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Finite temperature equations of state

Overview:

• Motivation & Compose∗ repository of EoS

• Finite-T EoS: past and present

• Thermal properties∗∗ of nucleonic EoS

◦ the role of e�ective masses
◦ the Γ-law

• Thermal properties∗∗ of EoS with exotica
◦ the role of hyperons, ∆(1232), pions, kaons, quarks

• three new 3D EoS with hyperons and ∆(1232) a d v e r t i s i n g !

∗ https://compose.obspm.fr/
∗∗ thermal energy density and pressure, entropy per baryon, heat capacities at constant
volume and pressure, adiabatic and thermal index, speed of sound
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General purpose EOS - Why?

[Endrizzi+, PRD 2018]

• in core-collapse supernovae, proto-NS evolution, BNS
mergers, stellar BH formation wide ranges of baryonic
densities [10−10 ≤ nB ≤ 1−10 fm−3], temperature
[0≤T ≤ 100 MeV] and charge fraction [0≤Yq ≤ 0.6] are
populated

[Pons+, ApJ 667, 282; Janka+, Phys Rep 442, 38;
Fischer+, AA 499, 1; Shibata+, Living Rev. Rel.14, 6;
O'Connor+, ApJ 730, 70; Hempel+, ApJ 48, 70;
Mezzacappa+, 1507.05680; Rosswog, Int J Mod Phys
D24, 1530012; Baiotti+, Rep Prog Phys 80, 096901;
O'Connor+, ApJ 865, 81; Burrows+, MNRAS 491, 2715;
Ruiz+, PRD101, 064042; Janka, Ann Rev Nucl Part
Phys 62, 407; Bauswein+, PRD86, 063001; Koppel+,
ApJ872, L16; Bauswein+, PRL125]

• matter has di�erent structures; particle d.o.f.; phase
transitions;

• large uncertainties due to limited experimental info

• composition and thermodyn. & microscopic quantities

stored as 3D arrays
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General purpose EOS - state of the art (I)

• from 1991 to 2010 only two EoS:

(1) Lattimer & Swesty (LS) [NPA 535, 331 (1991)];
(2) Shen, Toki, Oyamatsu & Sumiyoshi (STOS) [NPA 637, 435 (1998)]

◦ common features: only nucleonic d.o.f.; S(ingle) N(ucleus) A(pproximation) for the
inhomogeneous phase at n< nsat;
◦ di�erent features: Skyrme/R(elativistic) M(ean) F(ield); properties of saturated
matter; treatment of phase transition in dilute matter;

• "�nite-T" EOS have been "built" by Γ-law [Bauswein+ (2010); Hotokezaka+ (2013);
Endrizzi+ (2018); Camelio+ (2019)]]

◦ pth = pcold + (Γth −1)eth, 1.5≤ Γth ≤ 2;
◦ no T-; no nB -; no YQ -; no EOS-dependence

◦ not a good solution [Raithel+, ApJ (2019); Raduta+, EPJA(2021)]
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General purpose EOS - state of the art (II)

• starting with 2010 the situation improved a lot
◦ about 100 EOS models are now available,
◦ 36 EOS with exotic d.o.f.

• di�erent features:
◦ e�ective interactions: Skyrme, Covariant Density Functionals, ab-initio;
◦ various NM properties, i.e. nsat , Esat , Ksat , Jsym, Lsym, Ksym, meff
[not always in accord with constraints];

◦ modelling of inhomogeneous matter at n< nsat
∗: SNA, [extended] N(uclear)

S(tatistical) E(quilibrium);
◦ de�nition of nuclei: binding energy, range of isospin asymmetry, maximum
excitation energy, level density

◦ exotic particle d.o.f at high nB and/or T ;
◦ phase transitions: Maxwell construction, free energy minimization at const.-T and
const.-YQ ;

∗ (3) Hempel & Scha�ner-Bielich (HS) [NPA (2010)]; (4) Shen, Horowitz, Teige &
O'Connor [PRC (2011)]; (5) Schneider, Roberts & Ott (SRO) [PRC (2017)]; (6)
Togashi et al. (TNTYST) [NPA (2017)]; (7) Raduta & Gulminelli (RG) [NPA (2019)];
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CompOSE

• online repository for EOS (https://compose.obspm.fr/)

• collects EOS for: cold neutron stars (1D; T = 0; β-equil.); cold matter (2D; T=0);
neutron matter (2D; YQ = 0); general purpose (3D)

• provides tools to extract information for arbitrary thermodyn. conditions, including
Yp=const., β-eq., T=const.; S/A=const.

S. Typel, M. Oertel, T. Klaehn, Phys. Part. Nucl. 46(4), 633 (2015);
S. Typel et al., arXiv: 2203.03209;
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Baryonic matter at �nite-T

Relativistic mean-�eld models

Energy density: ebaryon = ekin +emeson

Pressure: pbaryon = pkin +pmeson +prearrang

Kinetic terms:
ekin = 2J+1

2π2

∫ ∞
0

dkk2

E(k)
[fFD (ε(k)−µ)]

pkin = 1

3

2J+1
2π2

∫ ∞
0

dkk4

E(k)
[fFD (ε(k)−µ)]

where fFD (ε,µ,T )= 1/{1+exp[(ε−µ)/T ]}
is Fermi-Dirac distribution function,

with the s. p. en., ε=
√
k2+m∗,2

D
+ΣV

Dirac mass m∗
D

=m+ΣS

the e�ective chemical potential,
µ∗ =µ−ΣV −ΣR

Non-relativistic mean-�eld models

Hamiltonian density:

h(n,T )= ħ2
2mτ+hint(n,τ)

kinetic energy density
τ= 2J+1

2

1

π2

∫ ∞
0

fFD(ε(k)−µ)k4dk,

where the single-part. energy:
ε(k)=k2/2m+V (n,τ),

= k2/2m∗
L
+U(n),

e�ective chemical potential µ∗ =µ−U(n)

Landau e�ective mass

m∗
L
=ħ2kF

(
∂ε(k)/∂k |kF

)−1
e�ective mean-�eld

W = ∂h
∂τ

Θp2

ħ2 + ∂h
∂n = Θp2

2m∗
L
+U(n),
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Pioneering work on �nite-T EoS

(1) Constantinou, Muccioli, Prakash, Lattimer, Phys. Rev. C 89, 065802 (2014);
(2) Constantinou, Muccioli, Prakash, Lattimer, Phys. Rev. C 92, 025801 (2015);

Interactions: APR, Skyrme and Momentum Dependent Interactions

Results: • analytical formulas for a large collection of thermal quantities, including
• the degenerate (valid at high densities and low T) and
• non-degenerate (valid at low densities and high T) limits;
• behavior over wide ranges of T, nB , Yp ;
• strong correlations between m∗

L
(nB ) and eth, S/A, CV ;

• pth depends on m∗
L
(nB ) and dm∗

L
/dnB ;

Astrophys. simulations conform the role of Landau e�ective mass:

• early postbounce [Yasin+, PRL (2020); Schneider+, ApJ (2020)]
• onset of the collapse into BH [Schneider+, ApJ (2020)]
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Finite-T behavior (I): Nucleonic models

• systematic investigation of thermal e�ects in nucleonic EOS∗;

• EoS-dependence; nB -dependence; low nB and T limites

• confrontation of non-rel. and relativistic models; the role of functional dependence of
single particle energies; Landau and Dirac e�ective masses;

∗ EOS that ful�ll: Mmax/M¯ ≥ 1.97; Lsym = 58.7±28.1 MeV; Ksat = 230±40 MeV,

◦ they are: SRO(APR), TNTYST(KOST2), LS(220), SRO(SLy4), SRO(KDE0v1),
SRO(SkAPR), SRO(NRAPR), HS(DD2), HS(IUF), SFH(SFHo), SFH(SFHx),
SNSH(TM1e), SHO(FSU2);

◦ i.e. 2 variational; 5 Skyrme-like; 6 RMF;

◦ all models are available on CompOSE

[Raduta, Nacu, Oertel, EPJA (2021)]
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Thermal energy and pressure
Thermal contrib.: Xth =X (nB ,Ye ,T )−X (nB ,Ye ,0)
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• S/A, CV have strong correl. with m∗
L

[Raduta+, EPJA (2021)]

low nB , high T : ideal gas

high nB : strong nB -, T -dep.
strong EoS-dep.

qualitative di�erences among
non-rel. and RMF models;
due to single particle en.

RMF: ε(k)=
√
k2+m∗2

D
+ΣV

Skyrme:
ε(k)= k2/2m∗

L
+V (n,τ)

• eth, pth depend on m∗
L
;

• pth depends on dm∗
L
/dn

di�erent ε(k) and e�ective
masses

see also [Constantinou+,
PRC (2014); PRC (2015)]
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Magnitude of thermal e�ects
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pressureB

• the lower nB the larger the thermal e�.
• thermal e�. depend on EOS
• they are more important for pressure than for en. density

→ proto-NS outer shells more a�ected than the core

Adriana R. Raduta Alcalá de Henares September 21, 2022 11 / 19



Thermal index Γth = 1+pth/eth
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strong EoS-, nB -dependence

some T -dependence

under some circumstances
Γth < 1.5 or Γth > 2

Γ-law is a crude approx.
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Finite-T behavior (II): Exotic d.o.f.

• systematic investigation of thermal e�ects in models∗ with exotica

◦ eth, pth, Γth, ΓS , CV , c2
S

• single-out the role and importance of any species

• e�ects of the hadron to quark phase transition: (approximate) Gibbs vs. Glendenning

∗ no constraint on Mmax, Ksat, Lsym, Ksym, etc.

◦ 14 models: BHB(DD2L), BHB(DD2Lphi), OMHN(DD2Y), SFHoY, R(DD2YD)1,
R(DD2YD)2, R(DD2YD)3, MBB(DD2K), BBKF(DD2-SF)1.8, STOS(TM1L),
IOTSY(TM1Y30), IOTSY(TM1Y30pi), STHPST(TM1B139), STHPST(TM1B145)

◦ confronted with their nucleonic counterparts: HS(DD2), SFHo, STOS(TM1)

◦ all belong to RMF

◦ Λ, hyperons, hyperons + pions, kaons, hyperons + kaons, hyperons + ∆, quarks

◦ all models are available on CompOSE

[Raduta, EPJA (2022)];
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Thermal energy

eth = e(nB ,Ye ,T )−e(nB ,Ye ,0)
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• eth increases with nB and T

• the larger the number of particle d.o.f. the larger eth

◦ e
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Thermal pressure

pth = p(nB ,Ye ,T )−p(nB ,Ye ,0)
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• nucleation of exotic d.o.f. diminishes pth

• under speci�c conditions pth < 0

• overall a strong nB - and EOS- dependence; also T -dependence

• pth=const. in the coex. phase for (approximate) Gibbs construction;

pth 6=const. if the hadron-quark phase trans. is done following Glendenning
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Thermal index Γth = 1+pth/eth
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• strong nB - and EOS- dependence; also T -dependence

• minima are related to the onset of new species

• Γth < 0

• for (approx.) Gibbs construction: Γth increases in the phase coex.

• Γth < 1.5 (the low limit of the Γ-law);

use of Γ-law is inappropriate for models with exotica
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Entropy per baryon
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• the larger the number of d.o.f. the larger S/A
• dispersion among EOS increases with T

• hadron-quark phase trans. via Gibbs construction
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Speed of sound: c2S = dP/de|S ,A,YQ

c2
S
= ΓSP/(e+P)

ΓS = (∂ lnP/∂ lnnB )S = (CP/CV )(nB/P)(∂P/∂nB )T
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• strong nB - and EOS- dependence;

• c2
S
= 0 only for Gibbs treatment of phase coex.

• c2
S
decreasing with nB over narrow (large) nB domains after onset of a new d.o.f.

(quark matter)
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Conclusions

• thermal prop. of nucleonic EOS
◦ strong EoS and nB -dependence
◦ non-rel. and relativistic models manifest di�erent features
◦ the role of single particle energies and e�ective masses

• thermal prop. of models with exotica
◦ role oh hyperons, ∆s, quarks

• Γth is shown to have strong nB - and EOS-dependence
◦ for exotic d.o.f. Γth < 0

• Γ-law does not provide a reliable solution

• within the covariant density functional theory, several general purpose EOS with

hyperons and ∆ have been built and made available on CompOSE
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