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Why use quantum computing for Hamiltonian field theory?

* At present we have no good method for numerically
solving (lattice) Hamiltonian field theories for either
their ground state or for time evolution.

* This is why state of the art lattice QCD calculations
use the Lagrangian/Action approach.

* There is no obvious prospect for developing reliable
numerical approaches.

* Quantum computers—if the develop sufficiently to be
useful for field theoretic problem of interest—naturally
use the Hamiltonian

* |tis therefore useful to think about how one would

exploit quantum computers for Hamiltonian field
theory




Quantum Zeno state preparation

* A key challenge in quantum computing is

state preparation.

One scheme that has been well studied is adiabatic
quantum computing. Start with a Hamiltonian for
which the ground state is known and adiabatically time
evolve.
* This has some disadvantages:
* The times can be large: computationally expensive.

* Hard to estimate a priori how large a time although
bounds can be given in some circumstances.

* An alternative is to use schemes based on
the so-called quantum Zeno effect.

* Some such schemes were explored somewhat about 20 years
ago but have received comparatively little attention—perhaps
because they depend on efficient projection methods.

* Efficient projection methods have recently been developed.



* The “quantum Zeno effect” was named in the 1970s by Zeno of Elea

Sudarishan and Misra after a so-called paradox from
the Greek philosopher Zeno of Elea (not be confused
with Zeno of Citium the founder of the Stoic School).

 The idea was apparently initially considered by Alan Turing

* The basic notion is that if a quantum state is
continuously measured it will not time evolve.

|Y)) evolves linearly in time

Probability that the system is in a particular eigenstate of a Hermitian
operator evolve quadratically—much slower than linearly .

Since measurements project on eigenstates if one measures
repeatedly and rapidly enough the system will stay in an eigenstate
and not have time to evolve before the next measurement which yield

the same state.




* This is reminiscent of one of Zeno’s paradoxes which were used to
illustrate a belief that motion was an illusion.

* We do not know for sure what Zeno believed and precisely how the

paradoxes were stated as his works are lost: what we know comes from a
Platonic dialog and refutations of his argument by Aristitole.

* When learning geometric series most of have been exposed to the
Achilles/Tortois paradox.

 However, what is relevant here is the so-called
“arrow paradox”, which asserts that an arrow
cannot fly towards its target.

At any given time, an arrow can only exist a single position
and hence is motionless.

At every point in time the arrow is motionless.

If at every point in time the arrow is motionless it never
moves, motion is an illusion.



While clearly Zeno’s original
“paradox” does not seem very
paradoxical (to anyone
understands derivatives) the
guantum version is both intuitively
somewhat paradoxical and clearly
true.
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* The quantum Zeno effect holds more
generally: suppose the quantity being
measured is itself time-dependent. The
system will remain in the same “rotated
state” if measured repeatedly and rapidly
on the scale of the dynamics of the
Hamiltonian and the scale with which
measured quantity changes.

* The reason is the same: the dynamics of
the system and the alterations in operator
being measured vary linearly in time;
probabilities of a particular eigenstate of a
Hermitian operator evolve quadratically.

* Note that key aspect of the quantum Zeno
effect is NOT that the quantity is measured
per se, but that a measurement acts to
project onto the state of interest. Any
method of projection will also work.
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Paradigmatic example of how the QZE could be used in quantum computing
to find ground states.



QZE set up is similar to adiabatic quantum computing:

ol

« Start with a Hamiltonian H; for which the ground state |G;) is
known, and easy and cheap to produce on a quantum computer. i

* Have a continuous set of Hamiltonians H(\) parameterized by a
single parameter, A, such that H(0) = H; and H(?»f) = Hy the
Hamiltonian whose ground state we seek. ~

* If we have a method to project on to |G())), the ground state of
H (M) for any A and we do this N times along the path with
N>>1 and the measurements all sufficiently close together in A
then, with a calculable high probability, the final state after the

last projection will be |Gf), the ground state of ﬁf. |G(A))

* For any finite N there is some probability that the projection will
fail to give ground state. When this happens simply start again
from |G;). Eventually you will get to final ground state. 1G)



Key question: What is the optimal way to
choose N and the placement of the
measurements to optimally do QZE state
preparation—the cheapest one making
the fewest projections?

* This problem should have been addressed
in the past—and presumably was.

* However, | have not found it in a (so far) not
very through search.

* A possible reason for it not having been
done (or if done not emphasized) is that
practical implementations of the
optimization require significant knowledge
about the quantity:

1 <d2(|<a(a + 5|a(,1)>|2)>

2(4) = -3 d 62

60=0
along the entire path.




* It is possible—but very expensive to determine this (using, for
example the Rodeo algorithm)

* This is not worth doing if one only needs to find the ground state once.
Blundering through with suboptimal choices is cheaper.

e But it is worth doing if one needs to use the ground state many times.

* Analogy, if you need to walk cross a forest once it is not efficient to clear a
trail through—it is much faster to blunder across—but if you need to do it
repeatedly clearing the trail will save significant time.




e Optimization tradeoff: too many projections along the
path are costly; too few and a high probability of failure
and having to start again with significant costs.

* Key parameter: the “length” of the path in parameter space,
which is invariant under reparemeterization :

L= [, d2/2)

* Focus on regime where L>>1; L~1 is cheap in any case. Key is
find the optimum density of measurements along path.



e Optimization tradeoff: too many projections along the
path are costly; too few and a high probability of failure
and having to start again with significant costs.

« Key parameter: the “length” of the path in parameter space, which*™
is invariant under reparemeterization :

L= [, d2/a)

* Focus on regime where L>>1; L~1 is cheap in any case. Keyis to
find the optimum density of measurements along path.

A straightforward calculation to optimize for asymptotically large L

dN

yields a density of measurement of n(4) = o= \/Q(A) \/N()l)




n(d) = Q@A)/N@)
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* N(A) grows with A: cost of a projection that
fails to yield ground state (and requiring a re
starting ) is larger toward the end of a run
than at beginning.

* With this density, total number of
projections is on average: L’

) :

Computational cost to prepare
ground state: LZCp; C, is cost of one
projection.



Rodeo Projection

Rodeo Algorithm

Excited State Ground State

Basic idea for projection on to ground state: Do multiple iterations during which
there is a probability that excited state components are thrown off while ground
state components stay on.



* The rodeo algorithm was suggested by the
MSU group in 2020.

* Initially proposed as a direct method for state
preparation starting with some initial state.

* Here focus is on ground state but can be used
for any excited state.

* In fact, it is really a projection method, which
will successfully give the ground state with a
probability p = [(¥;|G)|* . Must repeat
N = |[(y;|G)|~? times on average. Not useful
for direct state prep ifp < 1.

 But can be combined with AQC or QZEC in
very powerful ways.

* Principal advantage of Rodeo over phase
estimation or adiabatic is that it is
exponentially faster if one requires high
purity ground states



* Scheme requires a discrete spectrum and is only useful if one knows
the energy of the ground state very well and the energy of the first
excited well.

* This requires effort (by for example trying various different energies using the
rodeo algorithm and keeping the energy that works). This is expensive but is
worth doing if one needs to use the ground state many times

Forest path analogy

* Add constant so that ground energy is zero. Denote energy of 1% excite
state as A.



Rodeo algorithm is based on repeate iterations.
Consider j* rodeo iteration:

Uses the physical state at the beginning of the iteration
and an auxiliary qubit initialized to spin up

. T N >3 't' 1 R . . .t. 1
Density matrix: goltle lal __ | T> <T | R pi)]:;s ia,

. ~j initial __ 7y g initial #7¢
Time evolve Piotal — U 7 Piotal U ] where

according to .

for atime T;: Uj — €XP (_i (ﬁl ® I:IthS) Tj)

. 1 .
Pr = 5(1+O_$)7

Quantum interreference between the two eigenstates of o, acts to
correlate eigenstates of o, with energy eignstates of physics system.

The next step is to measure the auxiliary spin in the g,

Scheme is basically an
interferometer: with
different behavior of
eigenstates of o,
acting as mirrors.

Michelson Interferometer
Mirror1

A A

Mirror2

/

Beam Splitter
Half Silvered Mirror

Detector




* The time evolution can be implemented either

entirely with a gated quantum computer using Trotterized time evolution
or a gate controlled analog quantum simulator (GCAQS).

 Either way this can be implemented using a Hadamard gate and a
conditional control gate for the time evolution and a final Hadmard
gate before measurement.
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Phys. Rev. Lett. 127, 040505 (2021) by K.
Choi, D. Lee, J. Bonitati and J Watkins.



An iteration is “successful” if the auxiliary spin is measured to be up:

* By construction, the ground state components of the initial state at start of
iteration will always lead to successful measurements.

« Other components have a probability of an unsuccessful measurement of 1- cos® (wcz 3)

where w, = % and £ is the energy of the component.

* Natural energy scale A, the energy of first excited state.
 Natural time scale: T, = Q%Ah

* Useful to introduce dimensionless combinations that recur in analyis:

_ET ET ¢ _ BTt E Thot
C2th - ATy YT 2th T AT

¢

T is time of one iteration; T, is total time of all iteration



* If an iteration is unsuccessful, you know system is not in §&
ground state and projection has failed. Go back to 3
beginning and start again. If successful keep going until e
sufficiently projected state is achieved. Each successful e
iteration suppreses excited states.

* Overall suppression factor for component with energy E,
(probability of state surviving after n iterations:

spectral
B density
o T,
$(Grot) = ( i t) Cos < ) ono—e dE s (%%) p(E
A Tp E Sp = = ° where 0 <e <A
fA—e dEp(E)
where Tio = ;Tn : Overall fractional suppression for all excited states

Easy to see that asn — 0,8 — 0 and projection is perfect.



« P™s the probability of n consecutive successful iterations given by

L initial | initial|? initial |

P = [(Glyp)init: +<1—|<G|¢>phys )sE_> (G 1) BT as 7 oo

e e 112
initial it

* So acts a projector should at large n. With probability |(G|1p)phyS

returns the ground state.

* For finite n projection is only approximate. But it will be
exponentially good in 7 since each iteration suppress a fraction of
remaining excited states components.

Key issues:

* Itis sensible to use total computational time as proxy for
computational cost. How should one optimally choose the times for
the iterations to minimize costs?

* How rapid a suppression can be achieved?



* Cannot just use the same time each time as there are energies that are
unsuppressed in any give iteration; happens for integer (E/A) (T/T,) 12 &

* The initial scheme suggested by the MSU mafia was to choose times

randomly according to a Gaussian distribution with an RMS time of order T,
=2 h/A.

* They argued that for E/A at least somewhat larger than 7/T, one would expect

suppression factor to be 4" for n iterations since the geometric mean of randomly
sampled cos?(0)is 1/4.
* Numerical evidence was shown for this. A couple of random simulation for a very large number
of iterations were shown to give results close (on a log plot) to 4™".

* However, this result seems paradoxical. We found it easy to prove that when E/A is
large relative to T/T, the ensemble average supp

ressjion factor is 2.
So, which is it, 4" or 2-7? % i
@

It/

Claim: both are correct, and neither is! y



* These are consistent if a typical (eg. median) suppression factor scales as 4"
while the average suppression factor scales as 2.
e That would require large fluctuations (exponential in n).

* However, one expects exponentially large fluctuations for a quantity
composed of a product sampled from random distribution—this becomes
log-normal at large n. Large fluctuations seen even for small n.

o5p——m—mm——F———————————— :
Typical run with 6 oal ] 0.100)
iterations. ' :

. 0.3} ] :
Long-dash curve is : Lo
ensemble average. s 11°

0.001}

Short-dash ensemble
RMS

Dotted 4° =0

0.1
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* Trying to decide how to optimize Rodeo and avoid fluctuations,
need to settle on the precise quantity, Q, to be optimized.

* Seems natural that whatever is Q chosen, intentionally choosing times to
optimize it will do better than a random scheme.

* Any scheme that has the times of all iterations at the same time
scale will likely suffer from large fluctuations.

* A solution: use “super iterations” instead of iterations. This a
product of many ordinary iterations each taking half as long as
previous one. Supper terations take only twice as long as an
ordinary iteration but for dimensionless time £, greater than 1, are
more than 20 times smaller at maximum and fall off rapidly with
quadratically with increasing ¢ .

Obtained using a whac-a-
mole strategy. The first
" i
2 (TG 2 sin®(1r¢) spot in  where the
os” (¢ | =Jo (m¢) = ——5— ;

2 (1 d)? previous k has reaches
maximum of unity, whac
it with an iteration that is
zero there. Repeat.

S = C

o)
k=0
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* A natural quantity to optimize: R T

worst case for suppression in | *5y random
physical region £ > A 0.001) / rodeo
_ | E Ttot ® . N
©= EsA © AT, : —_— Times

1077 “— chosen

"’ ' —. : —

* We do not know how to : ’ /@tentlona”y

absolutely minimize this for ‘ . -

. . 107"} » :

fixed times. . ﬂ
8

* Can demonstrate the value of an
intentional choice based on super

10-15 F T

N -
o
(=)

iterations: compare absolute 0

max of s with ad hoc prescription Ttot

using whac-a-mole strategy with To

optimized max average s for the |ntentionally chosen times yield suppression
same total time with random orders of magnitude better than random and

(which has huge fluctuations) do not have exponential fluctuations.




Combining QZE & Rodeo Projection




Combining QZE & Rodeo Projection

* Application to ground state preparation. QZE state TRy
preparation straight forward if one has method of state E}
preparation & rodeo algorithm is an efficient, if approx., ~—
method.

* Dimensionless proxy for computational cost: cc=7\ A,go/ (27 1)

* For QZE one does not need perfect projection, if excited " Preliminary result
states are suppressed by a factor of no more than s, the
number of measurements needed is less than L?/(1-s?)
instead of L *,

Use one super iteration per projection; choose time to
minimize. Get cc <.6360 L? *. Key—but complicated—
issue is how does this compare with adiabatic.



A caveat:

* This requires exploring the path and determining with reasonable
accuracy along the path
_ 1/d*({G(A + 8|G(A))|?)
2(4) = _E< d &2 )6_0
* This is expensive, but it is worth doing if one needs to use the ground

state many times. (And to optlmlze adiabatic quantum computlng need
this info and more) ' . ,

and A4

) Egl

Forest path analogy




Combining QZE & Rodeo Projection

* Application to preserving gauge invariance.
* Key point—rodeo algorithm, although originally conceived as
being used in state preparation is simply a generic

* |If a state starts in physical Hilbert space and evolves via Hamiltonian N £\ M
dynamics gauge invariance will keep it in physical Hilbert space. =~ N doen’t matterl!

(N AN (D

* But numerical issues can accidentally cause state to evolve with
components out of physical space. If unchecked this evolves into a

serious problem.

* QZE implies that if one projects onto the physical Hilbert space often
enough the system will stay in the physical Hilbert space to high
accuracy, removing effects of violation of gauge invariance. Needed
rate of projections depends on length of calculations and rate at
which gauge-invariance-violating components are created



Combining QZE & Rodeo Projection

* The rodeo algorithm was conceived as a method of
state preparation.

* However, it is really a generic approximate projection

method.
* At any point in a calculation one can stop the time evolution and use I~ \it df,;\s,,l mgtt\e}u
as the “Hamltonian” the integrated Gauss law constraint operator. FIN (NN N

It is easy to see that the ground state of this operator is in the
physical Hilbert space. All excited states are not.

* One can use the rodeo algorithm to project onto the physical Hilbert
space.

* If one does it often enough the probability of being out of the
physical Hilbert space approaches zero due QZE.



Takeaways

« Solving the physics of hadrons using Hamiltonian ==
theory may well require quantum computers. .Y

A

* The QZE is potentially a very important method fof\'S'tvvél"cwéﬁb’tﬁ'eparatidn.

| o 1 (¢(I6 + 8GN
* Straightforward to optimize if one knows 2(A4) = — 5 162 5=0

e Useful in situation where one needs to produce ground state numerous time
* Rodeo Projection is an efficient projection method

* Intentional choice of times greatly improves performance

* |Ideally suited for gate controlled analog quantum simulation

e Useful in situation where one needs to produce ground state numerous time

 Combining QZE & Rodeo Projection:
* Applications to state preparation & ensuring gauge invariance




