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Why use quantum computing for Hamiltonian field theory?

• At present we have no good method for numerically 
solving (lattice) Hamiltonian field theories for either 
their ground state or for time evolution.
• This is why state of the art lattice QCD calculations 

use the Lagrangian/Action approach.
• There is no obvious prospect for developing reliable 

numerical approaches.
• Quantum computers—if the develop sufficiently to be 

useful for field theoretic problem of interest—naturally 
use the Hamiltonian 
• It is therefore useful to think about how one would 

exploit quantum computers for Hamiltonian field 
theory



Quantum Zeno state preparation 
• A key challenge in quantum computing is                 

state preparation.
• One scheme that has been well studied is adiabatic 

quantum computing.   Start with a Hamiltonian for 
which the ground state is known and adiabatically time 
evolve.
• This has some disadvantages:

• The times can be large: computationally expensive.
• Hard to estimate a priori how large a time although 

bounds can be given in some circumstances.

• An alternative is to use schemes based on 
the so-called quantum Zeno effect.  
• Some such schemes were explored somewhat about 20 years 

ago but have received comparatively little attention—perhaps  
because they depend on  efficient projection methods. 

• Efficient projection methods have recently been developed.



• The “quantum Zeno effect” was named in the 1970s by 
Sudarishan and Misra after a so-called paradox from 
the Greek philosopher Zeno of Elea (not be confused 
with Zeno of Citium the founder of the Stoic School).  

• The  idea was apparently initially considered by Alan Turing

• The basic notion is that if a quantum state is 
continuously measured it will not time evolve.

Zeno of Elea

Zeno of  Citium
⟩|𝜓 evolves linearly in time

Probability that the system is in a particular eigenstate of a Hermitian 
operator evolve quadratically—much slower than linearly .

Since measurements project on eigenstates  if one measures  
repeatedly and rapidly enough  the system will stay in an eigenstate 
and not have time to evolve before the next measurement which yield 
the same state.



• This  is reminiscent of one of Zeno’s paradoxes which were used to 
illustrate a belief that motion was an illusion.  

• We do not know for sure what Zeno believed and precisely how the 
paradoxes were stated as  his works are lost: what we know comes from a 
Platonic  dialog and refutations of his argument by Aristitole.

• When learning geometric series most of have been exposed to the 
Achilles/Tortois paradox.
• However, what is relevant here is the so-called                                          

“arrow paradox”, which asserts that an arrow                                            
cannot  fly towards its target.                                             

• At any given time, an arrow can only exist a single position 
and hence is motionless.

• At every point in time the arrow is motionless.

• If at every point in time the arrow is motionless it never 
moves, motion is an illusion.



While clearly Zeno’s original 
“paradox” does not seem very 
paradoxical (to anyone 
understands derivatives) the 
quantum version is both intuitively 
somewhat paradoxical and clearly 
true.

A 2-level system: • Measure !𝝈𝒛 every 𝜟𝒕 with 𝜴𝒐𝜟𝒕 ≡ 𝜸 ≪ 𝟏
• Do N measurements with N= 𝒏 /𝜸 and 𝒏

order 1 (total time  ~𝟏/𝜴𝒐 )
• Probabability that all measurements yield 

up: 𝟏 − 𝜸𝟐 𝒏/𝜸 = 𝟏− 𝒏𝟐 𝜸
𝒏/𝜸

𝒏/𝜸
→

𝐞𝐱𝐩 −𝒏𝟐 𝜸 as 𝒏/𝜸 → 𝟎
• Goes to unity as 𝜸 → 𝟎 even though  total 

time is order 𝟏/𝜴𝒐 .

• 4𝑯 = 𝜴𝒐 !𝝈𝒙
4𝑼 𝒕, 𝒕𝒐 = 𝐞𝐱𝐩(−𝒊 𝜴𝒐 !𝝈𝒙 (𝒕 − 𝒕𝒐))

• 𝑷↑ 𝜟𝒕 ∶ Probability of being in ⟩| ↑
if !𝝈𝒛 is measure𝐝 𝐚𝐭 𝒕 − 𝒕𝒐

• 𝑷↑ 𝜟𝒕 = cos𝟐 𝜴𝒐 𝜟𝒕 ≈ 𝟏 − 𝜴𝒐 𝜟𝒕 𝟐

If  𝜴𝒐 𝜟𝒕 ≪ 𝟏



• The quantum Zeno effect holds more 
generally: suppose the quantity being 
measured is itself time-dependent.  The 
system will remain in the same “rotated 
state” if measured repeatedly and rapidly 
on the scale of the dynamics of the 
Hamiltonian and the scale with which 
measured quantity  changes.

• The reason is the same: the dynamics of 
the system and the  alterations in operator 
being measured vary linearly in time;  
probabilities of a particular eigenstate of a 
Hermitian operator evolve quadratically.

• Note that key aspect of the quantum Zeno 
effect is NOT that the quantity is measured 
per se, but that a measurement acts to 
project onto  the state of interest.  Any 
method of projection will also work.



The 3 
polarizer 

“paradox” : 
A Physics 

101 problem

In the absence of 
middle polarizer, no 
light gets through.  
With it, half of the 
light  leaving the 1st

polarizer emerges 
from the last

A polarizer is a 
projector rather 
than a measuring 
apparatus. What 
happens if one 
stacks N polarizers 
each oriented 
p/(2N) relative to 
each other?

• Probability that a given photon makes it through all N polarizers yield 

up: cos𝟐 𝝅
𝟐 𝑵

→ 𝟏− 𝝅
𝟐 𝑵

𝟐 𝑵
= 𝟏− 𝟏

𝑵
𝝅
𝟐

𝟐 𝟏
𝑵

𝑵
→

𝐞𝐱𝐩 𝟏
𝑵

𝝅
𝟐

𝟐
→ 𝟏− 𝟏

𝑵
𝝅
𝟐

𝟐
→ 𝟏as 𝑵 → ∞ .

Paradigmatic example of how the QZE could be used in quantum computing 
to find ground states.   



QZE set up is similar to adiabatic quantum computing: 

• Start with a Hamiltonian $𝑯𝒊 for which the ground state ⟩|𝑮𝒊 is 
known, and easy and cheap to produce on a quantum computer.

• Have a continuous set of Hamiltonians $𝑯 l parameterized by a 
single parameter, l, such that $𝑯 𝟎 = $𝑯𝒊 and $𝑯 l𝒇 = $𝑯𝒇 the  
Hamiltonian whose ground state we seek. 

• If we have a method to project on to ⟩|𝑮(l) , the ground state of 
$𝑯 l for any l and we do this  N times along the path with 
N>>1 and the measurements all sufficiently close together in l 
then, with a calculable  high probability, the final state after the 
last projection will be +|𝑮𝒇 ,  the ground state of $𝑯𝒇. 

• For any finite N there is some probability that the projection will 
fail to give ground state.  When this happens simply start again 
from ⟩|𝑮𝒊 . 𝐄ventually you will get to final ground state. 

(𝑯𝒊

(𝑯𝒇

(𝑯𝝀

⟩|𝑮𝒊

-|𝑮𝒇

⟩|𝑮(l)



Key question: What is the optimal way to 
choose N and the placement of the 
measurements to optimally do QZE state 
preparation—the cheapest one making         
the fewest projections? 
• This problem should have been addressed 

in the past—and presumably was.
• However, I have not found it in a (so far) not 

very through search.
• A possible reason for it not having been 

done (or if done not emphasized) is that 
practical implementations of the 
optimization require significant knowledge 
about the quantity: 

𝜴 𝝀 = −
𝟏
𝟐 Q
𝒅𝟐 𝑮(𝝀 + 𝜹 𝑮(𝝀) 𝟐

𝒅 𝜹𝟐
𝜹-𝟎

along the entire path.



• It is possible—but very expensive to determine this (using, for 
example the Rodeo algorithm)
• This is not worth doing if one only needs to find the ground state once.  

Blundering through with suboptimal choices is cheaper.
• But it is worth doing if one needs to use the ground state many times.

• Analogy, if you need to walk cross a forest once it is not efficient to clear a 
trail through—it is much faster to blunder across—but  if you need to do it 
repeatedly clearing the trail will save  significant time.



• Optimization tradeoff:   too many projections along the 
path are costly; too few and a high probability of failure 
and having to start again with significant costs.

• Key parameter: the  “length” of the path in parameter space, 
which is invariant under reparemeterization :    

𝑳 = ∫𝟎
l𝒇 𝒅𝝀 𝜴(𝝀)

• Focus on regime where 𝑳>>1 ; 𝑳~1  is cheap in any case.  Key is 
find the optimum density of measurements along path.



• Optimization tradeoff:   too many projections along the 
path are costly; too few and a high probability of failure 
and having to start again with significant costs.

• Key parameter: the  “length” of the path in parameter space, which 
is invariant under reparemeterization :    

𝑳 = ∫𝟎
l𝒇 𝒅𝝀 𝜴(𝝀)

• Focus on regime where 𝑳>>1 ; 𝑳~1  is cheap in any case.  Key is  to 
find the optimum density of measurements along path.

• A straightforward calculation to optimize for asymptotically large L
yields a density of measurement of 𝒏 𝝀 ≡ 𝒅𝑵

𝒅𝝀
= 𝛀 𝝀 𝑵 𝝀



𝒏 𝝀 = 𝛀 𝝀 𝑵 𝝀

• N(𝝀) grows with 𝝀: cost of a projection that 
fails to yield ground state (and  requiring a re 
starting )   is larger toward the end of a run 
than at beginning.

•With this density, total number of 
projections is on average:  L2

Computational cost to prepare 
ground state: L2Cp ; Cp is cost of one 
projection.

𝒏 𝝀 needs to be large 
when ground state 
varies rapidly 

𝒏 𝝀 grows as 𝝀 increases
and points further along the
path are probed.



Rodeo Projection

Excited State                                              Ground State

Rodeo Algorithm 

Basic idea for projection on to ground state:  Do multiple iterations during which 
there is a probability that excited state components are thrown off while ground 
state components stay on.



• The rodeo algorithm was suggested by the 
MSU group in 2020.
• Initially proposed as a direct method for state 

preparation starting with some initial state.

• Here focus is on ground state but can be used 
for any excited state.

• In fact , it is really a projection method, which  
will successfully give the ground state with a 
probability 𝒑 = 𝝍𝒊 𝑮 𝟐 .  Must repeat   
𝑵 = 𝝍𝒊 𝑮 1𝟐 times on average.  Not useful 
for direct state prep  if 𝒑 ≪ 𝟏 .

• But can be combined with AQC  or QZEC in 
very powerful ways.

• Principal advantage of Rodeo over phase 
estimation or adiabatic is that it is 
exponentially faster if one requires high 
purity ground states 



• Scheme requires a discrete spectrum and is only useful if one knows 
the energy of the ground state very well and the energy of the first 
excited well.

• This requires effort (by for example trying various different energies using the 
rodeo algorithm and keeping the energy that works).  This is expensive but  is 
worth doing if one needs to use the ground state many times 

• Add constant so that ground energy is zero.  Denote energy of 1st excite 
state as D.

Forest path analogy



Rodeo algorithm is based on repeate iterations. 
Consider jth rodeo iteration:
Uses the physical state at the beginning of the iteration 
and an auxiliary qubit initialized to spin up

14

for 2 super iterations this maximum could be explicitly com-
puted. However, the key point is simply that for reasonable n

the breakdown scale is so high as to be irrelevant.

C. False negatives

Up until now we have focused on reducing the probability
of “false positives”, the survival of components other than the
ground state after the algorithm has run. We have ignored the
problem of ”false negatives” since in the ideal case where the
ground state energy is known precisely the time evolution and
control over timing is perfect, every ground state component
will survive each iteration with unit probability. However, in
practice the energy of the ground state is never known exactly
and there will be errors due to imperfections in the propaga-
tion of the state in time. These can lead to ”false negatives” in
which the auxiliary qubit is measured in the down state even
though if physical system was in the ground state. If one has
a reasonable idea of the scale of the uncertainty of the ground
state, the effects of imperfect calculation, and the probability
that the state is in its ground state the likelihood of a false neg-
ative for any given iteration can be estimated. Assuming that
likelihood is small but not totally negligible, the natural thing
to do is ignore the fact that the auxiliary qubit was measured
down and continue the calculation while keeping track of a
nominally unsuccessful run. If the auxiliary qubit is measured
to be up through the next super iterations one should simply
assume that a false negative occurred and continue. If a sec-
ond nominally unsuccessful iteration occurs anytime through
the next super iteration one should assume that the iteration
was truly unsuccessful.

D. Uncertainties in the energy of the first excited state

The formulation of

Appendix A: A rodeo iteration

This appendix derives various properties of the density ma-
trix and reduced density matrix associates with a single itera-
tion of the rodeo algorithm.

The Hilbert space of the total system is enlarged via the
inclusion of an ancillary qubit, which is initialized to be in
the state | "i (in the z basis) and the physical system is in
a pure quantum state. Given the inclusion of an additional
degree of freedom—which will be entangled with the state
of the physical state a natural description of the system the
system is via density matrices and reduced density matrices.

The physical system prior to the running of the jth iteration
of the algorithm in the state , is in the state | ij initialphys given
in in Eq. (10); the full (pure state) density matrix in in the
extended Hilbert space is given by the tensor product

⇢̂
j initial
total = | "ih" |⌦ ⇢̂

j initial
phys ,

where the subscripts“phys” and “total” indicate the space de-
scribing the physical system being studied and the total system
including the ancillary qubit; j simply label the iteration.

The total system is then subject to unitary evolution:

⇢̂
j initial
total = Ûj ⇢̂

j initial
total Û

†
j where

Ûj = exp
⇣
�i

⇣
p̂
"
x ⌦ Ĥphys

⌘
Tj

⌘
with

p̂
"
x ⌘ 1

2
(1 + �̂x) ;

(A1)

p̂
"
x acts on the ancillary qubit and is a projector onto the up

state in the x basis. This is achieved by acting on the ancillary
qubit with a Hadamard gate, running Hamiltonian dynamics
for the physical system for a time, Tj conditionally on the
ancillary qubit being in the “up” state and then again acting
on the ancillary qubit with a Hadamard gate.

The crux of the algorithm is the quantum interference be-
tween the components in which the Hamiltonian time evolves
and the components where it does not (or equivalently the 1
and �̂x components of p̂"x.

Following the time evolution the density matrix for the full
system is given by

⇢̂
j final
total = | "ih" |⌦

  
|↵j
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X

c

|↵j
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1

A with !a =
Ea

~ .

The next step is to measure the state of the auxiliary qubit. This allows one to use Eq.(A2) to write the reduced density matrix

Density matrix:

Time evolve 
according to 
for a time Tj:
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The next step is to measure the state of the auxiliary qubit. This allows one to use Eq.(A2) to write the reduced density matrix

Scheme is basically an 
interferometer:  with 
different behavior of 
eigenstates of sx
acting as mirrors.

Quantum interreference between the two eigenstates of sx acts to 
correlate eigenstates of sz with energy eignstates of physics system.  
The next step is to measure the auxiliary spin in the sz



• The time evolution can be implemented either
entirely with a gated quantum computer using Trotterized time evolution
or a gate controlled analog quantum simulator (GCAQS).

• Either way this can be implemented using a Hadamard gate and a 
conditional control gate for the time evolution and a final Hadmard
gate before measurement.

Rodeo Algorithm for Quantum Computing
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We present a stochastic quantum computing algorithm that can prepare any eigenvector of a quantum Hamil-
tonian within a selected energy interval [E � ✏, E + ✏]. In order to reduce the spectral weight of all other
eigenvectors by a suppression factor �, the required computational effort scales as O[| log �|/(p✏)], where p is
the squared overlap of the initial state with the target eigenvector. The method, which we call the rodeo al-
gorithm, uses auxiliary qubits to control the time evolution of the Hamiltonian minus some tunable parameter
E. With each auxiliary qubit measurement, the amplitudes of the eigenvectors are multiplied by a stochastic
factor that depends on the proximity of their energy to E. In this manner, we converge to the target eigenvector
with exponential accuracy in the number of measurements. In addition to preparing eigenvectors, the method
can also compute the full spectrum of the Hamiltonian. We illustrate the performance with several examples.
For energy eigenvalue determination with error ✏, the computational scaling is O[(log ✏)2/(p✏)]. For eigenstate
preparation, the computational scaling is O(log�/p), where � is the magnitude of the orthogonal component
of the residual vector. The speed for eigenstate preparation is exponentially faster than that for phase estimation
or adiabatic evolution.

Quantum computing is a powerful paradigm with the po-
tential to describe large complex systems and eventually per-
form computations beyond the reach of classical computing.
Recently, there have been several exciting algorithmic ad-
vances in describing the time evolution of Hamiltonians on
quantum computers using a variety of different tools [1–6].
They can be broadly categorized as either Lie-Trotter-Suzuki
product formulas [7, 8] or linear combinations of unitaries
[9]. Unfortunately, the application of these techniques for
quantum state preparation is limited by existing hardware ca-
pabilities. Quantum adiabatic evolution is one approach to
quantum state preparation that starts with an eigenstate of a
simple Hamiltonian that slowly evolves with an interpolating
time-dependent Hamiltonian until reaching the desired target
Hamiltonian [10, 11]. The problem is that calculations based
on quantum adiabatic evolution require an extended time evo-
lution that makes the computational cost prohibitive for large
systems. To address this problem, we introduce a new frame-
work for quantum state preparation and spectrum determina-
tion called the rodeo algorithm.

The rodeo algorithm employs a strategy that is opposite to
quantum adiabatic evolution. As the name suggests, the rodeo
algorithm operates by shaking off all other states until only
the target eigenvector remains. In this regard, the rodeo algo-
rithm is similar in character to the projected cooling algorithm
[12, 13]. However, the rodeo algorithm has the advantage that
it can be applied to any quantum Hamiltonian and is a recur-
sive algorithm that achieves exponential convergence in the
number of cycles. It can be used to compute the full energy
spectrum as well as prepare any energy eigenstate. While the
rodeo algorithm might appear similar to Kitaev’s iterative ver-
sion of quantum phase estimation [14] and fixed-time energy
band filtering methods [15, 16], none of these methods can be
used efficiently to prepare individual eigenstates of a general
quantum Hamiltonian.

We will refer to the Hamiltonian of interest as the object
Hamiltonian, Hobj, and the linear space which it acts upon

FIG. 1. (color online) Circuit diagram for the rodeo algorithm.

The object system starts in an arbitrary state | Ii. Each of the ancilla
qubits are initialized in the state |1i and operated on by a Hadamard
gate H. We use each ancilla qubit n = 1, · · · , N for the controlled
time evolution of the object Hamiltonian, Hobj, for time tn. This
is followed by a phase rotation P(Etn) on ancilla qubit n, another
Hadamard gate H, and then measurement.

the object system. By assumption, the object system starts
in some initial state | Ii, which in general will update after
each measurement. We will use auxiliary or ancilla qubits
coupled to the object system. In the following we use the
standard terminology, ancilla qubits. But we also mention that
this collection of ancilla qubits is also informally called the
“rodeo arena”.

If the quantum device allows for mid-circuit measurements,
then only one ancilla qubit is needed. However, here we focus
on the implementation using different ancilla qubits for each
cycle of the rodeo algorithm. Each of the ancilla qubits is
initialized in the state |1i and operated on by a Hadamard gate
H. We use each ancilla qubit n = 1, · · · , N to control the
time evolution of Hobj for time tn. In order to achieve the
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simulator on and off in a controlled way. It is not implausible
such a scheme of gate-controlled analog quantum-simulation
(GCAQS) might be the first setting in which rodeo projection
proves to be decisive.

In reference [? ] the emphasis was on the suppression factor
per iteration. This might create an impression that the optimal
approach might be to create the maximum suppression per it-
eration and then do a sufficient number of iterations to reach
the needed suppression. However, this need not be the case:
large suppression factors per iteration require large times. It
can be more efficient in terms of total time spend to more it-
erations with shorter times per iteration (and less suppression
per iteration).

The rodeo projection algorithm acts by suppressing com-
ponents of the the initial state depending on the energy of the
state. Since, the algorthim is only applicable to discrete states,
there is necessarily an excited state with a minimum excita-
tion, which we denote �. It is extremely helpful to know the
value of � when attempting to optimize the performance of
the algorithm: clearly it makes no sense to spend computa-
tional resources in order to improve the suppression of would
be components with energies less than � as such components
do not exist.

The existence of a minimum excitation energy �, defines a
natural time scale for our problem:

T0 =
2⇡~
�

(1)

which is the time needed for a full period for the phase evolu-
tion of the lowest excited state.

Using time as our proxy for computational cost is slightly
problematic in that it is a dimensional quantity. One can
rescale all times in the problem by a constant factor and
rescale all energies by its inverse and the computational diffi-
culty the same. Moreover to a large extent in the analysis of
the rodeo algorithm involves products of energies and times.
Accordingly we will often express quantities in terms of the
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where T is a time that occurs during one iteration and Ttot is
the total time. The factor of 2⇡ is included so that ⇣ measures
the number of periods.
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The rodeo projection algorithm involves dynamics in which
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qubit. The scheme is based on iterations, with a notion of
“successful” and “unsuccessful” iterations with a measure-
ment of the ancillary qubit determining whether an iteration
is successful. The input to the j

th iteration is the physical
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physical state | ij finalphys and time needed to implement it is Tj .
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g is
the initial probability that the system is in the ground state.
The central features of the algorithm are

i. Following n consecutive successful iterations, the c
th

excited state is suppressed compared to the ground state
by a factor of

sc =
nY

j=1

s
j
c with

s
j
c = cos2

✓
!cTj

2

◆
= cos2

�
⇡⇣

j
c

�
where

!c ⌘
Ec

~ and ⇣
j
c ⌘ !cT

j

2⇡
.

(4)

One can represent the overall suppression factor after
n iteration for an arbitrary component in terms of ⇣tot
(given in Eq. (2)) as

s(⇣tot) = s

✓
E

�

Ttot

T0

◆ nY

j=1

cos2
✓
!cTj

2

◆

where Ttot =
nX

k=1

Tn .

(5)

ii. A consequence is that Pg the probability that the phys-
ical system is in the ground state following n consecu-
tive successful iterations is

Pg =
|↵g|2r

|↵g|2 +
P

c

⇣Qn
j=1 cos

2
⇣
⇡⇣

j
c

⌘⌘
|↵c|2

=
P

i
gr

P i
g +

R1
� dE s

⇣
E
�

Ttot
T0

⌘
⇢(E)

=/fracP
i
g

q
P i
g + (1� P i

g)SE

(6a)

where s

⇣
E
�

Ttot
T0

⌘
was given above, ⇢(E) the spectral

density of the initial state

⇢(E) ⌘ initial
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simulator on and off in a controlled way. It is not implausible
such a scheme of gate-controlled analog quantum-simulation
(GCAQS) might be the first setting in which rodeo projection
proves to be decisive.

In reference [? ] the emphasis was on the suppression factor
per iteration. This might create an impression that the optimal
approach might be to create the maximum suppression per it-
eration and then do a sufficient number of iterations to reach
the needed suppression. However, this need not be the case:
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can be more efficient in terms of total time spend to more it-
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ponents of the the initial state depending on the energy of the
state. Since, the algorthim is only applicable to discrete states,
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proves to be decisive.
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• If an iteration is unsuccessful, you know system is not in               
ground state and projection has failed.  Go back to                   
beginning and start again.  If successful keep going until                          
sufficiently projected state is achieved.   Each successful           
iteration suppreses excited states.

• Overall suppression factor for component with energy Ec
(probability of state surviving after n iterations:
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simulator on and off in a controlled way. It is not implausible
such a scheme of gate-controlled analog quantum-simulation
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proves to be decisive.
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per iteration. This might create an impression that the optimal
approach might be to create the maximum suppression per it-
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the needed suppression. However, this need not be the case:
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erations with shorter times per iteration (and less suppression
per iteration).

The rodeo projection algorithm acts by suppressing com-
ponents of the the initial state depending on the energy of the
state. Since, the algorthim is only applicable to discrete states,
there is necessarily an excited state with a minimum excita-
tion, which we denote �. It is extremely helpful to know the
value of � when attempting to optimize the performance of
the algorithm: clearly it makes no sense to spend computa-
tional resources in order to improve the suppression of would
be components with energies less than � as such components
do not exist.

The existence of a minimum excitation energy �, defines a
natural time scale for our problem:

T0 =
2⇡~
�

(1)

which is the time needed for a full period for the phase evolu-
tion of the lowest excited state.

Using time as our proxy for computational cost is slightly
problematic in that it is a dimensional quantity. One can
rescale all times in the problem by a constant factor and
rescale all energies by its inverse and the computational diffi-
culty the same. Moreover to a large extent in the analysis of
the rodeo algorithm involves products of energies and times.
Accordingly we will often express quantities in terms of the
following dimensionless combinations:

⇣ =
ET

2⇡~ =
E

�

T

T0
, ⇣tot =

ETtot

2⇡~ =
E

�

Ttot

T0
, (2)

where T is a time that occurs during one iteration and Ttot is
the total time. The factor of 2⇡ is included so that ⇣ measures
the number of periods.

In the next section***

II. RODEO PROJECTION

The rodeo projection algorithm involves dynamics in which
the physical system of interest is entangled with an ancillary
qubit. The scheme is based on iterations, with a notion of
“successful” and “unsuccessful” iterations with a measure-
ment of the ancillary qubit determining whether an iteration
is successful. The input to the j

th iteration is the physical
state | ij initialphys and the output of a successful iteration is the
physical state | ij finalphys and time needed to implement it is Tj .

Consider an initial physical state prior to the 1st iteration
given by

| iinitialphys = ↵g| gi+
X

c

↵c| ci with

P
i
g = |↵g|2 and |↵g|2 +

X

c

|↵c|2 = 1
(3)

where the subscripts g indicates the ground state component
and c the excited states (where Ĥphys| ai = Ea| ai); P i

g is
the initial probability that the system is in the ground state.
The central features of the algorithm are

i. Following n consecutive successful iterations, the c
th

excited state is suppressed compared to the ground state
by a factor of
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nY
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s
j
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s
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One can represent the overall suppression factor after
n iteration for an arbitrary component in terms of ⇣tot
(given in Eq. (2)) as

s(⇣tot) = s
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nX
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(5)

ii. A consequence is that Pg the probability that the phys-
ical system is in the ground state following n consecu-
tive successful iterations is
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where s

⇣
E
�

Ttot
T0

⌘
was given above, ⇢(E) the spectral

density of the initial state

⇢(E) ⌘ initial
physh |�(E � Ĥ)| iinitialphys (6b)

and SE is the overall suppression factor for excited
states given by

SE ⌘

R1
��✏ dE s

⇣
E
�

Ttot
T0

⌘
⇢(E)

R1
��✏ dE⇢(E)

where 0 < ✏ < � ] (6c)

Overall fractional suppression for all excited states

spectral 
density

Easy to see that as 𝒏 → ∞ , 𝑺𝑬 → 𝟎 𝐚𝐧𝐝 𝐩𝐫𝐨𝐣𝐞𝐜𝐭𝐢𝐨𝐧 𝐢𝐬 𝐩𝐞𝐫𝐟𝐞𝐜𝐭.



• 𝑷𝒏𝒔 the probability of n consecutive successful iterations given by

• So acts a projector should at large n.  With probability 𝐺 𝜓 phys
initial $it 

returns the ground state.

• For finite n projection is only approximate.  But it will be 
exponentially good in n since each iteration suppress a fraction of 
remaining  excited states components.

Key issues:
• It is sensible to use total computational time as proxy for 

computational cost.  How should one optimally choose the times for 
the iterations to minimize costs?

• How rapid a suppression can be achieved?

𝑃%! = 𝐺 𝜓 phys
initial & + 1 − 𝐺 𝜓 phys

initial & 𝑆' → 𝐺 𝜓 phys
initial & as 𝑛 → ∞



• Cannot just use the same time each time as there are energies that are 
unsuppressed in any give iteration; happens for integer (E/D) (T/T0 ) /2 p

• The initial scheme suggested by the MSU mafia was to choose times 
randomly according to a Gaussian distribution with an RMS time of order T0
= 2p ℏ/D .

• They argued  that for E/D at least somewhat larger than T/T0 one would expect  
suppression factor to be 4-n for n iterations since the geometric mean of randomly 
sampled  cos2(q) is 1/4 .
• Numerical evidence was shown for this.  A couple of random simulation for a very large number 

of iterations were shown to give results close (on a log plot) to 4-n .

• However, this result seems paradoxical. We found it  easy to prove that when E/D is 
large relative to T/T0 the ensemble average suppression factor is 2-n .

So,  which is it, 4-n or 2-n?   

Claim: both are correct, and neither is!



• These are consistent if a typical (eg. median) suppression factor scales as 4-n 

while the average suppression factor scales as 2-n .
• That would require large fluctuations (exponential in n).

• However, one expects exponentially large fluctuations for a quantity 
composed of a product sampled from random distribution—this  becomes 
log-normal at large n.   Large fluctuations seen even for small n.

Typical run with 6 
iterations.

Long-dash curve is 
ensemble  average.

Short-dash  ensemble 
RMS
Dotted 4-6



• Trying to decide how to optimize Rodeo and avoid fluctuations, 
need to settle on the precise quantity, Q, to be optimized.  

• Seems natural that whatever is Q chosen, intentionally choosing times to 
optimize it will do better than a random scheme. 

• Any scheme that has the times of all iterations at the same time 
scale will likely suffer from large fluctuations.

• A solution: use “super iterations” instead of iterations.  This a 
product of  many ordinary iterations each taking half as long as 
previous one. Supper terations take only twice as long as an 
ordinary iteration but for dimensionless time z , greater than 1 , are 
more than 20 times smaller at maximum and fall off rapidly with 
quadratically with increasing z .

𝑺 =3
𝒌&𝟎

(

cos𝟐
𝝅z
𝟐𝒌

= 𝒋𝟎𝟐 𝝅𝝇 =
sin𝟐 𝝅z
𝝅z 𝟐

Obtained using a whac-a-
mole strategy.  The first 
spot in z where the 
previous k has reaches 
maximum of unity,  whac
it with an iteration that is 
zero there.  Repeat.
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• A natural quantity to optimize: 
worst case for suppression in 
physical region E > D

• We do not know how to 
absolutely minimize this for 
fixed times.

• Can  demonstrate the value of  an 
intentional choice based on super 
iterations:  compare absolute  
max of s with  ad hoc prescription 
using whac-a-mole strategy with 
optimized max  average s for the 
same total time with random 
(which has huge fluctuations)
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knows that they do not appear in the initial state.
The most straightforward approach to optimization has two

steps: the first is to choose some quantity Q(S, Ttot) that is a
functional of the suppression factor s(⇣tot), and the total time,
and has the property that when minimized yields strong sup-
pression given the state of interest. The second step is to seek
the S produced by the rodeo algorithm subject to constraints
on the total time that minimizes Q as best one can.

Note that whatever strategy one adopts in choosing Q, there
exists an optimum choice of parameters that minimizes Q

once Ttot is specified. That said, it may be not be practical to
find the optimal choice or even come close. One can explore a
range of possibilities and ultimately use the one provides the
smallest value of Q.

We start by considering the situation where nothing is
known about the initial state beyond the fact that all com-
ponents have energies greater than or equal to �, and wish
to adopt a conservative strategy in which one has a rigorous
bound on the total suppression of excited states there is a clear
strategy: One can choose Q to be the largest value as a func-
tion of E in the physically relevant regime of E � �:

Q = max
E��

s

!
E

�

Ttot

T0

"
(21)

which, in effect, implies choosing the worst possible value of
the suppression in the possible physical range. By choosing Q

to be the worst case, one ensures that the suppression factors
for all components of the state are not larger than Q, which in
turn puts an upper bound for SE , the total amount by which

the excited state components are suppressed:

SE ⌘

#1
�+! dE s

$
E
�

Ttot
T0

%
⇢(E)

#1
�+! dE ⇢(E)

 Q . (22)

Moreover, it does so using no explicit information about the
initial state or the spectrum. Moreover, Q depends solely on
S(⇣tot and the total time, but not on the initial state. Thus one
merely needs to seek to optimize Q once for each Ttot and
not undergo the daunting task of repeating the optimization
for each initial state.

A potential downside of strategy ?? is its very conservative
nature. As noted it will provide an upper bound for SE , but it
may be a very weak upper bound. Note that if we construct s
from super iterations energies a few times Delta become ex-
tremely small even if only a few super iterations are used. If
the initial state is heavily weighted towards such energies, the
actual overall suppression of excited components, SE , will be
much smaller than the bound produced given by Q and if the
bound on SE is fixed at the level of projection needed for the
problem at hand, substantially more computational resources
would be expended then needed. After considering this con-
servative bound, we will consider ways to improve upon it.

Unfortunately, even for this most conservative approach,
the mathematical problem of finding s such that it yields the
minimum value of max

E��
s

$
E
�

Ttot
T0

%
subject to the condition

that s is obtained through some number of rodeo iterations
with fixed total time is an open one. However, one can adopt
ad hocprescriptions and test how well they do. It is natural to
consider prescriptions based on super iterations as these seem
very efficient.

maximum
suppression

factor

total time
in units
of T0

number of
super

iterations
times for each super iteration in units of T0

max
E ! !

s
!

E
!

T tot
T0

"
Ttot /T 0 n T1/T 0 T2/T 0 T3/T 0 T4/T 0 T5/T 0 T6/T 0 T7/T 0 T8/T 0

4.719! 10" 2 .8129 1 .8129

8.508! 10" 4 1.5906 2 .9361 .6545

2.421! 10" 5 2.4222 3 .9494 .8090 .6638

7.528! 10" 7 3.0752 4 .9785 .8338 .6841 .5788

7.3846! 10" 9 3.9867 5 .9764 .9180 .8320 .6827 .5776

8.8888! 10" 11 4.7943 6 .9881 .9290 .8419 .7601 .6908 .5845

5.6886! 10" 12 5.4501 7 0.9925 .9331 .8457 .7635 .6939 .6343 .5877

1.5390! 10" 14 6.4001 8 0.9895 .9675 .9303 .8431 .7611 .6917 .6323 .5852

TABLE II. The times for each super iteration and the maximum value of the suppression factors for E > ! using the ad hocscheme described
in Appendix B.

We illustrate the existence of prescriptions for which the times are fixed intentionally rather than randomly and that

random 
rodeo 

Times 
chosen 
intentionally

Intentionally chosen times yield suppression 
orders of magnitude better than random and 
do not have exponential fluctuations.



Combining QZE & Rodeo Projection



Combining QZE & Rodeo Projection

• Application to ground state preparation.  QZE state 
preparation straight forward if one has method of state 
preparation & rodeo algorithm is an efficient, if approx., 
method.

• Dimensionless proxy for computational cost: cc=T!"! D#$%/(2p ℏ)

• For QZE one does not need perfect projection, if excited 
states are suppressed by a factor of no more than s , the 
number of measurements needed is less than L2/(1-s2) 
instead of L2 *.  

Use one super iteration per projection; choose time to 
minimize. Get 𝒄𝒄 ≤ . 𝟔𝟑𝟔𝟎 𝑳𝟐 *.  Key—but complicated—
issue  is how does this compare with adiabatic. 

* Preliminary result



A caveat:
• This requires exploring the path and determining with reasonable 

accuracy along the path

• This is expensive, but it is worth doing if one needs to use the ground 
state many times.  (And to optimize adiabatic quantum computing need 
this info and more)

𝜴 𝝀 = −
𝟏
𝟐

H
𝒅𝟐 𝑮(𝝀 + 𝜹 𝑮 𝝀 𝟐

𝒅 𝜹𝟐
𝜹*𝟎

, 𝑬𝒈 , and 𝜟

Forest path analogy



Combining QZE & Rodeo Projection

it doesn’t matter!!

• Application to preserving gauge invariance.

• Key point—rodeo algorithm, although originally conceived as 
being used in state preparation is simply a generic 

• If a state starts in physical Hilbert space and evolves via Hamiltonian 
dynamics  gauge invariance will keep it in physical Hilbert space.

• But numerical issues can accidentally cause state to evolve with 
components out of physical space.  If unchecked this evolves into a 
serious problem.

• QZE implies that if one projects onto the physical Hilbert space often 
enough the system will stay in the physical Hilbert space to high 
accuracy,  removing effects of violation of  gauge invariance.  Needed 
rate of projections depends on length of calculations and rate at 
which gauge-invariance-violating components are created



Combining QZE & Rodeo Projection

it doesn’t matter!!

• The rodeo algorithm was conceived as a method of              
state preparation.

• However, it is really a generic approximate  projection 
method.

• At any point in a calculation one can stop the time evolution and  use 
as the “Hamltonian” the integrated Gauss law constraint operator.        
It is easy to see that the ground state of this operator is in the    
physical Hilbert space.  All excited states are not.

• One can use the rodeo algorithm to project onto the physical Hilbert 
space.

• If one does it often enough the probability of being out of the 
physical Hilbert space approaches zero due QZE.



Takeaways

• Solving the physics of hadrons using Hamiltonian                                                   
theory may well require quantum computers.

• The QZE is potentially a very important method for state preparation.

• Straightforward to optimize if  one knows   𝜴 𝝀 = − 𝟏
𝟐

8𝒅𝟐 𝑮(𝝀 + 𝜹 𝑮(𝝀) 𝟐

𝒅 𝜹𝟐 𝜹N𝟎
• Useful in situation where one needs to produce ground state numerous time

• Rodeo Projection is an efficient projection method
• Intentional choice of times greatly improves performance
• Ideally suited for gate controlled analog quantum  simulation
• Useful in situation where one needs to produce ground state numerous time

• Combining QZE & Rodeo Projection:
• Applications to state preparation & ensuring gauge invariance


