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Outline

• Hybrid stars: quark matter core and hadronic mantle.


• PART 1: Role of surface tension  in hybrid stars. I will show a microscopic 
calculation of  suggesting that the quark-hadron interface can be a 
sharp discontinuity. 


• PART 2: Dynamic stability of hybrid stars with reacting sharp interfaces. 
Role of the conversion speed on dynamic stability. New class of hybrid 
stars is possible if conversions are slow ("slow stable" hybrid stars).


• PART 3: Properties of "slow stable" hybrid stars: 


• Mass-radius relations. 


• Tidal deformabilities.


• Non-radial discontinuity g-modes.

σ
σ



1. The interface between 

hadronic and quark matter
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Depends on how electric charge neutrality is achieved.


1) Local charge neutrality  Maxwell construction  sharp discontinuity. 


  


2) Global charge neutrality: 


•Charged lumps of one phase embedded in a background of the other 
one.





• Two opposing effects: 

- charge separation lowers the free energy.

- Surface and Coulomb effects increase the free energy.

⟹ ⟹
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some possible mechanisms for the formation of the new class of hybrid stars in realistic
astrophysical situations. In Section 5 we identify some signatures that can help in their
observational identification, in particular by means of the detection of gravitational waves.
We finish with some conclusions in Section 6.

2. The Nature of the Quark Hadron Interface: Sharp or Mixed?

A comprehensive study of the surface tension s of deconfined quark matter is of
greatest importance for a better understanding of the internal composition of
NSs [25–28] as well as for determining the nucleation rate and the associated critical
size of the nucleated drops [29,30] at the deep core of NSs. In addition, surface tension
affects decisively the properties of the most external layers of a strange star which may frag-
ment into a charge-separated mixture, involving positively-charged strangelets immersed
in a negatively charged sea of electrons, presumably forming a crystalline solid crust [31].
This would happen below a critical surface tension which is typically of the order of
⇠10 MeV/fm2 [32,33]. The surface tension is also crucial for the quark–hadron interface
of a hybrid star, which might form a mixed phase for values of s below some tens of
MeV/fm2 [34–37]. Here we will focus on the hybrid star case.

In the core of compact stars, when the density exceeds the nuclear saturation density,
a deconfinement transition from hadronic to quark matter might occur. Usually, a hybrid
description of strongly interacting matter is used, in which a hadronic model which is
reliable at low densities is extrapolated to higher ones and matched with a quark model.
This situation is qualitatively depicted in the right panel of Figure 1, where the Gibbs free
energy per baryon G/nB of both phases intersect at a transition pressure ptr, being the
energetically preferred phase the one with lower G/nB. Then, the quark–hadron transition
is of the first order by construction and the resulting equation of state predicts a stellar
configuration that contains a sharp interface separating a pure quark matter core from a
purely hadronic mantle.

Figure 1. Sketch of the interior of a hybrid star and schematic representation of the Gibbs free energy
per baryon in the case of a sharp interface.

The previous scenario presumes that the electric charge is locally neutral. However,
there is a change in G/nB when global (instead of local) electric charge neutrality is
allowed, which is due to the formation of electrically charged geometric structures that
have a surface, curvature, and Coulomb energy cost. Calculations show that in general
the surface contribution dominates over the others. As a consequence (see right panel
of Figure 2), there is a decrease of G/nB if the surface tension is low enough (orange
line) or an increase of G/nB in the opposite case (blue line). The value of s for which the
globally neutral and the locally neutral phases have the same G/nB at ptr is known as
critical surface tension scrit. If the surface tension exceeds scrit (which is of the order of
tens MeV/fm2 [34–37]) the energy cost of global charge neutrality is too high and a sharp
interface is expected as described in Figure 1. On the contrary, if the surface tension is
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smaller than scrit, a mixed phase where lumps of one phase are embedded in a background
of the other one is expected (see Figure 2). Depending on the models and on the value of
s, the mixed phase would include different geometrical structures (droplets, rods, slabs,
tubes, and bubbles [38–40]) present over a wide density range of the stellar core.

Figure 2. Same as in the previous figure but for a mixed interface.

Several works in the literature have used the quark matter surface tension as a free pa-
rameter to describe the possible structure of mixed phases and to evaluate under which con-
ditions it would be favored over a sharp quark–hadron interface (see e.g., [32,34,38,41–44]
and references therein). However, there are fewer works that have determined the sur-
face tension s and the curvature tension g from microscopic calculations. In Table 1 we
summarize the results obtained for s within different effective equations of state and
using different techniques for the microscopic calculation. For comparison, we include
also lattice QCD results in the vanishing baryon number density and high temperature
regime. The results span a wide range of values. Assuming scrit of some tens of MeV/fm2,
some calculations suggest the existence of a mixed phase while others indicate that a sharp
interface would be favored. On the other hand, the curvature tension g has been less
explored than s. Within the Multiple Reflection Expansion (MRE) formalism [45,46], light
quarks tend to have a minor contribution to s but have a dominant role in g. However,
both effects, surface and curvature, are relevant in principle for massive enough species,
like the s quark. Since the grand thermodynamic potential is W = �PV + sS + gC (being
V, S and C the volume, surface, and curvature of a quark lump), the quantity gC/(sS)
encodes the relative influence of the surface and the curvature contribution. For spherical
drops the ratio is 2g/(Rs), showing that the curvature may be relevant and even dominant
for small enough droplets [33,47].

The surface tension sh of hadronic matter is roughly below 1 MeV/fm2 in the
crust [34,48–50]. If the same order of magnitude is assumed for typical core densities,
it turns out that the nuclear matter contribution would be much smaller than the quark
matter one, as seen in Table 1. With that assumption, the existence of the quark–hadron
mixed phase would be determined primarily by the surface tension of quark matter.

Quark-hadron coexistence in a 1st order phase transition

(bulk matter)
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- There are many studies of the quark-hadron mixed phase [Heiselberg, Pethick, 
Staubo 1993, Glendenning 2001, Voskresensky et al 2003, Endo, et al 2006, Paoli and 
Menezes 2010, Yasutake et al (2014, 2019), Wu and Shen 2019, Maslov et al (2019), etc.]


- All of them assume that  is a constant free parameter (independent of density, 
T, etc.). 


- Wu & Shen PRC 99, 065802 (2019): RMF model for hadrons, NJL model for 
quarks. The structure of the mixed phase is analyzed as a function of . 

σ

σ

Some numerical results

Mixed phase for 



Sharp interface for


σ ≲ 100 MeV fm−2

σ ≳ 100 MeV fm−2
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- Maslov et al. PRC 100, 025802 (2019): RMF model for hadrons, RMF density 
functional for quarks

Mixed phase for 

Sharp interface for 

σ ≲ 80 MeV fm−2

σ ≳ 80 MeV fm−2
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If the surface tension is larger than a critical value  the mixed phase is too 
expensive and a sharp discontinuity arises between quarks and hadrons. 

σcrit



• The basic idea of the MRE, is that the propagation of a particle in a cavity 
can occur either directly (as described by the free space propagator ), 
or by one or more reflections at the surface (Balian and Bloch 1970, 
Hansson and Jaffe,1983).


• A formula relating the density of states to the propagator  can be 
derived.


• For spherical drops one obtains an expansion of the form: 


,

S0

S

ρ(k) =
Vk2

2π2
⏟

volume

+ fS ( m
k ) kS

surface

+ fC ( m
k ) C

curvature

+ …

The Multiple Reflection Expansion (MRE) formalism
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,


                                      


- The volume term is seen to be universal in the sense that it is 
independent of the nature of the field.


- The coefficient functions  and  depend on the momentum and the 
mass, but also on the type of field (scalar, spinor, vector, …).


         For quarks:


    Berger & Jaffe (1987), Mardor & Svetitsky (1991)


            Madsen (1994)


ρ(k) =
Vk2

2π2
⏟

volume

+ fS ( m
k ) kS

surface

+ fC ( m
k ) C

curvature

+ …

fS fC

fS ( m
k ) = −

1
8π (1 −

2
π

tan−1 k
m )

fC ( m
k ) =

1
12π2 [1 −

3k
2m ( π

2
− tan−1 k

m )]
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• Thermodynamic integrals in a finite region are obtained from the bulk ones 
by including the MRE density of states: 


       


An infrared cut-off is needed because  becomes negative for low .


• With this replacement the grand thermodynamic potential can be written 
as: 




          

 pressure,     surface tension       curvature tension

∫
∞

0
⋯

k2dk
2π2

⟶ ∫
∞

ΛIR

…
k2dk
2π2

ρ(k)

ρ(k) k

ΩV = − PV + σS + γC + ⋯

P ≡ σ ≡ γ ≡
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MIT bag model:





Working in the mean field approximation (MFA) and defining one finds 
(Lopes & Menezes 2021):


• grand thermodynamic potential (per volume):  ,


• Fermi-Dirac distribution:  ,


• effective chemical potential:  .


• equation for the vector field:  , 

ℒ = ∑
q

{ψ̄q [iγμ∂μ − mq] ψq − B} Θ (ψ̄qψq)
+∑

q

gqqV {ψ̄q [γμVμ] ψq} Θ (ψ̄qψq) +
1
2

m2
VVμVμ + ∑

l

ψ̄lγμ (i∂μ − ml) ψl

GV ≡ (g/mV)2

Ω = ∑
i=q,l

Ω*i + B− 1
2 m2

VV2
0

f*i± = (1 + exp[((k2 + m2
i )1/2 ∓ μ*i )/T ])

−1

μ*q = μq − G1/2
V mVV0

mVV0 = G1/2
V (nu + nd + ns)

Microscopic calculation of   (Lugones & Grunfeld PRD 2021)σ

free quarks

free leptons

bag

vector interactions
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Surface tension of spherical structures: 


• We include the MRE density of states in the thermodynamic potential.


• We consider different radii.


• We assume drops in chemical equilibrium under weak interactions.


• Quark matter electric charge at drop’s boundary enters as a free 

parameter. 


• We explore thermodynamic conditions of three astrophysical scenarios:


- cold NSs: , no trapped neutrinos. 


- proto NSs: , .


- Post merger NSs: , .

T = 0
T ∼ 30 MeV μνe

∼ 100 MeV

T ∼ 100 MeV μνe
∼ 200 MeV
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RESULTS

• Dependence with radius , electric charge and + -trapping not dominant. 


• Strong dependence with the density and the vector coupling constant.


• When vector interactions are turned off:   (small).


• As  increases,  may become larger than the critical surface tension 

( )  if the density is large enough (above ). 


• The main conclusion of these results is that vector interactions inhibit mixed 

phases in HS.  The interface could be a discontinuity if the transition occurs at 

sufficiently high density.

R T ν

σ ≲ 25 MeV/fm2

GV σ
σcrit ∼ 100 MeV/fm2 ∼ 6n0

factor of ∼10 when GV grows from 0 to 1 fm2 (same range
of values as in [35,38]). Negatively charged droplets have
larger σ and smaller γ than charge neutral ones, their
difference being around 10% for ξ ¼ −0.5 as taken here.
More negative values of ξ do not affect significantly σ and
γ. Notice that for the particular case of GV ¼ 0, σ and γ
grow considerably with nB as shown in previous works for
a variety of astrophysical conditions [16–18]. The density
dependence is more pronounced when vector interactions
are turned on, since they also raise with nB. Finally, the
combined effect of large temperatures and neutrino trap-
ping produces a decrease of σ and γ as seen in Figs. 1(c)
and 1(f).
In Fig. 2 we show the ratio γC=ðσSÞ ¼ 2γ=ðRσÞ between

the surface and curvature terms in the grand thermody-
namic potential [see Eq. (20)] to evaluate the relative

weight of each contribution. Curves are quite horizontal
indicating that the ratio is insensitive to GV . The relative
importance of curvature with respect to surface effects
depends mostly on the droplet’s radius, being around 10%
for 10 fm and around 50% for 3 fm. The ratio is larger for
smaller densities, and smaller when droplets are negatively
charged. The range of values of the ratio is wider for
smaller radii and when temperatures and neutrino trapping
are increased.
The main new conclusion of the above results is that σ

and γ are strongly enhanced by vector interactions. Within
the noninteracting MIT bag model, we find typically σ ≈
2–25 MeV fm−2 and γ ≈ 2–12 MeV fm−1. When repulsive
vector interactions are turned on these values are increased
by a large factor, that can be as large as 10 for nB ¼ 10n0
and GV ¼ 1 fm2. The effect of vector interactions on σ

FIG. 1. Surface tension and curvature energy as a function of GV for different values of nB=n0. Each panel represents an astrophysical
scenario introduced in Sec. IV. Solid and dashed lines correspond to ξ ¼ 0 and ξ ¼ −0.5 respectively.

FIG. 2. Ratio of the curvature and the surface terms in the grand thermodynamic potential as a function of GV for different values of
nB. Colors and lines have the same meaning as in Fig. 1. Within each type of curve, nB increases from top to bottom.
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σcrit

cold  Neutron Stars proto Neutron Stars post merger Neutron Stars



Large surface tension: σ ∼ 145 − 165 MeV/fm2

NJL model:  (Lugones, Grunfeld & Al Ajmi, PRC 2013)


ℒ = ψ̄(i/∂ − m̂)ψ + G
8

∑
a=0

[(ψ̄τaψ)2 + (ψ̄ iγ5τaψ)2]
+2H ∑

A,A′￼=2,5,7
[(ψ̄ iγ5τAλA′￼ψC) (ψ̄Ciγ5τAλA′￼ψ)] + ∑

l

ψ̄lγμ (i∂μ − ml) ψl
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Take-home message of Part 1:


Quark matter surface tension  is still uncertain, but some phenomenological 
calculations suggest that it may be large. 


Large  favors the existence of sharp interfaces in hybrid stars. 

σ

σ
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2. Dynamic stability of stars 

with sharp reacting interfaces



Response of the NS to small radial perturbations in the metric and in the 
thermodynamic variables: 


• Solutions of the perturbation equations exist only for discrete values of the 
frequency   normal radial modes 


• the fundamental mode frequency  determines stellar stability. 


-   all perturbations oscillate ( )  stable star.

-   exponential grow ( )               unstable star.


• Theorem of Harrison, Thorne, Wakano, Wheeler (1965): for cold catalyzed 
matter described by a continuous EOS the static stability conditions hold:


- Stability  (  is real)             


-                         Instability (  imaginary)


⟹ (ω2
0 , ω2

1 , ω2
2⋯)

ω0
ω2

0 > 0 ⟹ e−iωt ⟹
ω2

0 < 0 ⟹ e|ω|t ⟹

ω0 ⟹ ∂M/∂ρc > 0
∂M/∂ρc < 0 ⟹ ω0

Chandrasekhar’s analysis of stellar stability (1964)
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For cold catalyzed matter described by a continuous EOS, changes of 
stability occur at stationary points in the   or the  diagram. 


[Harrison, Thorne, Wakano & Wheeler (1965), Bardeen et al. 1966; Meltzer & Thorne 1966 
and Thorne 1967]

M − ρc M − R
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What happens with radial perturbations in a sharp quark-hadron interface?    
[Pereira, Flores & Lugones, ApJ 860:12 (2018)]


•When a HS is perturbed, fluid around the interface moves and may suffer a 
phase conversion.  





•Which is the role of the conversion speed on dynamic stability?
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- matter does not change its nature 
due to the perturbations. 


- interface moves with same period as 
perturbations.

-  matter converts instantaneously when 
compressed or rarified around .


- interface at rest.
pt

We consider two limiting cases: rapid and slow conversions.

τreactions ≪ 2πω−1
0 ( ∼ 1 ms) τreactions ≫ 2πω−1

0 ( ∼ 1 ms)



20

{Δp+ = Δp−

ξ+ = ξ−

Δp+ = Δp−

[ξ − Δp
rp′￼0 ]

+
= [ξ − Δp

rp′￼0 ]
−

Interface behavior can be encoded in junction conditions on the Lagrangian 
perturbations. Pereira, Flores & Lugones ApJ 860:12 (2018)

τreactions ≫ ω−1
0 ∼ 1 msτreactions ≪ ω−1

0 ∼ 1 ms
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Solving Chandrasekhar’s pulsation equations with these junction conditions 
we find numerically:              

▶  RAPID TRANSITIONS:  same behavior as for one-phase cold 
catalyzed stars. 


Static stability conditions remain valid: changes of stability occur at 
maxima/minima in the   or the  diagram.
M − ρc M − R

▶  SLOW TRANSITIONS: changes of stability are not necessarily at 
maxima/minima in   or .


•           


•   

M vs ρc M vs R

Stability (ω2
0 > 0) ⟹

∂M(ρc)
∂ρc

> 0
∂M(ρc)

∂ρc
< 0 ⟹ Instability (ω2

0 < 0)

NOT 

VALID



EXAMPLE,  see Pereira, Flores & Lugones ApJ 860:12 (2018) 

• HM EOS: RMF model NL3. 

• QM EOS: generic MIT bag model (Alford et al. 2005). 



• Boundary condition for slow conversions.

B1/4 = 180MeV, a4 = 0.75, a1/2
2 = 100MeV
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gravitational radiation and remove energy and angular
momentum from the star in the form of gravitational waves
(Friedman & Schutz 1978; Andersson 1998; Friedman &
Morsink 1998; Lindblom et al. 1998). In the absence of viscous
dissipation, they are unstable at all rotation frequencies leading
to an exponential rise of the r-mode amplitude. However, when
viscous damping is taken into account the star is stable at low
frequencies but there may remain instability regions at high
frequencies (Lindblom et al. 1998; Alford et al. 2012b). In
addition, the fact that fast-spinning compact stars are observed
suggests that nonlinear damping mechanisms are present and
limit the exponential growth of r-modes that would destroy the
NS (Alford et al. 2012a). If this instability is stopped at a large
amplitude, r-modes may be a strong and continuous source of
gravitational waves in some objects (Haensel et al. 2016).
Another, secular bar-mode instability, sets in at β;0.14
(Andersson & Comer 2007).

In summary, it is reasonable to expect that the presented
stability analysis based on radial oscillations should be valid for
hybrid stars rotating below a yet unknown, but not too small,
critical frequency.

7.4. Eigenfunctions

The left panel of Figure 13 shows the eigenfunctions ξ(r) (for
modes ranging from 0 to 3) using the same EOS parameters of
Figure 4 for a hybrid star with mass 2.04Me. For this particular
choice, there are rapid and slow representatives for each mode
depicted. Their order is defined by the number of nodes they
present, even in the case where jumps take place. The fact that
rapid phase transitions differ from slow ones only by a
boundary condition does not mean that slow and rapid
eigenmodes differ only after the phase transition radius. Rather,
they should generally be different throughout the whole star
because the description of perturbations constitutes a Sturm–
Liouville problem, whose solutions are extremely dependent
upon boundary conditions. However, broadly speaking, one
sees from the figure that the higher the mode the smaller
the jump for fast phase transitions, which make them approach
the slow eigenmodes. The right panel of Figure 13 shows the
eigenfunctions ξ(r) using the same EOS parameters of Figure 5
for the hybrid star with mass 2.13Me. Note that, for such a
mass, the rapid fundamental mode is nonexistent. The
qualitative behavior of the eigenmodes in this case is similar
to that of the left panel of Figure 13.

7.5. Twin and Triplet Stars

From the above analysis, a very important conclusion
ensues: slow phase transitions lead to the existence of couples
of stable stars with the same gravitational mass but different
central densities, with one of the stars having ∂M/∂ρc�0. We
shall call this pair of stars “twins”, but keeping in mind that our
twins are different in nature from the ones usually described in
the literature, e.g., Alford & Sedrakian (2017), Benić et al.
(2015), and Alvarez-Castillo & Blaschke (2017), given that the
latter are configurations that always verify ∂M/∂ρc>0. Thus,
in order to avoid ambiguity, we use in some cases the term
“slow twins” when talking about a couple with one of the
members having ∂M/∂ρc�0. Notice that for slow phase
transitions one could even have three stable stars with the same
mass (triplet) if the hadronic counterpart is also taken into
account (see, e.g., Figure 8). In general, we could even expect
multiplets if additional compact star branches were present.
Another conclusion that follows from the stability analysis of
the previous subsections is that twin counterparts having
∂M/∂ρc�0 are not possible in the case of rapid phase
transitions.
Another interesting feature that arises for some EOS

parameterizations is the existence of some stable hybrid
configurations with a gravitational mass smaller than the mass
of the most massive one-phase (purely hadronic) object, i.e.,
the plateau mass in the M−ρc plot. Such undercritical masses
can be seen explicitly in Figure 8 for ρc/ρsat∼2.5 and in
Figure 11 for ρc/ρsat  5, where it is apparent that for some
central densities above the one where the hybrid phase starts to
exist, stars could have undercritical masses if the transition
is slow.
As a rule of thumb, when critical points do not take place in

the (M, ρc) plot of hybrid systems, slow twin stars would be
related to couples involving one hadronic star and a hybrid one
(therefore, utterly different systems with the same mass); when
it only presents a local maximum, triplet stars (slow or
otherwise) would not be possible and twin stars could emerge
just in the case of slow phase transitions. If a third or even a

Figure 11. Masses and frequencies (slow hybrid and one-phase) for stars with
parameters B1/4=180 MeV, a4=0.75, and =a 100 MeV2

1 2 . Note that
rapid fundamental frequencies are nonexistent in this case while slow
fundamental ones exist up to densities around 5.4! 1015 g cm−3, showing
the blatant difference between phase conversions in this case. The mass where
the fundamental slow eigenfrequencies is null for these parameters is 1.59 Me.

Figure 12. Mass–radius relations for hybrid stars for the models we have
investigated. For the legends, the first and second terms of each pair correspond
to B1/4 and a4, respectively. For all hybrid curves =a 100 MeV2

1 2 .
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usually considered as unstable, but 
may be stable (we call these objects 

Slow-Stable Hybrid Stars)

Ultra high densities at NS cores (up to ).∼ 20ρsat

ρc /ρsat
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3. A more systematic analysis of hybrid 
stars with reacting interfaces
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Equations of state 

•Model-agnostic EOSs (3000 models): 


• HM: piecewise polytropic EOSs 
(O’Boyle et al 2020)


•QM: constant speed of sound 
EOS (Alford et al PRD 2015).


• Transition pressure and density 
jump at the transition are free 
parameters. 


• Constraints: 


• CEFT below . 


• pQCD beyond .


• Between these limits: causality 


•We checked that integral 
constraints (Kolmotsev & Kurkela 
2022) are fulfilled.


• .

1.1n0
∼ 40n0

Mmax > 2M⊙
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- Fine tuning of parameters is needed to obtain these configurations.

- “Fully stable” branch: stable independently of the conversion speed.

SSHS: a new class of compact objects3

8 12 16

1

2

R[km]

M
[M

!
]

8 12 16

1

2

R[km]

hadronic 
branch

SSHSs

(a) rapid conversions

hadronic 
branch

unstable HSs

! 2
0 < 0 ! 2

0 " 0

(b) slow conversions

! 2
0 " 0

fully stable HSs fully stable HSs

! 2
0 " 0

! 2
0 < 0

unstable HSs

! 2
0 " 0

Figure 2.Same as in the previous Þgure but in a scenario where the transition
density is low. The green branch (fully stable HSs) is stable for any conversion
speed (rapid or slow). As in the previous Þgure, the blue branches (SSHSs)
are stable only for slow conversions.

if ! " / !# ! < 0 (Vasquez Flores et al.2012; Pereira et al.2018;
Mariani et al.2019; Tonetto & Lugones2020; Parisi et al.2020;
Di Clemente et al.2020; Pereira et al.2021; Rodr’guez et al.2021;
Mariani et al.2022; Ranea-Sandoval et al.2022). HSs that are stable
even if! " / !# ! < 0will be calledslow-stable(SS) conÞgurations or
SS hybrid stars (SSHSs). A schematic representation of SSHSs in the
mass-radius diagram is shown in Figs.1 and2. When the transition
density is high enough, they usually arise to the left of the maximum
mass object, i.e. their central densities are larger than the central den-
sity of the star with" max(see Fig.1b). If the hadron-quark transition
occurs at a low enough density, conÞgurations like the one shown
in Fig. 2(b) are possible. Although other possible forms of the HS
mass-radius relation may arise when a single Þrst-order phase tran-
sition is taken into account (Alford et al.2013), in this work we will
focus mainly on the case represented in Fig.1(b), due to its important
physical and astrophysical consequences.

Strictly speaking, the SSHS branch does not extend exactly up to
the star with$ 2

0 = 0 (%osc = ! ), but up to an object with a smaller
central density that has$ 2

0 " 2&%#1
conv (i.e. %osc " %conv). However,

in practice$ 0 is of the order of a few kilohertz for almost all HSs
in the SS branch, and tends steeply to zero very close to the mass of
the zero-frequency object. This behaviour can be veriÞed in Fig.11
of Pereira, Flores & Lugones(2018), where it is seen that$ 0 has a
signiÞcantly large value (some fraction of1 kHz) even for HSs that
are extremely close to the zero-frequency object. Therefore, if%conv
is larger than some milliseconds, the di! erence between locating the
stable-unstable boundary at the zero-frequency point (%osc = ! ) or
at the point with%osc $ %conv is negligible. If%conv " 1ms, the stable-
unstable border would be shifted to the right in Fig.1(b), resulting in
a shorter SSHS branch. As%conv decreases below" 1 ms, the border
gets closer and closer to the maximum of the" # ' curve. In the
limiting case of%conv = 0 (inÞnitely rapid conversions) the border
coincides with the maximum, Eqs. (3)-(4) become valid again, and
the SSHS branch would not exist. This is easy to understand because
for %conv = 0perturbed matter is in thermodynamic equilibrium at all
times, i.e. the assumption of catalysed matter that led to Eqs. (3)-(4)
(Harrison et al.1965) is always fulÞlled.

Qeq

Q*

H
eq

H*

      1eq

      2*

      3*

G
ib

bs
 fr

ee
 e

ne
rg

y 
pe

r 
ba

ry
on

pt pressure

Figure 3. Schematic representation of the Gibbs free energy per baryon as
a function of pressure for hadron and quark matter in chemical equilibrium
(" eq and# eq) and for the non-catalysed transition states (" %and# %). The
quark phase# % is out of chemical equilibrium and is deÞned as the one
that has the same ßavour composition than" eq at the same pressure (see
(Olesen & Madsen1994; Iida & Sato1998; Lugones & Benvenuto1998;
Bombaci et al.2004; Bombaci et al.2007; Lugones2016) for more details).
Analogously," %has the same ßavour composition than# eq at the same$.
The HS interface is located at the point1eq with a pressure$! . A hadronic
ßuid element with a pressure slightly below$! will deconÞne if a perturbation
is able to take it to the point2%at which " eq and# %have the same free
energy. Similarly, a quark ßuid element with a pressure slightly above$! will
hadronize only if it reaches the point3%after a perturbation. Quantum and
thermal nucleation timescales for these transitions are extremely long at low
temperatures (see text).

3 THE SPEED OF INTERFACE CONVERSIONS

According to the previous discussion, interface conversions in a HS
are slow if%conv & 1 ms, and fast if%conv ' 1 ms. Unfortunately,
the actual conversion timescale in the hypothetic sharp interface of
a HS is uncertain. Nonetheless, the transition timescale is not ex-
pected to be simply the result of particles that interact independently,
because phase transitions are highly collective and nonlinear phe-
nomena. In other words, although typical interaction timescales are
" 10#23 s for the strong force and" 10#8 s for the weak one, the
conversion timescale in a HS is not necessarily that fast. In princi-
ple, one expects that the conversion would be driven by nucleation or
spinodal decomposition, since these are the two major ways by which
Þrst-order phase transitions proceed in a wide variety of systems (see
e.g.,Slezov2009). However, other mechanisms based on strangeness
di! usion have been proposed (Olinto 1987; Alford et al.2015).

In the case of nucleation, there are quantum and thermal nucle-
ation models describing the case where there is no pre-existing quark
matter, and quark drops must nucleate somewhere in the high-density
region of the NS (seeBombaci et al.2016, and references therein).
The same analysis can be applied to the present case where a pre-
existing quark-hadron interface moves in response to a density ßuctu-
ation. The mechanism can be understood by analysing the Gibbs free
energy per baryon( / ) % of the di! erent phases involved in the tran-
sition (see Fig.3). Catalysed hadronic matter in the neighbourhood
of the interface (point1eq) will deconÞne only if it reaches the point
2%, while quark matter close to the point1eqwill convert into hadrons
only if it reaches the point3%. A direct conversion* eq ( + eq is
strongly suppressed because both phases have in general a very dif-
ferent ßavor composition and a high-order weak interaction process
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(a) low transition pressure

Mass - radius relation
Results that verify the EOS constraints fall in two qualitatively different groups.
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a sharp interface is obtained using the multiple reßection expansion
method with the Nambu-Jona-Lasinio EOS (Lugones et al.2013)
and the MIT bag EOS with vector interactions (Lugones & Grun-
feld 2021). In this work, we adopt as a working hypothesis that the
interface is sharp.

On the other hand, it has been shown that the conversion speed
between quarks and hadrons at a sharp interface in a HS is deeply
related to the dynamic stability of the object (Vasquez Flores, Lenzi
& Lugones2012; Pereira, Flores & Lugones2018). In fact, if con-
versions have a su! ciently long timescale compared to the typical
oscillation timescale of the star (! 1 ms), a new branch of stable
hybrid stars is possible. In this work, we will explore systematically
this possibility and will analyse several physical and astrophysical
consequences of their hypothetical existence.

The paper is organised as follows. In Section2, we summarise the
role of interface reactions on the dynamic stability of hybrid stars
emphasising that a new class of compact stars is possible if the re-
action timescale is slower that the typical oscillation frequency. In
Section3, we discuss the microphysics of the hadron-quark conver-
sion in degenerate matter and present arguments supporting the idea
that it may be slow. In Section4, we describe the EOS that will be
used in our calculations. In Section5, we present our results for the
mass-radius relationship and the tidal deformability of the new class
of hybrid objects, showing that they are in agreement with current
observations. In Section6, we explore some physical and astrophys-
ical consequences of our results and give some prospects for the
detection of the new class of objects.

2 THE ROLE OF INTERFACE REACTIONS ON STELLAR
STABILITY

As shown byChandrasekhar(1964), stellar stability can be assessed
by inspecting the response of equilibrium conÞgurations to small ra-
dial perturbations. In a dynamically unstable star, small perturbations
grow without limit, leading to the collapse or disruption of the ob-
ject. In a stable star, ßuid elements along the stellar interior oscillate
around their equilibrium positions, compressing and expanding pe-
riodically. The formalism of small radial perturbations of spherically
symmetric stars shows that stellar conÞgurations are stable if the
frequency! 0 of the fundamental mode veriÞes! 2

0 " 0 and unstable
if ! 2

0 < 0.
However, in the case of HSs, ChandrasekharÕs analysis is not

straightforward because radial perturbations may induce phase con-
versions in the neighbourhood of the interface. Let us Þrst assume that
phase conversions areslow, i.e. that the conversion timescale"conv
turns out to be much larger than the oscillation period"osc = 2#! #1

0
of perturbed ßuid elements (notice that for typical NSs,"osc ! 1 ms).
When matter close to the quark-hadron interface is disturbed and
radially displaced from its equilibrium position, it will maintain its
composition even if its pressure ßuctuates above and below the transi-
tion pressure,$! . Thus, the interface oscillates around its unperturbed
position and ßuid elements on either side cannot traverse it. Since
the interface oscillates with the same period as the disturbances,
its movement can be encoded in junction conditions for the relative
radial displacement,%, and the Lagrangian perturbation of the pres-
sure,! $, which must be continuous across the phase splitting surface
(Pereira, Flores & Lugones2018):

[%]+
# $ %+ # %# = 0, [! $]+

# $ ! $+ # ! $# = 0, (1)

where + and # indicate the function values on each side of the
interface. Otherwise, if conversions arerapid ("conv % "osc), the

8 12 16

1

2

R[km]

M
[M

!
]

8 12 16

1

2

R[km]

hadronic 
branch

SSHSs

(a) rapid conversions

hadronic 
branch

unstable HSs

!

unstable HSs

!
2

0
<

0

!
2

0
"

0

! 2
0 = 0

! 2
0 < 0

(b) slow conversions

Figure 1. Schematic representation of the stability of hybrid stars with sharp
interfaces in a scenario where the transition density is high. In both panels
the EOSs for hadronic and quark matter are the same, as well as the transition
density. The only di" erence is the junction condition used at the interface to
describe (a) rapid and (b) slow conversions when the star is radially perturbed.
SSHSs are dynamically stable (" 2

0 " 0) even if#$ / #%! < 0.

interface stays at rest with respect to the stellar centre and matter
moves across it changinginstantaneouslyits composition. In this
case[%# ! $/( &! $&

0)] and! $ are continuous across the interface,

[%]+
# = ! $

!
1

&! $&
0

"+

#

, [! $]+
# = 0, (2)

being&! its radial position and$&
0 the pressureÕs radial derivative in

the unperturbed conÞguration (Pereira, Flores & Lugones2018).
The existence of junction conditions embodying the conversion

speed has strong consequences for the dynamic stability of hybrid
stars. In particular, it can be shown that in the case of slow conver-
sions, the maximum mass star is no longer the one that separates
stable conÞgurations from unstable ones, as we explain below. For
cold catalysed stars, it is known that changes of stability (! 0 = 0)
occur at maxima or minima in the' # (& diagram, being(& the
energy density at the NS centre. Thus, the following static stability
criterion holds (Harrison et al.1965):

) '
)( &

< 0 ' ! 2
0 < 0 (unstable star), (3)

) '
)( &

> 0 ( ! 2
0 " 0 (stable star). (4)

However, when chemical reactions are possible in some part of the
star, matter is not necessarily in thermodynamic equilibrium every-
where and Eqs. (3) and (4) may fail 1. More speciÞcally, if inter-
face conversions are slow, matter in the neighbourhood of the phase
splitting surface is non-catalysed (there is not enough time to at-
tain equilibrium) and the presumptions that lead to Eqs. (3) and (4)
are not fulÞlled. In fact, numerical calculations have shown that in
the case of HSs with sharp density discontinuities andslow inter-
face conversions, ! 0 can be a real number (indicating stability) even

1 Some examples of the failure of Eqs. (3) and (4) are already known in
the literature in di" erent contexts; for example, in purely hadronic stars with
frozen oscillations (Gourgoulhon et al.1995), in electrically charged strange
quark stars (Arba–il & Malheiro 2015), and in compact objects with dark
matter (see e.g. Fig. 2 ofKain 2020).
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- these configurations arise for a wide range of EOS parameters.

- New “slow stable” branch: dynamically stable only if interface conversions are 

slow.

(b) high transition pressure



•All current astrophysical constraints 
are fulfilled:  pulsars, GW170817, 
2 NSs measured by NICER.


•In the case of slow conversions:


- Twins stars with the same  but 
different .


- Ultrahigh densities at the center of 
Slow-Stable Hybrid Stars! tens of  
at the center of the last stable 
object (in some cases

). 

2M⊙

M
R

n0

∼ 20 − 60 n0

Results for  relationM − R
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FIG. 3. Dimensionless tidal deformability ! as a function of
the gravitational mass M for the EOSs of Fig. 1 (same colors
and symbols are used). In all cases, the hybrid branch fulÞlls
the constraint from the GW170817 event [ 41] but the hadronic
branch does not. For slow conversions, all points of the curves
represent stable stars and ! can be either an increasing or a
decreasing function of M . For rapid conversions, the hybrid
branches of models 1-4, 7 and 8 are unstable.

star and a SSHS are mostly inside the 90% contour (IIIa
and IIIb), and binaries with two totally stable HSs are
inside the the 90% region (IV). If rapid conversions are
assumed, only binaries involving two totally stable HSs
fall inside the 90% conÞdence contour (IV).

IV. DISCUSSION

In this work we explored new prospects for HS models
emerging when the speed of quark-hadron interface con-
versions is taken into account, and confronted them with
current observational constraints.

When rapid interface conversions are assumed, we Þnd
that stable HSs compatible with astrophysical observa-
tions are possible only if the discontinuity occurs at low
enough pressures and the quark EOS parameters are Þne-
tuned. This occurs because we concentrated intentionally
on HSs with extremely sti! hadronic EOSs and on quark
EOSs with only one linear piece. Certainly, the use of
hadronic EOSs of intermediate sti! ness, together with
di! erent models of quark matter, will allow other Þts to
present observational data, albeit less easily than before
the NICER measurement of PSR J0740+6620 [38].

On the other hand, our results for HSs with slow in-
terface conversions bring a novel view of the structure
of compact stars, which is completely consistent with
current astrophysical observations and nuclear/pQCD re-
strictions. In this picture, purely hadronic NSs made of

FIG. 4. Tidal deformabilities ! 1-! 2 for BNSMs with the same
chirp mass and mass ratio as GW170817 for the EOSs of Fig.1
(same colors and symbols are used). Results are split in two
panels according to the scenarios described in the text: (a)
high-pressure and (b) low-pressure transition. Labels indi-
cate the merging of two hadronic stars (I), two SSHSs (II),
a hadronic star with a SSHS (IIIa and IIIb), and two totally
stable HSs (IV). In the slow scenario, ! 1 > ! 2 is possible
because! is not necessarily a decreasing function ofM .

extremely sti! nuclear matter would have large radii and
masses exceeding that of observed 2M ! pulsars. To its
left in the M -R diagram, there would be a long branch
of HSs whose dynamic stability is possible, in spite of
! M/ !" c being negative, due to the slowness of quark-
hadron interface reactions. Our goal in this work has not
been to perform an exhaustive analysis of all possible hy-
brid models that agree with current constraints, but to
show that this explanation is feasible and does not require
a Þne tuning of EOS parameters. Our results also draw
attention to the great relevance of microphysical prop-
erties such as the surface tension, the curvature energy
and reaction timescales, which can completely change our
understanding of NS structure but cannot be encoded in
p(") relationships and derived quantities, no matter how
general or comprehensive they may be.

The probable existence of SSHSs opens new interest-
ing scenarios in NS physics and astrophysics. For the
hadronic matter EOS, it remarks that sti ! and ultra sti !
hadronic EOSs are still viable and compatible with cur-
rent observations. For the quark matter EOS, the pos-
sibility of reaching densities tens of times greater than
those normally expected in NSs, reinforces the astro-
physical signiÞcance of studies that explore perturbative
QCD in the low-temperature and high-density regime
[17, 18, 43]. It also shows that there is not necessarily a
tension between astrophysical observations and the the-
oretically expected conformal limit of the speed of sound
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• for SSHS,  is not necessarily a decreasing function of mass. 


•  of SSHS are smaller than for hadronic stars.
Λ

Λ

Tidal deformability 

Lugones, Mariani 
& Ranea-
Sandoval, 
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Slow-Stable hybrid stars.

•  significantly larger 

frequencies  (f~ 1–2 kHz).

• much shorter damping times 

(a few seconds in some cases).
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“Traditional" (fully stable) 
hybrid stars:


• frequency !  0.5–1 kHz

• very long damping times. 

Traditional HSs

Traditional HSs

Tonetto & Lugones, PRD 2020

- Hadronic EOS: CEFT + piecewise 
polytropic EOS (Hebeler et al 2013). 


- Quark EOS: generic MIT bag model,  
.Ω = − 3

4π2 a4μ4+ 3
4π2 a2μ2 + B

Discontinuity g-modes: frequencies and damping times



• Surface tension of quark matter is still uncertain. It could be high and favor 
sharp interfaces in hybrid stars.


• A new branch of hybrid stars is possible if interface conversions are slow 
(they have  but they are stable)   fulfills all current 
observational constraints.


• Extremely large densities could be possible at their cores ( ).


• Observational identification: 

✓Twin stars, 

✓discontinuity g-modes, 

✓small tidal deformations.

dM/dϵc < 0 ⟹

∼ 20 − 60 n0
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Summary and conclusions
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The End


