involve the IR regulator m. They are not the complete renormalization results.

The component notation for terms in "OA
n in Eq. (7.37) applies to both the bare and renormalized

operators. The terms$V qq
n and $V gq

n are determined by graphs with external quark Þelds, whereas

$V gg
n and $V qg

n are analogs with external gluon Þelds (which therefore cannot be obtained simply

from subcomponents of the results in Fig.21). We have built in the fact that the renormalization

is diagonal in color space by using the same indexA for the bare and renormalized operators.

The same decomposition applies for the øn-collinear sector with n " øn for all terms, which we

write out just to be deÞnite
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The structure for the rapidity divergent soft sector is more complicated since we have oper-
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plus a direct analog forOqøn A
s and Ogøn A

s obtained with n " øn. For the double index operatorOAB
s

we have self renormalization as well as mixing from time-ordered products (T-products) with the
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The structure for the rapidity divergent soft sector is more complicated since we have oper-

ators Oqn A
s , Ogn A
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s . Phrased in the language of mixing, the single

color index operators with Sn Wilson lines, Oqn A
s and Ogn A
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plus a direct analog forOqøn A
s and Ogøn A

s obtained with n " øn. For the double index operatorOAB
s

we have self renormalization as well as mixing from time-ordered products (T-products) with the
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same color structure, such asi
!

d4x T Ogn A
s (x)Ogøn B

s (0). Since in OAB
s the index A couples to an

n-collinear sector and the indexB couples to a øn-collinear sector, we must maintain this same

structure on the T-product terms. Since OAB
s has a no-gluon Feynman rule, to mix into it one

must have the Þelds in the T-product annihilate each other. AtO(! s) this can only occur through

either a soft quark or gluon loop, which allows only certain products of operators to appear, but

at higher orders other terms can also contribute. The full form of the mixing equation is

"OAB bare
s = öVOs á "OAB

s (#, µ) , (7.40)

öVOs =

"

#
#
#
#
#
#
#
$

1 + $Vs 0 0 0 0

$V T qq
s

öVOsn
! öVOs øn

$V T gq
s

$V T gg
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$V T qg
s

%

&
&
&
&
&
&
&
'

, "OAB
s =

"

#
#
#
#
#
#
#
$

OAB
s

i
!

d4x T Oqn A
s (x)Oqøn B

s (0)

i
!

d4x T Ogn A
s (x)Oqøn B

s (0)

i
!

d4x T Ogn A
s (x)Ogøn B

s (0)

i
!

d4x T Oqn A
s (x)Ogøn B

s (0)

%

&
&
&
&
&
&
&
'

.

Here the lower-right 4 " 4 block in öVOs is determined by the renormalization factor öVOsn
in

Eq. (7.39) and its analog with n # øn, since these terms just involve the renormalization of indi-

vidual operators appearing in the T-products. For example, the (2, 4) entry of öVOs is $V qg
sn $V qg

søn .

The 1 " 1 entry of öVOs is the self renormalization ofOAB
s , and the four entries below it are due

to mixing of the T-products into OAB
s . The entries with 0s indicate that the operator OAB

s does

not mix into the T-products. At one-loop the nonzero entries are $Vs (from the soft subgraph in

Fig. 21e), $V T qq
s (from the soft part of Fig. 21d), $V T gg

s (from the soft part of Fig. 21c), and the

terms in the 4 " 4 submatrix öVOsn
! öVOs øn

.

The independence of the bare collinear and bare soft operators to the rapidity renormalization

scale# and to the invariant mass renormalization scaleµ, (#d/d #)Obare = 0 and (µd/dµ )Obare =

0, leads to renormalization group equations in the standard fashion. Thus we have

#
%

%#
"OA

n (#, µ) = ö&!
On

á "OA
n (#, µ) , ö&!

On
= $ öV ! 1

On
á #

%
%#

öVOn =

(
&qq

n! &qg
n!

&gq
n! &gg

n!

)

, (7.41)

µ
%

%µ
"OA

n (#, µ) = ö&µ
On

á "OA
n (#, µ) , ö&µ

On
= $ öV ! 1

On
á µ

%
%µ

öVOn =

(
&qq

nµ &qg
nµ

&gq
nµ &gg

nµ

)

,

with analogous results for ö&!
O øn

and ö&µ
O øn

by taking n # øn. In particular we have the relation

&ij
øn = &ij

n

*
*
*
n" øn

(7.42)

betweenn-collinear and øn-collinear anomalous dimensions. The#-anomalous dimension is entirely

determined by the 1/ ' pole in öVOn , and the µ-anomalous dimension by the 1/ ( pole in öVOn .
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For the soft operators with one color index we have similar results

!
"

"!
#OA

sn
(! , µ) = ö$!

Osn
á #OA

sn
(! , µ) , ö$!

Osn
= ! öV ! 1

Osn
á !

"
"!

öVOsn
=

!
$qq
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sn !

$gq
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"

, (7.43)
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sn µ $qg
sn µ

$gq
sn µ $gg
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"

,

and again obtain results for ö$!
Os øn

and ö$µ
Os øn

by taking n " øn. Finally for the soft operators with

two-color indices we have

!
"

"!
#OAB

s (! , µ) = ö$!
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á #OAB
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"

" µ
#OAB
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.

7.2.2 Relations between Virtual Anomalous Dimensions in SCETII

Having established notations for the anomalous dimensions, we next consider the constraints

imposed by the fact that there is no overall ! or µ dependence for the scattering of soft and

collinear particles or the scattering of n-collinear and øn-collinear particle, since there are no!

or µ dependent Wilson coe! cients in these Lagrangians. For simplicity we will work out these

constraints at one-loop order, which is the level needed for our analysis. First consider the

scattering between two neighboring rapidity sectors,n-soft scattering mediated by one or more

Oij
ns operators. Here there is no mixing of multiple insertions ofL II(0)

G back into a single insertion.

The only such diagram involves the iteration Oik
nsOkj

ns with a Glauber loop that has one soft and

one collinear propagator, and this loop diagram is identical to the box calculation in Sec.5.2.1,

and hence is Þnite. Therefore, at this order we can look at theOij
ns (deÞned in Eq.(5.17)) alone.

The fact that the tree level matching is exact and that quark and gluon operators have iden-

tical coe! cients, places strong constraints on the anomalous dimensions. Imposing the condition

that

!
d

d!

)

ij = q,g

Oij
ns = !

d
d!

(OqA
n + OgA

n )
1

P2
"

(Oqn A
s + Ogn A

s ) = 0 (7.45)

implies that

!
d

d!
(OqA

n + OgA
n ) = $n! (OqA

n + OgA
n ) , !

d
d!

(Oqn A
s + Ogn A

s ) = $sn ! (Oqn A
s + Ogn A

s ) , (7.46)
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S

A

B

= + ! AB nf TF " 2
s t

!
!

8
3#

"
= ! AB (8$" s) t ! V T qq

s , (7.72)

S

A

B

= ! 4! AB CA w2" 2
s t

#
2
%

g(#, µ2/ (! t)) +
1
#2 +

1
#

ln
$ µ2

&2

%
!

11
6#

&
= ! AB (8$" s) t ! V T gg

s ,

giving the results

! V T qq
s =

" s(µ)
4$

!
!

4nf TF

3#

"
, (7.73)

! V T gg
s = !

" s(µ)
4$

CA w2
#

4
%

g(#, µ2/ (! t)) +
2
#2 +

2
#

ln
$ µ2

&2

%
!

11
3#

&
.

At one-loop order the soft rapidity anomalous dimension contributions are given by' X
s! =

! (&d/d &)! V X
s . Di! erentiating both the explicit ln & dependence and the& dependence in the

coupling w by using (&d/d &)w2 = ! %w2 (then setting the renormalized w = 1), and expanding

to O(#0), we have

' dir
s! =

" sCA

4$

'
! 4h(#, µ2/m 2) +

4
#

(
= !

" s(µ)CA

$
ln

$ µ2

m2

%
, (7.74)

' T qq
s! = 0 ,

' T gg
s! =

" sCA

4$

'
! 4g(#, µ2/ (! t)) !

4
#

(
= !

" s(µ)CA

$
ln

$ ! t
µ2

%
.

Thus for the relevant soft virtual contribution to the rapidity anomalous dimension, ' s! = ' dir
s! +

' T qq
s! + ' T gg

s! , we obtain

' s! = !
" s(µ)CA

$
ln

$ ! t
m2

%
. (7.75)

Utilizing Eq. ( 7.68), and noting that ' øn! = ' nµ , we see that' s! = ! ' n! ! ' øn! as expected.

For the µ anomalous dimensions at one-loop we have' X
sµ = ! (µd/dµ )! V X

s . Noting that

the combinations " s(µ)g(#, µ2/ (! t)) and " s(µ)h(#, µ2/m 2) are µ-independent, and recalling that

(µd/dµ )" s(µ) = ! 2#" s(µ) + O(" 2
s) we Þnd

' dir
sµ =

" s(µ)
2$

'
2CA ln

$ µ2

&2

%
!

11CA

3
+

4nf TF

3

(
, (7.76)

' T qq
sµ =

" s(µ)
2$

'
!

4nf TF

3

(
,

' T gg
sµ =

" s(µ)
2$

'
! 2CA ln

$ µ2

&2

%
+

11CA

3

(
.
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related to the running coupling that appears explicitly in Oi n A
s . Due to the similarities we do

not bother to give a detailed discussion of the various diagrams. The key di! erence is that for

the soft graphs the rapidity regulator appears as|øn ák ! n ák|! ! rather than |øn ák|! ! , which

reverses the sign of the 1/ ! poles. For this reason, the Þnal rapidity anomalous dimension for the

relevant combination of single color index soft operators, (Oqn A
s + Ogn A

s ) has the opposite sign to

the n-collinear case,

" sn " = " qq
sn " + " gq

sn " = " gg
sn " + " qg

sn " = !
#sCA

2$
ln

! ! t
m2

"
. (7.69)

Together Eq. (7.68) and Eq. (7.69) satisfy the expected relation in Eq. (7.48), that " sn " = ! " n" .

Just like for the collinear operators there is no overallµ anomalous dimension for (Oqn A
s + Ogn A

s ).

The Þnal operator to consider is the two index soft operatorOAB
s . The results needed for the

renormalization of this operator at one-loop can all be read o! of those from Sec.7.1. There are

two types of contribution, the mixing of OAB
s back into OAB

s , and contributions from products

of the single index soft operators,Okn A
s Okøn B

s mixing into OAB
s . Considering OAB

s we have the

ßower graph and the counterterm from the#s prefactor

S
AB

+ Z# s -counterterm = ! 4%AB CA #2
sw2 t

#
2
!

h(&, µ2/m 2) !
1
&2 !

1
&

ln
! µ2

' 2

" $

! 2%AB #2
s t

%
11CA

3&
!

4nf TF

3&

&

= %AB (8$#s) t %Vs , (7.70)

where h(&, µ2/m 2) was deÞned in Eq. (7.20). To obtain Eq. ( 7.70) we have taken the result

for Fig. 21c, and stripped o! a prefactor of i (øunTA øn/
2 un)(øvøn øTB n/

2 vøn)/t 2. This prefactor includes

terms associated with the tree level matrix element of the non soft parts of the operator, namely

OA
n (1/ P2

" ) on one side and (1/ P2
" )OB

øn on the other, as well as an overalli . From the remaining

terms we again show only the divergences in Eq. (7.70), since only the renormalization is being

considered here. This result determines

%Vs = !
#s(µ)

4$
CA w2

#
4
!

h(&, µ2/m 2) !
2
&2 !

2
&

ln
! µ2

' 2

" $
!

#s(µ)
4$

%
11CA

3&
!

4nf TF

3&

&
. (7.71)

The Þnal contributions come from T-products of two soft operatorsOkn A
s Okøn B

s for k = g, q, which

occurred in our one-loop matching calculation in Fig.21c,d.
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!  Complic a ted, ha rd to go to higher order, more Gl a ubers...

Thus for the only relevant combination of µ-anomalous dimensions we Þnd! sµ = ! dir
sµ + ! T qq

sµ +

! T gg
sµ = 0, so there is no µ-evolution for the SCETII soft operator as expected.

7.2.4 Solving the Virtual Rapidity RGE: Reggeization

As we have seen in the matching calculation, the result for the one loop scattering amplitude for

collinear particles, involves a logarithm of the ratio s/ (! t). To resum these logarithms to higher

orders in perturbation theory we can utilize the rapidity renormalization group to encode the

large logarithms in an evolution factor and ensure that all of the individual factorized pieces of
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•  : projectiles,   ,  : adjoint color indices 

•  : transverse 2d momentum convolution of  Glaubers 

• 4d Glauber SCET    2d dynamics on the transverse plane 

−iℳ = Jκ ⋅ S ⋅ J̄κ′￼
= ∑

ij

Jα
κ(i)(ℓ1⊥, …, ℓi⊥) ⊗i Sαβ

(i,j)(ℓ1⊥, …, ℓi⊥; ℓ′￼1⊥, …, ℓ′￼j⊥) ⊗j J̄β
κ′￼( j)(ℓ′￼1⊥, …, ℓ′￼j⊥)

κ, κ′￼= q, g, gg, … α = a1…ai β = a′￼1…a′￼j

⊗i i

⇒

1 2 3 i

1 2 3 j

i j

J! ( i )

øJ! ( j )

p1

p2 p3

p4

= ∑
ij

Factorization of the Regge amplitudes
into jet & soft functions

9

A simpler org a niza tion 
[our paper 2401.00931]



• Tree level jet & soft functions 

where 

• -Glauber box diagram 

• Integrating over  momenta and taking  (Glauber collapsing)                     
 transverse integrals

N

+− η′￼→ 0
⇒

Leading order jet & soft functions

10

can considerJ , S, øJ and M (i,j ) order by order in the coupling constant, ! s = g2/ (4" ). The
lowest order S(i,j ) is O(g0) and is nonzero only for i = j ,
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The lowest order n-collinear radiative jet functions for the quark, antiquark, and gluon channels
start at O(gi ) and are given by

J [0]A 1áááA i
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where TA
áá, øTA

áá = ! (TA )T
áá, and T A

áá = i f áAá are color generators in the 3,ø3 and 8 respectively,
where the dots indicate matrix indices. For forward scattering kinematics, øn áp1 = øn áp4 up to
corrections suppressed by' , and the gluon polarization vectors&!

n are contracted with

bµ! = øn áp1gµ!
! ! ønµp!

1 ! øn! pµ
4 +

p1! áp4! ønµ øn!

øn áp2
. (3.9)

Finally øJ" ! (j ) = swap
n % øn J" ! (j ) . Notice that in Eq. ( 3.8) we do not have dependence on the internal

transverse momentum arguments#i ! at this order, but at higher orders they will appear. Results
in Eq. (3.8) are expressed using the bare couplingg, which is related to the MS coupling g(µ) by
g = Zg(#/ 2µ#g(µ) where ( = e$E / (4" ) and Zg is the coupling renormalization factor.

In deÞning the normalization of our amplitude level soft and collinear functions, we have
chosen to put all tree-level factors ofg from the Glauber exchanges into the collinear functions.
This di ! ers from the conventions of Ref. [27] where similar factorization formulas were considered
for forward scattering cross sections, and tree-level factors ofg are in the soft function. Our
convention for gÕs is chosen because the lowest orderS[0]

(i,j ) in Eq. (3.7) plays the role of a transition
function. If we put gÕs in this lowest orderS, then we would need to have compensating 1/g Õs
in the deÞnition of the " -integrations. Therefore we have grouped the lowest orderg from the
Glauber exchange with the collinear functions. Based on the results in Ref. [27], we anticipate
that the renormalized combination J" (i ) /g i will be µ independent.

Additionally, in deÞning the normalization for the transverse momentum integrals in Eq. (3.5),
and correspondingly for the tree-level soft function in Eq. (3.7), we have included speciÞc factors
of i, 1/n !, and (2" ). (Note that we exclusively make use of roman i for the imaginary number
#

! 1, and use an italicizedi for indices.) To understand these factors it is useful to consider the
scattering graph with N Glauber exchanges, and jet and soft functionsJ" (N ) and S(N,N ) at tree
level,

M 2& 2

%
%
%
N -glauber

= i
&&

! (N, N )
J [0]{ A N }

" (N ) S
[0]{ A N } { A !

N }
(N,N )

!
{ #N ! } , { #"

N ! }
' øJ

[0]{ A !
N }

" ! (N )

= J [0]A 1áááA N
" (N )

øJ [0]A 1áááA N
" ! (N )

2(! i)N # 1

N !

& ( i"

m=1

d#d!
#m!

%#2
m!

)
$# d!* +

m

#m! ! q!

,
. (3.10)

Ð 15 Ð

can considerJ , S, øJ and M (i,j ) order by order in the coupling constant, ! s = g2/ (4" ). The
lowest order S(i,j ) is O(g0) and is nonzero only for i = j ,

S
[0]{ A i } { A !

j }
(i,j )

!
{ #i ! } , { #"

j ! } = 2$ij j ! i j
j"

m=1

%#2
m! $A m A !

m

j # 1"

n=1

$# d!

(#n! ! #"
n! ) . (3.7)

The lowest order n-collinear radiative jet functions for the quark, antiquark, and gluon channels
start at O(gi ) and are given by

J [0]A 1áááA i
q(i ) = gi

#
øun

øn/
2

TA 1 á á áTA i un

$
,

J
[0]A !

1áááA !
i

øq(i ) = gi
#
øvn

øn/
2

øTA !
1 á á áøTA !

i vn

$
,

J [0]A 1áááA i
g(i ) = gi

#
&$
nµ bµ! T A 1 á á á TA i &n!

$
, (3.8)

where TA
áá, øTA

áá = ! (TA )T
áá, and T A

áá = i f áAá are color generators in the 3,ø3 and 8 respectively,
where the dots indicate matrix indices. For forward scattering kinematics, øn áp1 = øn áp4 up to
corrections suppressed by' , and the gluon polarization vectors&!

n are contracted with

bµ! = øn áp1gµ!
! ! ønµp!

1 ! øn! pµ
4 +

p1! áp4! ønµ øn!

øn áp2
. (3.9)

Finally øJ" ! (j ) = swap
n % øn J" ! (j ) . Notice that in Eq. ( 3.8) we do not have dependence on the internal

transverse momentum arguments#i ! at this order, but at higher orders they will appear. Results
in Eq. (3.8) are expressed using the bare couplingg, which is related to the MS coupling g(µ) by
g = Zg(#/ 2µ#g(µ) where ( = e$E / (4" ) and Zg is the coupling renormalization factor.

In deÞning the normalization of our amplitude level soft and collinear functions, we have
chosen to put all tree-level factors ofg from the Glauber exchanges into the collinear functions.
This di ! ers from the conventions of Ref. [27] where similar factorization formulas were considered
for forward scattering cross sections, and tree-level factors ofg are in the soft function. Our
convention for gÕs is chosen because the lowest orderS[0]

(i,j ) in Eq. (3.7) plays the role of a transition
function. If we put gÕs in this lowest orderS, then we would need to have compensating 1/g Õs
in the deÞnition of the " -integrations. Therefore we have grouped the lowest orderg from the
Glauber exchange with the collinear functions. Based on the results in Ref. [27], we anticipate
that the renormalized combination J" (i ) /g i will be µ independent.

Additionally, in deÞning the normalization for the transverse momentum integrals in Eq. (3.5),
and correspondingly for the tree-level soft function in Eq. (3.7), we have included speciÞc factors
of i, 1/n !, and (2" ). (Note that we exclusively make use of roman i for the imaginary number
#

! 1, and use an italicizedi for indices.) To understand these factors it is useful to consider the
scattering graph with N Glauber exchanges, and jet and soft functionsJ" (N ) and S(N,N ) at tree
level,

M 2& 2

%
%
%
N -glauber

= i
&&

! (N, N )
J [0]{ A N }

" (N ) S
[0]{ A N } { A !

N }
(N,N )

!
{ #N ! } , { #"

N ! }
' øJ

[0]{ A !
N }

" ! (N )

= J [0]A 1áááA N
" (N )

øJ [0]A 1áááA N
" ! (N )

2(! i)N # 1

N !

& ( i"

m=1

d#d!
#m!

%#2
m!

)
$# d!* +

m

#m! ! q!

,
. (3.10)

Ð 15 Ð

can considerJ , S, øJ and M (i,j ) order by order in the coupling constant, ! s = g2/ (4" ). The
lowest order S(i,j ) is O(g0) and is nonzero only for i = j ,

S
[0]{ A i } { A !

j }
(i,j )

!
{ #i ! } , { #"

j ! } = 2$ij j ! i j
j"

m=1

%#2
m! $A m A !

m

j # 1"

n=1

$# d!

(#n! ! #"
n! ) . (3.7)

The lowest order n-collinear radiative jet functions for the quark, antiquark, and gluon channels
start at O(gi ) and are given by

J [0]A 1áááA i
q(i ) = gi

#
øun

øn/
2

TA 1 á á áTA i un

$
,

J
[0]A !

1áááA !
i

øq(i ) = gi
#
øvn

øn/
2

øTA !
1 á á áøTA !

i vn

$
,

J [0]A 1áááA i
g(i ) = gi

#
&$
nµ bµ! T A 1 á á á TA i &n!

$
, (3.8)

where TA
áá, øTA

áá = ! (TA )T
áá, and T A

áá = i f áAá are color generators in the 3,ø3 and 8 respectively,
where the dots indicate matrix indices. For forward scattering kinematics, øn áp1 = øn áp4 up to
corrections suppressed by' , and the gluon polarization vectors&!

n are contracted with

bµ! = øn áp1gµ!
! ! ønµp!

1 ! øn! pµ
4 +

p1! áp4! ønµ øn!

øn áp2
. (3.9)

Finally øJ" ! (j ) = swap
n % øn J" ! (j ) . Notice that in Eq. ( 3.8) we do not have dependence on the internal

transverse momentum arguments#i ! at this order, but at higher orders they will appear. Results
in Eq. (3.8) are expressed using the bare couplingg, which is related to the MS coupling g(µ) by
g = Zg(#/ 2µ#g(µ) where ( = e$E / (4" ) and Zg is the coupling renormalization factor.

In deÞning the normalization of our amplitude level soft and collinear functions, we have
chosen to put all tree-level factors ofg from the Glauber exchanges into the collinear functions.
This di ! ers from the conventions of Ref. [27] where similar factorization formulas were considered
for forward scattering cross sections, and tree-level factors ofg are in the soft function. Our
convention for gÕs is chosen because the lowest orderS[0]

(i,j ) in Eq. (3.7) plays the role of a transition
function. If we put gÕs in this lowest orderS, then we would need to have compensating 1/g Õs
in the deÞnition of the " -integrations. Therefore we have grouped the lowest orderg from the
Glauber exchange with the collinear functions. Based on the results in Ref. [27], we anticipate
that the renormalized combination J" (i ) /g i will be µ independent.

Additionally, in deÞning the normalization for the transverse momentum integrals in Eq. (3.5),
and correspondingly for the tree-level soft function in Eq. (3.7), we have included speciÞc factors
of i, 1/n !, and (2" ). (Note that we exclusively make use of roman i for the imaginary number
#

! 1, and use an italicizedi for indices.) To understand these factors it is useful to consider the
scattering graph with N Glauber exchanges, and jet and soft functionsJ" (N ) and S(N,N ) at tree
level,

M 2& 2

%
%
%
N -glauber

= i
&&

! (N, N )
J [0]{ A N }

" (N ) S
[0]{ A N } { A !

N }
(N,N )

!
{ #N ! } , { #"

N ! }
' øJ

[0]{ A !
N }

" ! (N )

= J [0]A 1áááA N
" (N )

øJ [0]A 1áááA N
" ! (N )

2(! i)N # 1

N !

& ( i"

m=1

d#d!
#m!

%#2
m!

)
$# d!* +

m

#m! ! q!

,
. (3.10)

Ð 15 Ð

conserving! -function for the soft function, which can be rewritten in the form shown, with mo-
mentum transfer q! = p2! ! p3! = p4! ! p1! following the notation in Fig. 1. Here J A

! (1) is given

by a purely n-collinear "p1|O! A
n |p4#matrix element, øJ A !

! ! (1) by an analogous purely øn-collinear ma-

trix element, and SAA !

(1,1) by a purely soft vacuum matrix element. Note that we choose to deÞne
the collinear and soft functions such that the convolutions integrals are normalized in a manner
that makes them dimensionless whend" = 2, and that we can think of each of the 1/ "#2

i ! factors
as a propagator from a Glauber exchange between then ! s or s ! øn sectors. This slightly di! ers
from the convention in Ref. [27] for the cross-section level 2-to-2 scattering factorization, which
was used to show how to derive the BFKL equation from within SCET.

This factorization can also be extended to the generic (i, j ) Glauber exchange term in the
series pictured in Fig. 1, which gives

M !! !

(i,j ) = i
!!

! (i, j )
J A 1áááA i

! (i ) (#1! , . . . , #i ! , $, %) S
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j ! } , $, %
#

, (3.4)

where in the second line we introduced a short hand for superscripts and momentum arguments.
The collinear J , øJ and soft S functions are tied together through a convolution in transverse
momentum, where we deÞne the integral

$$
! (i, j ) as

!!

! (i, j )
%

(! i) i + j

i ! j !

! i%
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(
. (3.5)

Note that the momentum conservation condition
)

m #m! =
)

n #"
n! = q! imposed in the deÞni-

tion of S(i,j ) , implies that there are i ! 1 independent#m! Õs andj ! 1 independent#"
n! Õs in the

arguments of S(i,j ) .
Combining these terms together provides us with a factorized expression for the 2& 2

scattering amplitude
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2$ 2 =
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.

(3.6)

Note that in the Glauber picture the color space for decomposing objects is naturally in the
t-channel, where the indices{ Ai } and { A"

j } live. We will decompose these indices into irreducible
representations later on. At the level presented in Eq. (3.6), this is a fairly formal looking
expression. The main goal of this paper will be to make the meaning of these functions precise, and
understand the renormalization, and renormalization group mixing structure of these functions.

Although Eq. ( 3.6) gives an expression for the amplitude as an inÞnite sum of soft and
collinear factors, at any order in the expansion in the coupling, only a Þnite number of terms
contribute. To see this, and to deÞne our normalization for the soft and collinear operators, we
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where

d′￼= d − 2 = 2 − 2ϵ



Rapidity Renormalization for 1 Glauber
• Can be extracted either through colline a r or soft  loop calculation 

• At one loop (“=“ in the sense of rapidity divergent piece) 

                                       

Resummation gives Regge pole solution

11
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that is proportional to nf is the soft loop graph in Fig. 21d which gives the same results as the

quark vacuum polarization in the full theory,
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So the full theory Sn øn
4 term in Eq. ( 7.10) is also exactly reproduced.

This leaves the Þnal color structureCA TA " øTA , ie. Sn øn
3 . Here things are more complicated,

many graphs contribute, and there is no one-to-one correspondence between graphs in the full

theory and e! ective theories. For our SCETII calculation we have contributions from Figs. 21i,n

given above in Eq. (7.12), as well as from Figs.21c,e,f,g,h,k,l,m which we will consider in turn.

We will encounter rapidity divergences in these diagrams. There are also additional collinear

graphs given in Figs.22 which we will discuss, but which do not in the end contribute (those in

Fig. 22a because the integral vanishes, while those in Fig.22b vanish only after accounting for

their soft 0-bin subtraction).

First consider the contribution from the T-product of two Glauber operators, Oqg
ns with Oqg

øns ,

which is shown in Fig. 21c. The Feynman rules for these soft-collinear scattering operators are

given in Fig. 9. Due to the presence of 1/n ák and 1/ øn ák propagators this soft loop graph will

have rapidity divergences, and we must include the rapidity regulator. Note that if we collapse

our dashed Glauber propagators to blobs that this graph can also be drawn as
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and for this reason, and to remind the reader that this graph contains more than just vacuum

polarization, we will refer to it as a Òsoft eyeÓ graph. For this Òsoft eyeÓ diagram we Þnd
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Here inside the integral the denominators in square brackets have a +i0, the factor of (d ! 2) =

gµ#
" g"

µ#, and the rapidity divergence comes only from the Þrst term in curly brackets. The factor
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LetÕs start by looking at the single Glauber exchange case,
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Here in the second line, we keep only the rapidity divergent term in the numerator, which comes
from the third term in Eq. ( A.1); the remaining terms have higher powers ofk! , which are not
rapidity divergent in the k! integral. To get the third line, we integrate k+ by contours. The
third line is log-divergent in the limit that k! goes to zero, corresponding to a soft scaling of the
collinear loop momentum. Such log divergences can be regulated by|k! |! ! ; further integrating
k! gives an" pole as expected. The Fourier transform operation, according to Ref. [27], is deÞned
to be
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=
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d! d! 2q" ei"q! á"b! . (A.6)

The 1-n-collinear-loop 2-Glauber-exchange graph is calculated in the main text in Eq. (4.12).
Now letÕs look at the 1-n-collinear-loop i -Glauber-exchange graph with generali ,
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To get the second line, we have integrated%±
1 , ... %±

i using Eq. (9.16) of Ref. [27] with the
Glauber " # regulator, giving 1/i !. We keep only the rapidity divergent term in the numerator,
which comes from the second term in Eq. (A.1) for Glauber 1 and i , and the Þrst term (the g"
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and calculate the amplitude,
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Here, to get the second line, we Þrst perform the"0 and "z integrals using Eq. (B.5) of Ref. [27],
and take ' ! $ 0, w! $ 1; then we do thek0 integral by contours, and the remaining kz integral
gives a' pole. Again, we have chosen the poles fork+ and k" to be on the same side so that the
zero bin vanishes. Notice that we only keep the last term in the big bracket of Eq. (B.6), since
it is the only term that is rapidity divergent. In the last line, the k# integral is recognized to be
the Regge trajectory (eg. from [81]),
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The complementary graph with the soft loop on the right Glauber rung is identical up to the
substitution "# $ q# ! "# ,
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where the k# integral is now ! 1
%s Nc

( G(q# ! "# ).
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Rapidity Renormalization

• Define  to absorb rapidity divergence of the jet & soft functions 

• RG consistency implies that  

• Define anomalous dimension

ZJ, ZS

ZS = ZJ
−1

1 2 3 i

1 2 3 j

J! ( j )

ZJ ( j ,i )

1 2 3

i

1 2 3

j

1 2 3

r
ZS( i,r )

ZS(r ,j )

r

S(r ,r )

1 2 3

= Jκ(η) ⋅ S(η) ⋅ J̄κ′￼(η) = Jκ(ν) ⋅ S(ν) ⋅ J̄κ′￼(ν) .

Jκ(η) = Jκ(ν) ⋅ ZJ(η, ν) , S(η) = ZS(η, ν) ⋅ S(ν) ⋅ ZS(η, ν) ,

−iℳ = ∑
ij

Jα
κ(i)(ℓ1⊥, …, ℓi⊥) ⊗i Sαβ

(i,j)(ℓ1⊥, …, ℓi⊥; ℓ′￼1⊥, …, ℓ′￼i⊥) ⊗j J̄β
κ′￼( j)(ℓ′￼1⊥, …, ℓ′￼j⊥)

ν∂νJκ(ν) = Jκ(ν) ⋅ ! , ν∂νS(ν) = − ! ⋅ S(ν) − S(ν) ⋅ ! , ν∂νJ̄κ′￼
= ! ⋅ J̄κ′￼

(ν)

! ≡ − (ν∂νZJ) ⋅ ZJ
−1 = γ(i,j)

Soft/collinear rapidity regulator (can be other regulators as well)

12



• RG consistency implies that  

• Define anomalous dimension 

• Resum rapidity logs with iteration of ’s 

                      e.g.  

ZS = ZJ
−1

γ(i,j)

J[0]
(2) ⊗2 γ(2,3) ⊗3 γ(3,3) ⊗3 γ(3,4) =

Rapidity Renormalization

• Define  to absorb rapidity divergence of the jet & soft functionsZJ, ZS

= Jκ(η) ⋅ S(η) ⋅ J̄κ′￼(η) = Jκ(ν) ⋅ S(ν) ⋅ J̄κ′￼(ν) .

Jκ(η) = Jκ(ν) ⋅ ZJ(η, ν) , S(η) = ZS(η, ν) ⋅ S(ν) ⋅ ZS(η, ν) ,

−iℳ = ∑
ij

Jα
κ(i)(ℓ1⊥, …, ℓi⊥) ⊗i Sαβ

(i,j)(ℓ1⊥, …, ℓi⊥; ℓ′￼1⊥, …, ℓ′￼i⊥) ⊗j J̄β
κ′￼( j)(ℓ′￼1⊥, …, ℓ′￼j⊥)

ν∂νJκ(ν) = Jκ(ν) ⋅ ! , ν∂νS(ν) = − ! ⋅ S(ν) − S(ν) ⋅ ! , ν∂νJ̄κ′￼
= ! ⋅ J̄κ′￼

(ν)

13

! ≡ − (ν∂νZJ) ⋅ ZJ
−1 = γ(i,j)

(each  gives a log) γ(i,j)



No  transition with 1 → j j ≥ 2
Intuition :  

• Glauber regulator : separate the lower  Glaubers in the lightcone time 

• The leftmost -Glauber vertex emitted particles with positive -momenta ~  

 violate momentum conservation (since ) 

More intuition: 

• Evaluating the Glauber loop dictates the forward condition 

• The two momentum routings give ,  respectively 

  contradiction  

But a  full a na lysis is trickyÉ See our p a per for det a ils 

Implic a tion:  

•  

• : all order definition for  Regge trajectory 

η′￼ j
n̄s n̄ 𝒪(λ)

⇒ ℓ− ∼ 𝒪(λ2)

θ(k−) θ(−k−)

⇒

Z(1,j) = γ(1,j) = S(1,j) = Z( j,1) = γ( j,1) = S( j,1) = 0

γ(1,1)
14

n

n

n

n

s

p1

p2 p3

p4

k

q!

k +



The Factorization picture for Regge amplitudes

• DonÕt worry about summing over # of Glaubers 

• To any order of log, it’s truncated 

• e.g. NLL: need 2 Glauber exchange; NNLL: need 3 Glauber exchange 

• DonÕt worry about transition  with  

• Finite of # of transitions can appear to any log order 

• e.g. at NNLL, at most one needs 

 ,

γ(i,j) i ≠ j

J[0]
(2) ⊗2 γ(2,2) ⊗2 … ⊗2 γ(2,3) ⊗3 γ(3,3) ⊗3 … ⊗3 J̄[0]

(3)

J[0]
(2) ⊗2 γ(2,2) ⊗2 … ⊗2 γ(2,3) ⊗3 γ(3,3) ⊗3 γ(3,3) ⊗3 … ⊗3 γ(3,2) ⊗2 γ(2,2) ⊗2 … ⊗2 J̄[0]

(2)

15



Rapidity renormalization for NLL: γ(2,2)
Both soft loop calculation 

                                                                               

and collinear loop calculation 

                                                                               

give  

    

1 2
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p2 p3
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1

p2 ! 1
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S
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p2 p3
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q ! kk! 1

p1 + k ! 1 p1 + k

γB1B2 A1A2
(2,2)

16

J[0]
(2) ⊗2 S[1]

(2,2) ⊗2 J̄[0]
(2) =

J[1]
(2) ⊗2 S[0]

(2,2) ⊗2 J̄[0]
(2) =

Graphically, we may express these equations as

!
!"

A1 A2

J! (2)

1! 2!

=

A1 A2

J! (2)

1! 2!

k! q! ! k!1! ! k! +

A1 A2

J! (2)

1! 2!

+

A1 A2

J! (2)

1! 2!

, (4.31)

! (2 ,2)

A1 A2

B1 B2

!

k!

q! ! !

q! ! k!

=
q! ! !

q! ! k!

!

k! ! ! k!

A1 A2

B1 B2

+

A1 A2

B1 B2

q! ! !!

+

A1 A2

B1 B2

q! ! !!

. (4.32)

Here, the horizontal blue line indicates convolution with K NF and the green blob indicates a
multiplicative factor #G (Regge trajectory). This is of course the standard BFKL equation [5Ð
10]. However, the novelty of our approach is that we have been able to derive this entirely from
collinear calculations. As mentioned, we anticipate that this will allow a better understanding of
the relation between BFKL and DGLAP, as well as facilitate calculations at higher perturbative
orders.

In App. B, we derive the same result from the standard soft perspective, showing that the
results for the rapidity anomalous dimensions agree up to a factor of! 1, exactly as required by
soft-collinear consistency.

4.5 Decomposition into Irreducible Color Representations

We can now decompose the LL RRGE forJ(2) into di ! erent irreducible representations (irreps)
R of SU(Nc). Due to color conservation, the RRGE does not mix di! erent irreps. We begin with
a general discussion of color decomposition, and then we show that by projecting onto various
color channels, we obtain the standard results for gluon Reggeization (8A ), the BFKL Pomeron
(1), and the other color channels.

Suppose that we wish to decompose the color ßow ofm gluons in the t-channel into di! erent
irreps. R. This decomposes the tensor product as a direct sum,

m!

i =1

8 =
"

R! irrep(SU(N c))

R. (4.33)

Let $ = A1 á á áAm be a multi-index for thesem gluons. We can concretely express the decomposi-
tion into irreps. in terms of projectors P!! !

m R , whose explicit expressions can be found in Ref. [100].
These projectors satisfy a completeness relation

%!! !

m =
#

R

P!! !

m R , (4.34)

as well as an orthogonality relation

P! 1! 2
m R P! 2! 3

m R ! = %RR ! P ! 1! 3
m R . (4.35)

Intuitively, P !! !

m R projects a m-gluon color state onto a subspaceR.
By inserting projectors, we can decomposeJ !

(i ) " S!"
(i,j ) " øJ "

(j ) into di ! erent irreps.

J !
(i ) " S!"

(i,j ) " øJ "
(j ) =

#

R,R !

J R !
(i ) " SRR ! !"

(i,j ) " øJ R! "
(j ) , (4.36)
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manifestly have this form. However, here we have seen how it is reproduced from the collinear
sector, as is required from soft-collinear consistency. The complete calculation of the anomalous
dimension from the soft sector of the e! ective theory is provided in App. B.

4.4 Rapidity RGE for Two Glauber Exchange

In this section we combine the one-loop collinear functions calculated in Sec.4.2 and the color
decomposition procedure outlined in Sec.4.3 to extract the o! -forward BFKL equation at LL.
We begin by writing Eq. ( 4.21) as a convolution over the lower orderJ [0]A 1A 2

(2) ,

J [1]A 1A 2
(2) (! ! ) =

1
"

w2
! !

s
#

" " ! #
2

Nc

$
" if A 1B 1C % $

" if A 2B 2C %&
død!

k! J [0]B 1B 2
(2) (k! ) K NF (! ! , k! )

" J [0]B 1B 2
(2) (! ! ) $A 1B 1 $A 2B 2

$
%G(! ! ) + %G(! ! " q! )

%
'

+ O(" 0) , (4.26)

with

%G(! ! ) = " &sNc

&
død!
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'! 2

!
'k2
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$'! ! " 'k!
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K NF (! ! , k! ) = &sNc

(

"
'q2
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'k2
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$
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'! 2

!
'k2

!

$'! ! " 'k!
%2 +

$
'q! " '! !

%2

$
'q! " 'k!

%2$'k! " '! !
%2

)

. (4.27)

Here, the notation %G and K NF follows from Ref. [81], and NF stands for non-forward (we have
removed a factor of 4( 2 compared with Eq. (3.103) in Ref. [81]). Recall that J [0]

(2) does not depend
on its argument. We put arguments k! and ! ! for the two terms in the equation above so that
they match the graphic below.

The " -divergence in J [1]A 1A 2
(2) must be canceled by an appropriate countertermZ A 1A 2 B 1B 2

J (2,2) .
The LL RRGE can thus be found by di! erentiating with respect to log #,

#
)

)#
J A 1A 2

(2) (! ! , #) =
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(2) (k! , #)
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2
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$
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(4.28)
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$
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%2 J B 1B 2
(2) (k! , #) * B 1B 2 A 1A 2

(2,2) (k! , ! ! ) . (4.29)

Here in the second line, we have pulled out some factors to be consistent with the deÞnition of*
! (j ) as in Eq. (3.12). We then see that * (2,2) is

* B 1B 2 A 1A 2
(2,2) (k! , ! ! ) = " 4&s

$
" if A 1B 1C % $

" if A 2B 2C %
(
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! +
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%G(! ! ) + %G(! ! " q! )
,

, (4.30)

which is symmetric under k! # ! ! .
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Regge trajectory
Non-forward BFKL kernel

CA1A2 B1B2
H = if A1A2C ifB1B2C



Rapidity renormalization for NLL: γ(2,2)
Both soft loop calculation 

                                                                               

and collinear loop calculation 

                                                                               

give  
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(2) =
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Graphically, we may express these equations as
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Here, the horizontal blue line indicates convolution with K NF and the green blob indicates a
multiplicative factor #G (Regge trajectory). This is of course the standard BFKL equation [5Ð
10]. However, the novelty of our approach is that we have been able to derive this entirely from
collinear calculations. As mentioned, we anticipate that this will allow a better understanding of
the relation between BFKL and DGLAP, as well as facilitate calculations at higher perturbative
orders.

In App. B, we derive the same result from the standard soft perspective, showing that the
results for the rapidity anomalous dimensions agree up to a factor of! 1, exactly as required by
soft-collinear consistency.

4.5 Decomposition into Irreducible Color Representations

We can now decompose the LL RRGE forJ(2) into di ! erent irreducible representations (irreps)
R of SU(Nc). Due to color conservation, the RRGE does not mix di! erent irreps. We begin with
a general discussion of color decomposition, and then we show that by projecting onto various
color channels, we obtain the standard results for gluon Reggeization (8A ), the BFKL Pomeron
(1), and the other color channels.

Suppose that we wish to decompose the color ßow ofm gluons in the t-channel into di! erent
irreps. R. This decomposes the tensor product as a direct sum,

m!

i =1

8 =
"

R! irrep(SU(N c))

R. (4.33)

Let $ = A1 á á áAm be a multi-index for thesem gluons. We can concretely express the decomposi-
tion into irreps. in terms of projectors P!! !

m R , whose explicit expressions can be found in Ref. [100].
These projectors satisfy a completeness relation
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m =
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m R , (4.34)

as well as an orthogonality relation

P! 1! 2
m R P! 2! 3

m R ! = %RR ! P ! 1! 3
m R . (4.35)

Intuitively, P !! !

m R projects a m-gluon color state onto a subspaceR.
By inserting projectors, we can decomposeJ !

(i ) " S!"
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(j ) into di ! erent irreps.
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manifestly have this form. However, here we have seen how it is reproduced from the collinear
sector, as is required from soft-collinear consistency. The complete calculation of the anomalous
dimension from the soft sector of the e! ective theory is provided in App. B.

4.4 Rapidity RGE for Two Glauber Exchange

In this section we combine the one-loop collinear functions calculated in Sec.4.2 and the color
decomposition procedure outlined in Sec.4.3 to extract the o! -forward BFKL equation at LL.
We begin by writing Eq. ( 4.21) as a convolution over the lower orderJ [0]A 1A 2

(2) ,
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Here, the notation %G and K NF follows from Ref. [81], and NF stands for non-forward (we have
removed a factor of 4( 2 compared with Eq. (3.103) in Ref. [81]). Recall that J [0]

(2) does not depend
on its argument. We put arguments k! and ! ! for the two terms in the equation above so that
they match the graphic below.

The " -divergence in J [1]A 1A 2
(2) must be canceled by an appropriate countertermZ A 1A 2 B 1B 2

J (2,2) .
The LL RRGE can thus be found by di! erentiating with respect to log #,

#
)

)#
J A 1A 2

(2) (! ! , #) =
&

død!
k! J B 1B 2

(2) (k! , #)
#

2
Nc

$
" if A 1B 1C % $

" if A 2B 2C %
K NF (! ! , k! )

" $A 1B 1 $A 2B 2 $" d!

(! ! " k! ) (%G(! ! ) + %G(! ! " q! ))
'

(4.28)

= "
1
2

&
død!

k!

'k2
!

$
'q! " 'k!

%2 J B 1B 2
(2) (k! , #) * B 1B 2 A 1A 2

(2,2) (k! , ! ! ) . (4.29)

Here in the second line, we have pulled out some factors to be consistent with the deÞnition of*
! (j ) as in Eq. (3.12). We then see that * (2,2) is
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which is symmetric under k! # ! ! .
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Here, the horizontal blue line indicates convolution with K NF and the green blob indicates a
multiplicative factor #G (Regge trajectory). This is of course the standard BFKL equation [5Ð
10]. However, the novelty of our approach is that we have been able to derive this entirely from
collinear calculations. As mentioned, we anticipate that this will allow a better understanding of
the relation between BFKL and DGLAP, as well as facilitate calculations at higher perturbative
orders.

In App. B, we derive the same result from the standard soft perspective, showing that the
results for the rapidity anomalous dimensions agree up to a factor of! 1, exactly as required by
soft-collinear consistency.

4.5 Decomposition into Irreducible Color Representations
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R of SU(Nc). Due to color conservation, the RRGE does not mix di! erent irreps. We begin with
a general discussion of color decomposition, and then we show that by projecting onto various
color channels, we obtain the standard results for gluon Reggeization (8A ), the BFKL Pomeron
(1), and the other color channels.
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which is symmetric under k! # ! ! .
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 ÒColor unra velingÓ 

  

4.3 Unraveling Color Mixing

In this section, we explain how to interpret the color structures present in the one-loop collinear
function J [1]A 1A 2

(2) in terms of renormalization group mixing. To interpret the renormalization
group mixing, it will be necessary to decompose the collinear functions in a speciÞc basis of color
structures, corresponding to those of the tree level Glauber operators. These color structures will
be equivalent to those derived from the anomalous dimensions in the soft sector, as expected from
soft collinear consistency. In Sec.4.4 we will then use these to derive the evolution equations for
speciÞc color channels.

Naively, one may think that the two non-planar graphs M NP and M !
NP would contribute to

ZJ (3,2), in violation with Eq. ( 4.1). This is not true, because they would give rise to interactions
that look like

J! (3)

which does not make sense: Glaubers should be vertical and cannot ÒbendÓ since they are vir-
tual and do not propagate. In other words, we need to decompose the color structure of these
two graphs into graphs that only have vertical (denoting Glauber) and horizontal (interaction
between/among Glaubers) lines. ForM NP and M !

NP , this corresponds to decomposing the color
structure in PNP as in Eq. (4.14), and similarly for P !

NP . Graphically, we have
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, (4.23)

whereCindicates that these diagrams should be interpreted in terms of color ßow, not momentum
ßow. In this way, we decompose colors of collinear graphs into ÒfundamentalÓ base objects, by
which we mean that there are only ÒhorizontalÓ and ÒverticalÓ lines. This decomposition also
makes the comparison between the collinear and soft pictures manifest, as shown in App.B.

From such color unraveling, we see that the LL RRGE forJ(2) receives contributions from
Z B 1B 2 A 1A 2

J (2,2) (or ! B 1B 2 A 1A 2
(2,2) ), which have two color structures
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This is of course familiar from the standard calculation of the BKFL pomeron from the soft
sector, where the three graphs
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Color projections

• t-channel gluon:  

• Color projection onto irreps:  
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Tennis court diagram 
hard to calculate…

Rapidity renormalization for NNLL amplitudes: need  & γ(2,3) γ(3,3)
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where we have used#! and k! in the argument of J(3) to denote{ #1! , #2! , #3! } and { k1! , k2! , k3! } ,

and A and B as shorthand notations for color indicesA1A2A3 and B1B2B3 in J(3) and CBA
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where we have usedk! and #! in the argument to denote { k1! , k2! } and { #1! , #2! , #3! } .
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where the green blobs denote%GÕs, the blue lines denoteK NF Õs, and the orange line denotesK TC .

4 Evolution Equation for the Octet Cut and Other Color Channels

¥ Review the general story from the previous paper, review truncated RGE
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} J(3) ⊗3 γ(3,3)

J(2) ⊗3 γ(2,3)}

Altern a tively, colline a r loop ca lcul a tion
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} J(3) ⊗3 γ(3,3)

J(2) ⊗3 γ(2,3)

(The same convolution kernel appears in  transition in the Wilson line approach in  
                                                                                                                 [Falcioni et al, 2111.10664]) 

1 → 3

T a
i T b

i T c
i

T d
j

(a)

T d
i

T a
j T b

j T c
j

(b)

Figure 4 : Diagrammatic representation of eq. (4.11). Note that the colour factor in
eq. (4.12) involves a trace of four generators in the adjoint representation, symmetrically
summed over six di! erent orderings.

with

C(3)
31 = Tr

!
F aF bF cF d

" #
T { a,b,c} +

$

j

#
T d

$

i
. (4.14)

4.1.3 Four loops

As shown in the square bracket of eq. (3.37), the NNLL reduced amplitude at four loops
includes (i) 3 ! 3 transitions, which connect three-Reggeon states in the target|! i, 3" and
in the projectile #! j, 3| involving two insertions of the Hamiltonian ÷H3! 3; (ii) 3 ! 1 and
1 ! 3 transitions, connecting |! i, 3" with #! j, 1| and |! i, 1" with #! j, 3|, respectively; and (iii)
1 ! 1 transitions from |! i, 1" to #! j, 1|, which are mediated by three-Reggeon states. Below,
we discuss the interpretation of each of these in turn in terms of diagrams, integrals and
colour factors.

The 3 ! 3 transition at four loops is generated by iterating the Hamiltonian ÷H3! 3 twice.
Applying the rescaling of eq. (3.36) and the subtraction deÞned in eq. (3.23) one has

#j 3| ÷H 2
3! 3|i 3" =

" 2

(#sr ! )4

!
#! j, 3|H 2

3! 3|! i, 3" + #g(t, µ 2)#! j, 3|
%
T 2

t H3! 3 + H3! 3T 2
t

&
|! i, 3"

+ #2
g(t, µ 2) #! j, 3|

%
T 2

t

&2
|! i, 3"

"
. (4.15)

The Þrst term of eq. (4.15) is the most complicated contribution: by writing the Hamilto-
nian H3! 3 according to eq. (3.15) we Þnd

#! j, 3|H 2
3! 3|! i, 3" = #! j, 3|B 2

3! 3|! i, 3" + #! j, 3|B3! 3A3! 3 + A3! 3B3! 3|! i, 3" + #! j, 3|A2
3! 3|! i, 3",

(4.16)
where we distinguish between terms involving interactions between Reggeons, generated by
B3! 3 of eq. (3.17), from insertions of the one-loop Regge trajectory#g on a single Reggeon,
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Color decomposition

• -channel 3-gluon color  (for Nc=3)
 

•  scattering (external projection ): 

• ,  and  contribution: unitarize 2-Glauber contribution 

¥ : new ch a nnel for 3 Gl a ubers; no need to consider  

• : Regge cut contribution to the Regge pole solution 

• 1 : odderon, appears in  scattering 

•  &  may be probed with  particle, e.g. 

t
8 ⊗ 8 ⊗ 8 = 12 ⊕ 88 ⊕ 104 ⊕ 104 ⊕ 276 ⊕ 352 ⊕ 352 ⊕ 64

κ = κ′￼= g 8 ⊗ 8 = 1 ⊕ 8A ⊕ 8S ⊕ 27 ⊕ 10 ⊕ 10

1even 8S 27

10 ⊕ 10 γ(2,3)

8A

odd κ = q

35 64 κ > 1 κ = κ′￼= gg

20

Meaning: , 6 copies of ’s27 ⊕ ⋯ ⊕ 27 27



     (for Nc=3)8 ⊗ 8 ⊗ 8 = 12 ⊕ 88 ⊕ 104 ⊕ 104 ⊕ 276 ⊕ 352 ⊕ 352 ⊕ 64

Evolution (iteration) of , ’sγ(3,3) γ(2,3)

• Consider external  gluon scattering for simplicity 

• Using the orthogonal 6 gluon color basis in [Sjodahl, Thorén 1507.03814], we compute 
transition matrices in color channel   

Using their 5 gluon basis, we compute a vector for  

• e.g. ’s /  are 4d (for Nc=3) or 6d (general Nc) matrices / vector,  

• e.g. the following iteration projected onto  channel

2 → 2

R

R

M10⊕10
i ⃗v10⊕10

R

21

! " ! # ! $

%" %# %$

! " ! # ! $

%" %# %$

∼ MR
3

! " ! # ! $

%" %# %$

∼ MR
1 ∼ MR

2

! " ! # ! $

%" %#

∼ ⃗vR

! " ! # ! $

%" %#

=

∼ ( ⃗vR ⋅ MR
3 ⋅ MR

1 ⋅ MR
1 ⋅ ⃗vR) × log4 s

−t
× (transverse integrals)



     (for )8 ⊗ 8 ⊗ 8 = 12 ⊕ 88 ⊕ 104 ⊕ 104 ⊕ 276 ⊕ 352 ⊕ 352 ⊕ 64 Nc = 3

Evolution for ’s10 ⊕ 10

• For ,  first appear in 3 Glauber exchange; need 

• Found agreement with the three and four-loop expression with [Falcioni et al, 2111.10664] 

• Large Nc,  for . The color space reduces from 6d to 3d, 

projected by . We have a triple pole solution 

 

 

• , the 6 dimensional matrices reduce to 4d, e.g. 

R = 10 ⊕ 10

M10⊕10
i ⋅ M10⊕10

j = 0 i ≠ j

M10⊕10
i

⃗J10⊕10
(3) (ℓ1⊥, ℓ2⊥, ℓ3⊥) ∼

{ (
s
ν2 )

ωG(q⊥−ℓ1⊥)+ωG(ℓ1⊥)

,
(

s
ν2 )

ωG(q⊥−ℓ2⊥)+ωG(ℓ2⊥)

,
(

s
ν2 )

ωG(q⊥−ℓ3⊥)+ωG(ℓ3⊥)

}

ℳ10⊕10 ∼
! ⊥ (

s
−t )

ωG(q⊥−ℓ1⊥)+ωG(ℓ1⊥)

+
(

s
−t )

ωG(q⊥−ℓ2⊥)+ωG(ℓ2⊥)

+
(

s
−t )

ωG(q⊥−ℓ3⊥)+ωG(ℓ3⊥)

Nc = 3 M10⊕10
1 =
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Conclusion

• Factorization for the Regge amplitude into jet & soft functions;        
Powerful for all-order organization of rapidity renormalization 

• Yield 2d field theoretic structure on the transverse plane 

• In SCET  transition vanishes (unlike other approaches) 

• Calculated the LO term in the anomalous dimensions up to 3 Glaubers, 
including the first nontrivial transition  

• Presented color evolution for 3 Glauber, which involves transition within 
multi copies of each color channel

1 → j

γ(2,3)

23

1 2 3 i

1 2 3 j

i j

J! ( i )

øJ! ( j )

p1

p2 p3

p4

∑
ij

n

n

n

n

s

p1

p2 p3

p4

k

q!

k +

! " ! # ! $

%" %# %$ ! " ! # ! $

%" %#

Graphically, we may express these equations as
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! (2 ,2)
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Here, the horizontal blue line indicates convolution with K NF and the green blob indicates a
multiplicative factor #G (Regge trajectory). This is of course the standard BFKL equation [5Ð
10]. However, the novelty of our approach is that we have been able to derive this entirely from
collinear calculations. As mentioned, we anticipate that this will allow a better understanding of
the relation between BFKL and DGLAP, as well as facilitate calculations at higher perturbative
orders.

In App. B, we derive the same result from the standard soft perspective, showing that the
results for the rapidity anomalous dimensions agree up to a factor of! 1, exactly as required by
soft-collinear consistency.

4.5 Decomposition into Irreducible Color Representations

We can now decompose the LL RRGE forJ(2) into di ! erent irreducible representations (irreps)
R of SU(Nc). Due to color conservation, the RRGE does not mix di! erent irreps. We begin with
a general discussion of color decomposition, and then we show that by projecting onto various
color channels, we obtain the standard results for gluon Reggeization (8A ), the BFKL Pomeron
(1), and the other color channels.

Suppose that we wish to decompose the color ßow ofm gluons in the t-channel into di! erent
irreps. R. This decomposes the tensor product as a direct sum,

m!

i =1

8 =
"

R! irrep(SU(N c))

R. (4.33)

Let $ = A1 á á áAm be a multi-index for thesem gluons. We can concretely express the decomposi-
tion into irreps. in terms of projectors P!! !

m R , whose explicit expressions can be found in Ref. [100].
These projectors satisfy a completeness relation

%!! !

m =
#

R

P!! !

m R , (4.34)

as well as an orthogonality relation

P! 1! 2
m R P! 2! 3

m R ! = %RR ! P ! 1! 3
m R . (4.35)

Intuitively, P !! !

m R projects a m-gluon color state onto a subspaceR.
By inserting projectors, we can decomposeJ !

(i ) " S!"
(i,j ) " øJ "

(j ) into di ! erent irreps.

J !
(i ) " S!"

(i,j ) " øJ "
(j ) =

#

R,R !
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(i,j ) " øJ R! "
(j ) , (4.36)
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Here, the horizontal blue line indicates convolution with K NF and the green blob indicates a
multiplicative factor #G (Regge trajectory). This is of course the standard BFKL equation [5Ð
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