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1. Phase diagram (cartoon) of QCD in medium

Strongly-interacting phases in different conditions [Drischler, 2021].
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Pulsating Source of Radiation → Pulsar

[https://cnx.org/contents/v-2lbQlC@10/Pulsars-and-the-Discovery-of-
Neutron-Stars]
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Tolman-Oppenheimer-Volkov Equations

Tolman (1934) and Oppenheimer with Volkov (1939) derived the
equations for hydrostatic equilibrium in relativistic stars in order to
obtain their, in principle, observable masses and radii.

These equations are

dP

dr
= −GM (r)ε(r)

r2

[
1 +

P(r)

ε(r)

] [
1 +

4πr3P(r)

M (r)

] [
1− 2GM (r)

r

]−1

dM

dr
= 4πr2ε(r);

with boundary conditions + physical conditions

P(r = 0) = P0, M (r = 0) = 0, P(r = R) = 0, M (R) = M.

To be solved consistently, one needs the microphysics input called
Equation of State (EoS): P = P(ε) or ε = ε(P).
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The Oppenheimer-Volkov limit (1939)

They modeled NS as a gas of relativistic degenerate neutrons in
hydrostatic equilibrium with gravity, for which they obtained

Then, interactions + new phases are important !
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Neutron Star Interiors [Weber, 1999]
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2. Ab initio theory: Quantum Chromodynamics

[Wilczek, 2000]
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Thermal and dense QCD:
Simple prescription but a challenging calculation

The total pressure of a QCD can be obtained from

P(T , µ) = T log

∫
Dψ̄DψDAµe−

∫
d3x

∫ 1/T
0 dτLQCD .

For T 6= 0 and µ . T : Lattice-field theory methods.

For µ & T : Unfeasible due to the fermionic sign problem.

We only have perturbative control at low densities (chiral effective
field theories)and perturbative QCD at ultra-high densities.
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Usual deconfined QCD matter models

(1) MIT bag model

(2) Constant-speed-of-sound (CSS) parametrizations

(3) Effective MIT bag model adding QCD corrections

(4) Perturbative QCD

José C. Jiménez Deconfined QCD matter in superdense stars 10 / 42



Ex. of (1): Quark stars admixed with dark matter

Three possible configurations for dark compact stars
[Karkevandi et al., arXiv:2112.14231 (2021)]
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Two-fluid TOV equations

The two-fluid Tolman-Oppenheimer-Volkov (TOV) equations are
given by [Sandin & Ciarcelluti, 2009]

dpQM

dr
= −

(pQM + εQM)

2

dν

dr
,

dmQM

dr
= 4πr2εQM,

dpDM

dr
= −(pDM + εDM)

2

dν

dr
,

dmDM

dr
= 4πr2εDM,

dν

dr
= 2

(mQM + mDM) + 4πr3(pQM + pDM)

r(r − 2(mQM + mDM))
.

Self-interacting DM degenerate gas [Narain et al., 2006]:

pDM

m4
D

=
1

24π2

[
(2z3 − 3z)

√
1 + z2 + 3 sinh−1(z)

]
+

(
1

3π2

)2

y2z6,

where z = kF/mD being ‘kF ’ the Fermi momentum and y = mD/mI

being ‘mI ’ the interaction mass scale. We explored
mD = 1, 10, 50, 100, 200, 500 GeV and y = 103(sDM).
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Radial oscillation equations of two-fluid stars

For two-fluid stars one can also write the total Lagrangian variables as
ξ ≡ ξQM + ξDM and ∆p ≡ ∆pQM + ∆pDM (omitting e iωt), which gives us
the two-fluid radial pulsating equations:

dξQM/DM

dr
≡ −1

r

(
3ξQM/DM +

∆pQM

Γp

)
− dp

dr

ξQM/DM

(p + ε)
,

d∆pQM/DM

dr
≡ ξQM/DM

{
ω2eλ−ν(p + ε)r − 4

dp

dr

}
+

ξQM/DM

{(
dp

dr

)2 r

(p + ε)
− 8πeλ(p + ε)pr

}
+

∆pQM/DM

{
dp

dr

1

p + ε
− 4π(p + ε)reλ

}
,

where Γ is the adiabatic index, λ(r) = − ln(1− 2(mQM(r) + mDM(r))/r)
satisfying λ(RQM) = −ν(RQM) and λ(RDM) = −ν(RDM).
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Quark stars admixed with y=103 dark matter
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[JCJ and ESF, 2022]
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Corresponding fundamental-mode frequencies
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Quark stars admixed with y=103 dark matter
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Corresponding fundamental-mode frequencies
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Quark stars admixed with y=103 dark matter
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Corresponding fundamental-mode frequencies
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Ex. of (2): Neutral and charged twin neutron stars

The entire EoS for the CSS model is given by

ε(p) =

{
εHM(p) p < pt ,

εHM(pt) + ∆ε+ c−2
QM(p − pt) p > pt .
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EoSs with strong first-order transitions [V. Gonçalves, JCJ and LZ, 2022]
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Corresponding mass-radius relations
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(4) Cold and dense perturbative QCD (pQCD)
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Cold and dense pQCD

In principle: Imaginary-time path integral for in-medium QCD

Ω(T , µu, µd , µs ,ms) = −T log

∫
Dψ̄DψDAµe−

∫
d3x

∫ 1/T
0 dτLQCD ,

LQCD =
1

4
F a
µνF

a
µν + ψ̄i (γµDµ + mi − µiγ0)ψi .

State-of-the-art: NNLO pQCD calculation of Kurkela et al., (2010).

Ω(2)({µq} ,ms(Λ̄), αs(Λ̄)) = Ωm=0 + (Ωm + Ωx
VM + Ωring)

José C. Jiménez Deconfined QCD matter in superdense stars 23 / 42



State-of-the-art pQCD results

Extreme QCD matter.
Left panel: Finite-temperature case from different formalisms,
Right panel: Beta-equilibrated and neutral pQCD matter,

[Fraga et al., 2014].

José C. Jiménez Deconfined QCD matter in superdense stars 24 / 42



Ex. of (4): Quark stars obtained within R2−gravity

The 3-loop result of Kurkela et al. (2010) can be cast in a simple pocket
formula for the pressure given by [Fraga et al., 2014]

p = pSB(µB)

(
c1 −

a(X )

(µB/GeV)− b(X )

)
,

where pSB(µB) = (3/4π2)(µB/3)4 is the Stefan-Boltzmann pressure.

SB

FKV4

FKV32

FKV3 FKV2 FKV1

APR
pQCD : FKV [X]
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EoSs for cold nuclear and quark matter from pQCD [JCJ et al., 2022].
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Quark stars obtained within R2−gravity

The modified TOV equations within the f (R) = R + αR2 gravity or
Starobinsky model are

dψ

dr
=

1

4r(1 + 2αR + αrR ′)

[
r2e2λ(16πp − αR2) + ...

]
,

dλ

dr
=

1

4r(1 + 2αR + αrR ′)

{
2(1 + 2αR)

(
1− e2λ

)
+ ...

}
,

d2R

dr2
=

e2λ

6α
[R + 8π(3p − ρ)] +

(
λ′ − ψ′ − 2

r

)
R ′,

dp

dr
= −(ρ+ p)ψ′.

As in GR, the stellar surface is found when p(r = rsur) = 0.
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Quark stars obtained within R2−gravity

In order to ensure the regularity of the geometry at the stellar center, we
establish the following boundary conditions

ρ(0) = ρc , ψ(0) = ψc , λ(0) = 0,

R(0) = Rc , R ′(0) = 0,

where “ρc” and “Rc” are the values of the central energy density and
central scalar curvature, respectively. Besides, it is also useful to settle the
junction conditions as

ψin(rsur) = ψout(rsur), λin(rsur) = λout(rsur),

Rin(rsur) = Rout(rsur), R ′in(rsur) = R ′out(rsur).

José C. Jiménez Deconfined QCD matter in superdense stars 27 / 42



Quark stars obtained within R2−gravity
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Solution of the Starobinsky TOV equations [JCJ et al., 2022]
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Quark stars obtained within R2−gravity
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Ex. of (4): Lepton-rich quark matter

Protoneutron star matter in core-collapse supernova explosions.

Dynamics of a 1st-order phase transition to the quark phase in a
lepton-rich hadronic environment.

Quark matter bubble nucletion, computation of thermal nucleation
rates and corresponding nucleation times, and so on.
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Ex. of (3): Lepton-rich MIT Bag with QCD corrections

This quark model can be written as [Mintz et al. 2010]

P({µ}) = (1− c)

∑
i=u,d

µ4
i

4π2

+ Ps +
µ4
e

12π2
+

µ4
ν

12π2
− B,

and

Ps = (1− c)
µ4
s

4π2
− 3

4π2
m2

sµ
2
s .

In this model the “B” and “ms” constants are free parameters.

Effective perturbative corrections are included in the constant
c ≈ 0.3, expressing the nonideality of the gas.
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Ex. of (4): Lepton-rich pQCD Matter

* Using the NNLO quark densities from Kurkela et al., (2010)

{nu(µu), nd(µd), ns(µs)} (X = 3Λ̄/µB),

we impose and solve simultaneously the following conditions:
(a) Local electric charge neutrality

2

3
nu −

1

3
nd −

1

3
ns = nQe .

(b) Equilibrium against the weak interaction

µd + µQν = µu + µQe , µd = µs .

(c) Lepton fraction conservation of YL = (ne + nν)/nB = 0.4.
* Thermodynamical consistency gives the total pressure as

P(µ,X ) =

∫ µ

µ0(X )
d µ̄

[
nu

(
1 +

dµν
dµs
− dµe

dµs

)
+ nd + ns + ne

dµe
dµs

+ nν
dµν
dµs

]
.
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Lepton-rich pQCD thermodynamics
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Normalized total pressure of quark and leptons, parametrized only by X
[Jiménez and Fraga, 2018].

José C. Jiménez Deconfined QCD matter in superdense stars 33 / 42



pQCD vs. MIT bag in lepton-rich conditions
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Normalized total pressure for models of quarks and leptons
[Jiménez and Fraga, 2018].
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Lepton-rich SQM hypthesis

In a protoneutron-star environment, the SQM hypothesis becomes

E (µs ,X )

A
=
ε(µs ,X )

nB
=

nu

nQB
(µν − µe) + 3µs ≤ 930MeV.
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Reduced SQM configurations [Jiménez and Fraga, 2018]
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Ex. of (4): Heavy cold quark matter and charm stars

State-of-the-art result: N2LO QCD thermodynamic potential of
[Kurkela et al., 2010] for u, d , and s quarks, with RG improvements in the
strange mass “ms” and strong coupling “αs” parameters:

Ω
(2)
pQCD({µq} ,ms(Λ̄), αs(Λ̄)) = Ωm=0 + (Ωm + Ωx

VM + Ωring) ,

which considered the calculation of the following Feynman diagrams

for a gas of “Nl” massless (Ωm=0) plus “1” massive (Ωm + Ωx
VM + Ωring)

contributions. Originally, this case was called “Nf = 2 + 1”
* In general, this formalism works perfectly also for “Nf = Nl + 1”.
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Beyond Nf = Nl + 1: Cold heavy QCD matter

The pQCD thermodynamic potential Ω̄ for “Nl” massless and “Nm”
massive quarks can be written as

Ω̄[Nf ] =
Nm∑
i=1

ΩQCD[N
(i)
f ] =

Nm∑
i=1

{
Ω[N

(i)
l ] + Ω[1(i)]

}
.

*Immediate application: Charm quark matter representing a total flavor
sum over massless u, d , and massive s, c as

Nf = 2 + 2 = (u + c)(1) + (d + s)(2) = (1 + 1)(1) + (1 + 1)(2),

where N
(i)
l = 1 and Nm = 2. Thus, one obtains:

Ω̄[Nf = 2 + 2] =
{

Ω[N
(1)
l = 1] + Ω[1(1)]

}
+
{

Ω[N
(2)
l = 1] + Ω[1(2)]

}
.
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Total (normalized) pressure for charm quark matter
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Left panel: Total pressure for a system of Nf = 2 + 2 quarks plus leptons
in β-equilibrium and electrically charge neutral normalized by the
Stefan-Boltzmann massless free gas with Nf = 4. Right panel:
Corresponding MR diagram [JCJ and Fraga, 2020].
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Charm matter: Mass vs. energy density and radius
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Total gravitational mass vs. central energy density and radii for a system
with Nf = 2 + 2 quarks plus leptons. The black dots indicate the
appearence of the charm quarks in the system [JCJ and Fraga, 2020].
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Can interacting charm quark stars exist in Nature?

We perform the general-relativistic analysis of complex frequencies by
making ω2

n → −ω2
n in the pulsation equations, where now ω2 > 0 allow us

to probe unstable stars associated to the charm EoS.
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Imaginary part of the fundamental mode frequency f0 as a function of the
central energy densities for X = 3 [JCJ and Fraga, 2020].
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Summary

We have investigated cold and dense matter with different but usual
models inspired and calculated from QCD and the phenomenology of
the strong interactions at high and low energies.

In particular, although pQCD gives reliable results only at high
densities, it gives us control of its unreliability at low densities
through an inherited energy scale, the so-called renormalization scale
parameter.

We are not getting full answers but insights.

Nonperturbative QCD techniques are needed plus
astrophysical/experimental constraints like, e.g., gravitational waves
or from heavy-ion physics, in order to probe the hadron/quark
transition region in a protoneutron star environment.
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